
 

Eigenvalues and eigenvectors

Motivation Ordinary differentialeepations

de 46 5W 0 8 at feo
dt

20 3W a Sat to

fu c cD
Iu Au u uCo3atf o

def

simpler Single equation
due au EI
dt

So act eat uco



is unstable if a o

safes b sangita
Zero

case of a S d parameter

want solutions of the form

oCH Etty wet e z

where Gor a f a ett

Substituting the solution above into ODE

da
Tt

Ace

deity Kelty Seltz
Xettz 2 etty 3ettz

Taking out eat we obtain



Ky Sza Xy
2 y 32 a X 2

fAx l eigenvalue
equation

X eigenvalue 4 eigenvector

com so we d Au why solutions

of the form if Axedx can be

solved

Need a d a IO so that Ascetic



Lecturer
Eigenvalues and eigenvectors
Ax Xx

Aa stretch x or

a
shrink x

but no change in

direction

Case 1 0 Ax D

XEN CA

Examples Projection matrix p

Project onto a plane

Px x for x in plane

A L is the eigenvalue
x is the eigenvector



Be 0 Hk perpendicular to the plane
X O and x is the eigenvector

Permutation matrix

fo
Ba x for x f
Bx x for x C

Finding the eigenvalues

Axe Xx
i e FA XI x so

i e A XI is singular



ie det CA AI O

characteristic polynomial of A
which is of degree n

Ca d Cann D

n roots eigenvalues
For a given 1 NCA AI has to

be found to obtain the eigenvectors

Procedure to use for finding NCA AD
Elimination

Examplet f
del CA XI O



F 6 8 0

ditch 6 1,72 8

Trace sum of eigenvalues
Determinant product a

Eigenvalues are 4 4 12 2

A KI x
I I

A 2I
xn ftI 1

Letting B Qf
B 13 I A



Ax Bt3I x txt 3k
c 3 x

Eigen recs of Bs eigenvects of A
why

Not
Tf Axe X x and Bx dzx

then C B x E 1172
T

does not always hold since

x's need not be the same

for A B

Symmetric matrices

real eigenvalues

An example where eigenvalues aren'treal



A a 9 I rotate by 90

det CA AI It I

X i de i

An example where we don't get
two independent eigenvecis

A 3D
X Xz 3

CA AI 8 o

x f is a eigenvec
there is no other indep eigenvec



8

Similarity diagonalization

Suppose A has n linearly
independent eigenvectors x an

s
14

then 5 AS

and X An are the eigenvaluesof A



Proofs

F
Aff I

L y

fi

t
SA defined tobe

so AS SA N

or 5 AS A S invertible wayB



Claim If A An are distinct

then their eigenvectors x an

are linearly independent
Proof for n 2

o

C X t 992 0

Acc x Ex D O

C X X t CzXz712 0

C C X 22774 0

X I 42 X to C 0

Similarly Cz O

So x 223 is a linearly indep set

HI Extend to the general core in
n dimensions



Examplei 4

Find Xi 72 7 712

Lecture
9 9 19

Diagonialization 4 Similarity
2

Recapt Tf A has n independent

eigenvectors fog xn3 then

5 AS N
f

where 5 Y



Remarks

A 5 5

S is not unique

x is an eigenvec CX is an

eigenrec HER

So each cot of S can be scaled

to produce a new S

A S as
1

Suppose Coc 1 of S is g
Gl l of SA X y
Gcl of AS Ay
Given AE Sa

Age X y y is aneigenvecX Tsaneengenval



Powers of A
Suppose X is an eigenvalue a

an eigenvec of A

A2x Alex tax the

Suppose 5 AS A

is 5 A'see it

AS C5 AS IT

works for a general K i e

5 Aks Ak
Not all matrices are diagonalizable

A Coo



Diagonalizability dependeon enough eigenvecs

Invertibility non Zero eigenvals

EXAMPLE

Fibonacci sequence
0 1,1 43,5

Eez FeatFK
what is Foo

Fetz Flee 1 Fk

Fk Feel

the FEI Uktf f Uk



Start with Uo

Uo u as 2

U Ak Uo is a solution to

Uke AUK
Suppose A has n independent eigenrecs

Uo C X t Catz t f Gkn

Allo Cid X Cadiz t
tcndpcnue

AKUo C.cl54t tCndfxn

Back to Fibonacci

A f f path x l

X Hrs 42 1 B
2 2



Uk C Xix t Cz tf xz
Uo Fo e lo C X t Cz 712

Need to find cigcnvecsxc.az of A

AC AI
ft x

x Y ai f
CA HIT fat f to
E C'of Ers I



E Is EI Is first
negligible contribution

for large K

Foo I 4.6183100

Lecture 20 10 9 19

Big facts coming next

A is a real symmetric matrix

eigenvalues of d are real

Eigenveis corresponding to different eigenvalues
are independent
A is orthogonally dragonalizable

if A On A QT where QTQ I



fit

Example A 12 12
Eigenvalues 3,2

x

fly Xz

9 1 ri f.gg
Q Cal check

tQn_Iaaoicr.s

If

A



Background on complex matrices

complex counterpart of Rh

Xi xD E En
Xi complex number

Addition matrix multiplication as before

Latib t Cei d Cat tilted

ti b Cc eid Lac bd ti bead

complex conjugate of fatib is Ca ib
im of atib re.io

TO
J o

real

Ja ibn aid re
IO

r a2tb2 latib



Vectors in

4 Ok complex vector space
h

linear combination GO t tC OEO
r 7
complex numbers

Inner product length

In Rh Halfa Ex

Apply this definition to f
HC'i3H o

So define the inner product as

x y Itf Iif t Inyn

Note Itf f fix
example x EI y Lf



Check if Itg fix
Length of a complex rector

11 117 Itx
It It Eto

11 11 0 Tff 2 0

Check x ye fast
ii x Ccg c Gay
iii ex y E Cary

A conjugate transpose of A
At AT

A GI II A GE I D



Real matrix A AT

check Cil CA A fagot L
til fABf B A CABIEBTAT

Inner product
x y IL t Inyn

ca Idf
x y

Definition A is Hermitian if A A

theorem A is Hermitian Then

i Eigenvalues of A are real



Proofi Suppose Ax Ax xto.NO

Ax a Ix't
x A Ix
x A x Ix x

x Ax I x x

xxxx Ix x

Xx x Ix x

D I since x xtO

dis real
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Ci Eigenvectors corresponding to
different eigenvalues are orthogonal

Proofi Ax Xix Ay _Xif htt
A A

To show X f O

x Ag x lazy Xz x y
x Age x Ay x A y Ax y

µ a y Ifxj 4Cxy

So KC x g A x y

X Xz x geo



Reina Tf no eigenvalue is repeated

for a real symmetric matrix then we get
n independent eigenvectors.S

hence A On A QT

Unitary matrices

A matrix is unitary if it is square
and had orthonormal columns

Real case QTQ I Q is orthogonal

complex care U U I E U is unitary
U u

1

Example v
frfr irk



Check U is unitary

Properties of unitary matrices

C Length unchanged
Ux Vy a Uy

x u Uy
x f x y

110 11 11 112

Ei Eigenvalues of U satisfy
1 1 1

Ux X X X 0

110 11 1 11

11 Xxl 1 111 11 11 11

1 1 1



r7Ux.Ux Xx Xx
XI x x

Using 114 11 11 11 we get
Ux Ux x x XI x x

3 XI L 121 1

Ciii Eigenvectors corresponding to different
eigenvalues are orthogonal

PI Vas Xix Uy 12L

x f Ux Vy
ix hey
I X Cx y

T Az 1 x g so



Suppose IX
d I did

Using 4,15 1 Az X a contradiction

so x f 7 0

Nextstep
For a Hermitian matrix A

one can find a unitary U s t

A U a u
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Recap A A
T

A Hermitian if A A

U unitary if U U I U is
square

Schur's theorem

Any men matrix is similar to a

upper triangular matrix via a

unitary matrix i e

U AU T
T
upper triangular

proof of Schur's theorem for
a 3 3 matrix A



Let pCN be the characteristic

polynomial of A and

d be a root

Let 2 be the corresponding

eigenvector

Extend 2 to a basis and

make it orthonormal

Let 2 u 63 be the

orthonormal bastes

a Gidi



Au _Af

giant

vine 441

p J

Ita 4 4274 7

a T2 D 2 D



Repeat the procedure with B to

get eigenvalue 12 of B

a unitary P s t

p Bp I

Let UE f Op

uit f op
Check U2 is unitary



U f f uit A 4 Us

c 1 1

if

f
I if t



Set U U Uz

u't viii vivi
µqT u

U AU T

EXAMPLE
for

a
E

d

pCa a Ct l Xt 3
Z

X I 42 3



a
I

2 9 ez
Schmidt

viii

uit au
fo

B



1

2
3 ez f eigenvec

es e orthonormal bars

F fo T
P BP C f ff

f so

u C 1



Ust U
t
A V U2

c

theorem Any Hermitian
matrix is unitarily
diagonalizable Moreover

u Au D

diagonal matrix
with real numbers



Pref
From Schur's theorem

U AU et

1 U A U

AU since A is
Hermitian

T

T is upper triangular
1 is lower w

F T't Tis diagonal
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Given AKA and

u AU D

To prove the diagonal entries
are real

Proof we know T T

T't Ii
T ii

So Tin is real



EXAMPLE

A
Ei

pCH e X 4

2 f'T 2z Ii
21.22 0

ur

U u u



Have D too

corollary
A real symmetric matrix A is

orthogonally diagonalizable
i.e F Q s t

OF A Q D QTQ I

PI From Theorem we get

AU D

Co is of U eigenvectorsof A



A is real symmetric
so X's are real

CA XI x 0

to
solution to this is a real x

u is real

UT Is U u
1

Remark f

Hermitian unitarily
diagonalizable



Consider A I
A FA

dei de i

2 ti 2E f
4 use

U e Cu Uz FAU D

L 3



Fact A matrix say A Is

unitarily diagonalizable
if and only if

AA A A

Matrices that satisfy are

normal

So a Hermitian matrix is normal

and a Unitary a
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Singular value decomposition

Every matrix cannot be diagonalized

realBut any mxn matrix A

Can be written as

T

A QE Qs
where Q mx m matrix

Q2 1 men matrix

Q Q2 orthogonal
Do 8 where



D

fi

why does this decomposition
hold for any matrix A

A is m xn

ATA is nx n

ATA is symmetric
and real

F a basis of orthonormal

eigenvectors say fX da



corresponding to eigenvalues 13

ATA x Xi Xi ist n

1174112 1 Xi Xj it j
So

CATA Xi Xi i Xi Xi

Xi
ATA sci Xi FATAH Txi

Xi ATA Xi
Ati TAXI

HA till
70



So Xi 70

Next stop ri e

Orderthet
Xi Xr tri An

X O 170 drei 71 0

Let of Tai and

Li I Axi i I r

ri Cy ERM

Lill Arik hi
ri



Li Jj Adi Aaj

I xfAtAxj
99
I XiTXj Xj
ring

xFxj O

Fri
So L L is a orthonormal

set of vectors

Extend this set to a basis

make it orthonormal



Let y ym3 be that set

Qi fi Ym

Qe 4

QI A Q2

Hair



E
ij LifAxp

If jar Yj fjAxj
yFCAxj Lift

r Lif

e

i

Tf j r then Gee next
page



I Aaj Il X j
0

So Axj O

y Aaj O

e
fo 8

OF A Q2

a safe A



remade

A At Q SEQ
T

So eigenvectors of AAT

go into Q

and

Ata Q EE QE

implying eigenvectors of
ATA go into Q2

EXAMPLES

A C re



Find SVD of A

is A diagonalizable
No A has if eigenvalue

repeated twice

A RI oof
So lo is an eigenvector of A

there aren't any more

independent ones

Finding the SVD

Gee next page



ATA fz
Eigenvalues 4 I

9 2 2 1

E L 3
Finding eigenvectors of ATA

ATA 4 I
r I

So l
is an eigenvector of
ATA



a t.li

ATA I Fill
this

So f is another eigenvector
l

of ATA

xi tr.IE

so QE fsf

re



ME
y A x FLEAM

we obtain

Li f titty

Q Y

Check A Q S QI



Lecture 25 Positive definiteness
consider

Ffa g 7 2 Get g
2
y sing of

f Cx g
2
2
t 4xyty2

At a stationary point the

first derivatives vanish

4fx g 3 70
Fj Hxty goosy

sing O

2 text 48 0

Fye 4 4 0



So x y 0,0 is a

stationary point for both
F and f

Question whether 10,0 is a

minimalmaximal saddle

Answer Find the second derivatives
at o.o

If u II
2 2

ZI e k II
2x 2g 2x 2g
IF If2

2g 2y2



So F and f behave identically
near origin i.e
F haha minimum Tff f has a minimum

Remarki
Every quadratic ax't 2bxgtcg2
has a stationary point at 6,0

y

f x'y2

minima

A function f that vanishes at 10,07
4 is strictly positive at other



by

points is
a

positive definite

Question what conditions on

a b C ensure fzax42bx
ytcglisp.la

Necessary conditions

if f 70 then a off at
E If f 20 then c Offookatrate

at 10,17

But as 0 C 0 Is not enough

to ensure f 20

e g f x2 long f y2



Trick Complete the square

f a att 2b xy Cy
a fat bag 2t c bad y2

IT If f 70 then

ac b2

So f ax2t2bxytcy2 is p d

if and only if
a O and a b2

See next page



Any function Ffx y has a

minimum at a point Cx y
where 21 0 II

2x 2g
IF 30 and
2

2

e
ie

H
i

Note Quadratic part of F
III knht.LI yGHtEIfgkis



y g

Remaryka

Tf aEb then

f is positive semi definite
if a 0

negative semi definite
if aco

Saddle point if accb2

Connection to linear

algebra
ax'tabagecy C Dfg 4 g



U x yJT

ax2t2bxgtcy2 is vtAu
where A fab

b

UTA u in Rn

c
ing

7 Aig Xi Xj



U X an T

f fo a 742 2922,921 tannxf

At u 0 07 f 0

So Co o is a stationary
point

Next question is to check if
f has a minimalmaximalsaddle

at origin

Exampts
f 2x't 4xytg2

A Cz
safdie

origin



fa 2x g
A pi

saddle

A is 3 3

f 22,2 2x 92 2 22 2 13 215

e
Ii b

Check that f has a minimum

at origin



De Matrix A is P d

if vTAu o HofR

Test for positive definiteness

A babe is p.la if
a 0 ac b o

both eigenvalues are 20

Fact
Each of the following tests are

both necessary f Sufficient for pnd



of

Ut Aa O Hu

AU eigenvalues of A are 70

All the pivots without

row exchanges are 70



Lecture 26

fbgyt ax2 2bxgtcg2

acxtbegf.cc Ian y2

f is p d Tf f 20

H Ca g I 6,0 Oatlo

f is p d

94

a o ad ac b2

Recall the example
f Gig 2 2 1 4xyty



This function has a saddle

at origin because accb2

brief remark on saddle

f _2xy and feat y2
ac b 1 for both

connection to linear algebra

TA ax42bxyecg2Yak
Cx Bfg Eff'd

face 5g dig di Xjin 112



real symmetric
A matrix A is positive definite

if vtAo 20 HOER oto

or

Ii Au eigenvalues of A
are 20

or

Iii Aa upper left submatnees
have positive determinant

or

V All the pivots are o



Suppose i holds

A x Xx

xTAx xTXx 1112112

Ito ITAR O

X O ie holds

Suppose Iii holds

Using spectral theorem we

obtain a orthonormal boris

of eigenvectors
Let fx an be that basis



Any X X C x t than

Ax 449 t than

xTAx faxit then
x 949 t thank

e t t than
0 since Xi 30 Hi

so holds

Brief notes on Rib

In 2 2 case a C b2
det CA 20



A C I
consider I

ac b but

A I not p d

in fact A is
negativedefinite

condition fli requires

Ai Cai Ait
A

f

a

Ai A



det Ai o ie f n

On condition Civ

consider A

Cio I I

L DLT

sc

to
c Iw then



l
I 3

xTAx XT LD Ex

fix TD Ex

a cu Ift Itu ET
t Iz w 20

So in this example Liu CD



Checki
ax't 2bayecy

a fat Kaf 2tacaIy2
a dead are the pivots

for the 2 2 matrix A


