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Counting (without counting)

• Basic Counting Techniques X

• Pigeon Hole Principle (revisited) X

• Permutations and Combinations

• Combinatorial Identities
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Permutation

Defn: A permutation of a set of distinct objects is an ordered arrangement of
these objects.

Example: X = {a, b}. Then there are two permutations namely a, b and b, a.

Defn: An r -permutation of a set of n distinct objects is an ordered arrangement
of r elements of the set.

Example: Let X = {p1, p2, . . . , p10} be a set of ten people. How many ways
can we arrange three of them in a queue?

Sol: We can use product rule here. We have 10 choices for the first person (in
the queue), 9 choices for the second and 8 choices for the third. Thus, we have
10 · 9 · 8 ways of arranging three people.
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r -Permutation

For any positive integer n, and 1 ≤ r ≤ n, the number of r -permutations of n
distinct objects represented as P(n, r)

P(n, r) = n(n − 1)(n − 2) · · · (n − r + 1) =
n!

(n − r)!

This is immediately proved by application of product rule.

Note that P(n, 0) = 1, since there is exactly one way to order zero elements.
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Examples

Qn: How many permutations are there of the letters A, B, C, D, E? How many
permutations contain the string ABC?

Write down your answers

Sol: Note that there are 5! permutations of the given 5 letters. To count the
number of permutations containing ABC as a string, we consider replacing the
three letters by a single letter X and now count the permutations of X ,D,E .
Clearly there are 3! = 6. For every permutation of X ,D,E we replace the
occurrence of X by A,B,C and hence achieve the desired permutation.
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Examples

Qn: A group contains 5 men and 5 women. In how many ways can we arrange
these people in a row if the men and women alternate?

Write down your answer

Note that the answer is much smaller than 10! (why?)

Sol: Lets call the men as A,B,C ,D,E and the women as 1, 2, 3, 4, 5.
• Consider a permutation of men say B,C ,A,E ,D.
• Consider a permutation of women say 5, 1, 2, 4, 3.

Once you fix both these, how many ways can you combine them?

Write down your answer.

There are only two ways. That is, either start with the men (B, 5, C, 1, A, 2,
E, 4, D, 3) or start with the women (write the corresponding arrangement
yourself).

Thus the total number of ways is selecting a permutation of men (5! ways)
times selecting a permutation of women (5! ways) and for each of these
selections, there are two possibilities of combining them. Hence the final

answer is 2 · 5! · 5! .
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Combinations

We now move to counting unordered selection of objects.

Defn: An r -combination of elements of a set is an unordered selection of r
elements of the set. That is, an r combination is simply an r sized subset of
the set.

Defn: The number of r -combinations of a set with n elements where n > 0
and 0 ≤ r ≤ n is:

C(n, r) =

(
n

r

)
=

n!

r !(n − r)!

The number of 2 sized subsets of a set X = {a, b, c, d} are : 6.

An r -permutation of n objects can be obtained by an r -combination of that set
and then ordering the elements in each r -combination. Thus

P(n, r) = C(n, r) · P(r , r) = C(n, r) · r !
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Example: Forming teams with various rules

We now consider the following different questions about forming a 5 member
team from 12 people.

Write down the answers for as many as possible

1. How many 5 member teams can you form out of the 12 people?

2. Amongst these 12 people, 2 people will either be in the team or both wont
be in the team. How many teams can you form?

3. Amongst these 12 people, 2 people will cannot work together so at most
one of them can be in the team. How many teams can you form?

4. Suppose the 12 people consists of 5 men ans 7 women.
• How many 5 person teams can be chosen that consist of three men and two

women?
• How many 5 person teams contain at least one man?

Work out as many as possible and write down your answers before proceeding

The answer to first one simply
(

12
5

)
.
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Example: Forming teams with both or neither

Amongst the 12 people, 2 people will either be in the team or both wont be in
the team. How many teams can you form?

Let A and B be the two people who must be either in the team together or
should be both left out.

If N denotes the total number of teams (with desired property), we can see that

N = N1 + N2

• N1 = number of teams that contain both A and B.

• N2 = number of teams that contain neither A nor B.

Why can we add the two?

• For counting N1: We need to select only 3 people (2 are already selected)
from 10 people. Thus N1 =

(
10
3

)
= 120.

• For counting N2: We need to select 5 people from 10 people (because we
must be avoid A and B). Thus, N2 =

(
10
5

)
= 252.
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Example: Forming teams with both or neither

Amongst these 12 people, 2 people will cannot work together so at most one of
them can be in the team. How many teams can you form?

Let C and D denote the two people who refuse to work together. Note that
there are three ways to form a team now. If N denotes the total number of

teams (with desired property), we can see that

N = N1 + N2 + N3

• N1 = number of teams that contain C but not D.

• N2 = number of teams that contain D but not C .

• N3 = number of teams that contain neither C nor D.

• For counting N1 or N2: We need to select only 4 people (1 is already
selected) from 10 people. we have included one in our team and excluded
the other!. Thus N1 = N2 =

(
10
4

)
= 210.

• For counting N3: We need to select 5 people from 10 people (because we
must be avoid C and D). Thus, N3 =

(
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5

)
= 252.
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Example: Forming teams with both or neither

Amongst these 12 people, 2 people will cannot work together so at most one of
them can be in the team. How many teams can you form?
Note that this is the same as the prev. slide. We will take a different approach to

computing this.

If N denotes the total number of teams (with desired property), we can see that

N = K − N4

• K = total number of 5 member teams.

• N4 = number of teams that contain D and C both.

• For counting K : This is simply
(

12
5

)
.

• For counting N4: This we have already done this and N4 =
(

10
3

)
.

Make sure that the calculations in the two different ways match

The previous approach was sum rule, this approach is using subtraction rule
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Example: Forming teams with various rules

Suppose the 12 people consists of 5 men and 7 women.

• How many 5 person teams can be chosen that consist of three men and
two women?

Sol: We view this as a two step process. First select the men and then
select the women. Note that for each selection of men, all ways to select
women are valid, hence we apply product rule.
Thus we get

(
5
3

)
·
(

7
2

)
as the answer.

• How many 5 person teams contain at least one man?
Sol: We view it as a two step process. We select 1 man from the 5 men,
this can be done in 5 ways. Now, amongst the remaining 11 people we
select 4 people. This can be done in

(
11
4

)
ways. Thus, total number of

ways is 5 ·
(

11
4

)
.

Calculate the exact answer and note it down.

Revisit the solution and verify that this is indeed the answer.

Checklist

• Am I counting every way?
• Am I double counting anything? That is, is the same way counted twice?
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Example: Forming teams with various rules

Suppose the 12 people consists of 5 men and 7 women.

• How many 5 person teams contain at least one man?

Sol:We view it as a two step process. We select 1 man from the 5 men, this
can be done in 5 ways. Now, amongst the remaining 11 people we select 4
people. This can be done in

(
11
4

)
ways. Thus, total number of ways is 5 ·

(
11
4

)
.

In fact the above approach counts the same selection multiple times. Say the
men are A, B, C, D, E.

• Select A in the first step (1 man from the 5 men). Now in the second step
we select B,C ,D,E .

• Select B in the first step. Now select A,C ,D,E in the second step.

These two ways although leading to the same selection of team, are counted as
two different ways.
Thus this is an incorrect solution to the above problem.
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Example: Forming teams with various rules

Suppose the 12 people consists of 5 men and 7 women.

• How many 5 person teams contain at least one man?

Sol: There are two correct ways to solve this. We can count teams containing
one man, teams containing two men and so on. This is application of sum rule.

Instead we apply subtraction rule. The number of teams with the desired
property can be thought of as total number of 5 member teams (say K) minus
the number of teams that contain no man (say N5).

We have already computed K and N5 =
(

7
5

)
, that is number of teams that

contain all women.

Try the approach that uses the sum rule. Verify that you get the same answer as

above.
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How about these?

Ex:

• How many pairs of two distinct integers chosen from the set
{1, 2, . . . , 101} have a sum that is even?

• How many 16 length bit strings contain at least one 1? How many contain
at most one 1?

• Suppose a dept. has 10 men and 15 women. How many ways are there to
form a committee of six members if it must have the same number of men
and women?

• In how may ways can we order the letters of the word MISSISSIPPI, to
obtain distinguishable orderings?

References: Section 6.3 [KR]
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