Advanced Counting Techniques

CS1200, CSE IIT Madras

Meghana Nasre

April 14, 2020

C€S1200, CSE IIT Madras Meghana Nasre Advanced Counting Techniques



Advanced Counting Techniques

e Principle of Inclusion-Exclusion v/
e Recurrences and its applications v/

e Solving Recurrences

C€S1200, CSE IIT Madras Meghana Nasre Advanced Counting Techniques



Recap: Solving recurrences

We have seen
e Method of Repeated Substitution.

o Linear Homogeneous recurrence relations of degree two with constant
coefficients.

e Use of characteristic equation to solve these recurrences.

Today:
e What if roots are not distinct?
e How does this generalize beyond degree two?

o Beyond degree two with repeated roots.
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Revisiting Distinct Roots case

Claim: Let ¢1 and ¢ be constants and let the equation t> — cit — ¢ = 0 have
two distinct roots r; and r.. The sequence ap, a1, az, . . . is a solution to the
recurrence relation a, = c1an—1 + can_» iff for constants a1 and o, we have

n n
an = ain + azxh

o We used this claim to solve these special recurrences.
e We did not prove the claim. (see Theorem 1 Section 8.2 [KR])

o Check out where the theorem does not hold for the single roots case.
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Qn:

Example 1

a, = 4da,—1—4a,->

a = 1, a=3

The characteristic equation is t? — 4t 4+ 4 = 0 with a single root r = 2.

Observe that 1,2,2%,23, ... is a sequence that satisfies the recurrence,
but not the base cases.

However, we need one more solution (even if it does not satisfy the base
cases) to obtain the final solution.

We observe that 0,2,8,24,64,..., is also a sequence that satisfies the
recurrence, again not the base cases.
In fact the above sequence is 0-2°,1-21,2.22 . j.2" ...,

Now that we have two sequences 2" and n - 2" satisfying the recurrence
relation (without base cases), we use our earlier idea.

That is, 12" + apn - 2" satisfies the recurrence.
Finally we use base cases to determine, a1 =1 and a» = %
Does it hold in general?
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Single Roots case

Claim: Let ¢; and ¢, be constants and the equation t* — cit — ¢, = 0 have
single root r. The sequence ap, a1, a2, . .. is a solution to the recurrence relation
an, = C1an—1 + a2 iff for constants a; and ap, we have

an=oa1-r"+ax-n-r"

Proof (Part 1): Assume r is a single root of the characteristic equation. Let a1
and az be constants.

To prove: The sequence given by a, = a1 - r" + a2 - n- r" satisfies the
recurrence a, = Cian—1 + C2an—2.

Since r is a root of t> — cit — ¢ = 0, we have r? = cir + ¢. Consider
Clan-1+ @ap—2 = a (ozlr"fl + az(n— l)r"fl) + o (ozu"f2 + az(n— 2)r"72)
= o (clr'k1 + czr”72) + (cl n—1)r""+c(n— 2)r"72)

ar(n—1)+ c(n—2))
crn—+ cn— (Clr + 2C2)))

= ar"?(ar+ o)+ ar"?

(
n—2 (

= air" *(ar+ o)+ ar
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Single Roots case
Claim: Let ¢; and ¢, be constants and the equation t* — c;t — ¢ = 0 have

single root r. The sequence ap, a1, a2, . .. is a solution to the recurrence relation
an = C1an—1 + Can—2 iff for constants a; and a, we have

an=ar-r"+ax-n-r"

Proof (Part 1 continued): Consider

Cian—1 + C2an—2 C1 (Oéﬂ’nil +4 az(n — l)rnil) + o (Oéﬂ’niz +4 az(n — 2)!’”72)

= aqr"? (ar+ )+ anr™? (cirn+ con— (ar + 2c)))

n—2 n—2
= aar” “(ar+ )+ oaxr" “(carn+ c2n)
-2 2 —2 2
= ar" " r+ar" " n-rr=ar"+a-n-r"=a,
Hence proved
Recall we are in the single roots case. Therefore,
C1

c12+4-r:2:0 and r= 5

Use the fact that we are in the single roots case to show cir +2c, = 0.
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Single Roots case

Claim: Let ¢; and ¢, be constants and the equation t* — cit — ¢, = 0 have
single root r. The sequence ap, a1, a2, . . . is a solution to the recurrence relation
an = C1an—1 + Can—2 iff for constants a; and a, we have

an=o01-r"+ax-n-r"

Proof (Part 2): We now prove that for every solution ao, ai, . .. to the
recurrence relation a, = c1an—1 + ¢2an—2 with base cases as ap = x and a1 = y,
there exists constants a; and ap such that a, = a1 - r"+az - n-r".

Using the base cases, we note that

0 0
x = air +a2-0-r = a1 =x
1 1 — X-r
y = air +ax-1-r :>a2:y7
r

Clearly, for this choice of constants air” + aanr” satisfies the base cases.

Now, we note that ao, a1, az, . . . is a solution to the recurrence (by assumption).
Further, note that for a linear homogeneous recurrence relation of degree two
with two base cases, has a unique solution.

We have already shown (in Part 1) that for some constants a; and ao the
formula a1r” + aanr” satisfies the recurrence. Thus, the two sequences are the

same and hence a, = c1an—1 + ©an—2 = a1r” + aanr” for all n > 0.
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Example 2

Ex: Consider the following finite recursive sequence containing M + 1 terms.

an = 2ap-1— an—2

a0 = 1; aM=0

o Note that the two values given are first and the last terms.

e Can you compute a closed form expression for the n-th term where
0<n<M?
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Beyond Degree Two

Two natural questions
o What if degree is more than 27
e What if multiple roots of different multiplicities?

Claim: Let ci, ¢, ..., ck be constants. Suppose the characteristic
t" — ct*"1 — .. cx = 0 has k distinct roots, namely r1, r, . .., r
sequence ap, ai, az, . .. is a solution to the recurrence

ap = C1ap—1+ Can—2 + ...+ Ckan—«

iff for n =0,1,2, we have the following, where «;js are constants.

n n n
an = o1 + oo + ... 4 apry

equation
. Then the

We show the claim applied to an example.
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Example 3

an = 4ap2+4a,3—an1

ao = 8 3126 32226

Ex: Apply the above claim and get the closed form expression.

Sol:
o Characteristic equation is: t> + t2 — 4t — 4 = 0.
e Rootsaren=—-1,n=-2r=2.
e Thus, a, = ai1(—1)" + a2(—2)" 4+ a3(2)".

o Use bases cases to get a1 =2, ap =1 and a3z = 5.
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Beyond Degree Two with repeated roots

Claim: Let c1, ¢, ..., ck be constants. Suppose the characteristic equation
t" — e t*"t — ... — ¢k = 0 has £ distinct roots r1, ra, . . ., re with multiplicities
my, my, ..., my respectively. Then the sequence ag, a1, a2, . . . is a solution to

the recurrence
an = Clan—1+ Can—2 + ...+ Ckan—«k
iff for n =0,1,2, we have the following, where «; ; are constants.

_ mp—1 n
anp = (aro+a11-n+ ...+ a1 ,m-1n ).

my—1 n
+ (20 + @21 -n+...4+ aom—1n )

my—1 £
+.o.oo4+ (mot+oer-n+...Fagm—1n""" 7)1,

e Note how the degree two repeated case is a special case of the above.

o Next, we show the claim applied to an example.
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Example 4

a, = 8a,—»—16a,_4 forn>14
ao = 1 31:4 22228 a3:32

Ex: Apply the above claim and get the closed form expression.

Sol:

e Characteristic equation is: t* — 8t> + 16 = 0.
e Roots are n = 2 with my =2 and rn = —2 with m», = 2.
e Thus, a, = a1(2)" + a2n(2)" + az(—2)" + aan(—2)".

o Use bases cases to get a1 =1, ap =2 and az =0 and as = 1.
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Summary

Linear Homogeneous Recurrence Relations with constant coefficients.
Degree two with repeated roots.

Beyond Degree two and with repeated roots.

Upcoming: Non-homogeneous case and use of Generating Functions.
References: Section 8.2 [KR]
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