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Introduction to probability
Philosophy
Make reasonable assumptions
mathematical axioms to build a

framework

Reason about real world examplesusing
the model built upon axioms

Statements The probability of an
event A is p

A Claw is interactive today
weather is not so hot in Chennai

P I or low high



Experiment outcome

Sample space D Set of all possible
outcomes

Example D

A coin is tossed

f H T

Some events

Outcome is a head H

not a head the
a head or a tail

be u ft
neither a head nor a

tail

Example 22
Hf'sStffe

Throw a die

D 1,2 6



Some event

Outcome is I 13

m even 2,4 63

u E3 even 1,4331
44,63

I is not odd
44,6

Event is a subset of R

A B are events then it is reasonable

to be concerned about

AUB ARB Ac

Tf An B d then A B are disjoint

Let 7 be a collection of events
a Tf A B C 7 then AUB An BEF



b Tf A C 7 then A f 7

c off 7
Such an 7 is called a Field

Note REF

If A An C 7 then

Ai and Ai are in 7

Ts a field adequate for understanding

probability of an event

Yes if A is finite
No if R is infinite

Example D A coin is tossed repeatedly
until a head appears



D w wz

wi it tails 4 ith toss is a head

A first head appears after a even

of tosses

Wz Wi Woo

infinite countable union of
elements of 2

we want AE 7

So

Def A collection 7 of subset of R

is a r field if
off 7 b Ai Az C 7 Aiff

c AEF A'C 7



Note Ai C 7

Examples

7 01,2 smallest r field

For any event A define
7 Of r A A

7 is a r field

If his finite then the

power set 0,13N is a r field

If r is infinite power set is too

large to assign probability to all its

members beyond scope of the course

Bottomline I 7 for any experiment



Defi A probability measure Pon

52,7 is a function
P 7 Co I satisfying

PCs I

A Az disjoint i.e Ain Aff
i j

then Pf Ai PCA
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cardinality Countability
Recalli f A 313
f is injective if x y fix fly

surjective if tffEB Fx Srf

f a L

bijectife if it is injective surjective

Bl IAI if Finjective f from A to B

IAI 1B if F bijective f from AtoB
equi cardinal

Set 5h is finite if Fn sit

Cn fl n r and Cn are

equi cardinal



N is countable if R and

IN 1,43 3 are equi cardinal

Facts

Set of integers 2 is countable

f n 42 if n is even

4 if u ix odd

IN XIN is countable

I D 42 G D 437 327,1317

2 21 is countable

Set of rational numbers
is countable

Set of real numbers 112 is

not countable



X E 0,1 O X 1243

Suppose Ff Co D which is a bijection

f i ff2

f l 0 Xi X 12

f 2 O Xz Xz
list

i
i

Let f Or Y 4243

f any number s t T FXii

y list above

Fff from Ml to Co B that is onto

R is not countably infinite



6 A Az subsets of A

Tf each Ai is countable then

Ui Ai is countable
C IN

Infinite Sums

D w w

In probability we make statements like

pcw with a waitable A

WES

R is countable

3 bijective fin r

w _of l WE 0 127



Partial sirens xn plug t t plwn

P O X E Iz E 3

n.cn
finite number

peas L nEE an

Question If Fa different bijection Y

wi ya

Ln p wi t plug

L him In
n 7

is it true that Lal



Yes Proof for PZO

Fix n xn Pcw i n Plug

Y surjective w Wn EL wi wi
for some M

P Cw t phone pewitt tP win

xn E Lm

Lm increasing
kn E Lm ELme E

xn EL

him xn El
n sa

L EL

Exchanging off 4 we obtain L'EL
hence L Ll



General case A similar conclusion holds

when P is not necessarily non negative

So If

f D 2112 few summable
WER

and the Sam is S them

for any bijection 4 Mt 52

tim Hollis 1 Hollins S
h 30
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Suppose we repeat an experiment a

large of times

NCA of occurrences of event A

Th N trials

As N increases
NCµAI stabilizes

to
probability of event A

A 01 Nlp o A D Nfr2T A

A B disjoint
N AUB NCA 1N B

P CAU B PCA 1 PCB



A An disjoint
want PC A PCAi

From an earlier example we can

argue for countable additivity

Det A probability measure

Pon r 7 is a function

P 7 Co B satisfying
f PCs I

Ii TfA As disjoint in 7
i e Ait 7 Hi Ain Aj 4

Hi tj



then Pf Ai PCAi

PROPERTIES

PCA I PCA since

A UAE Rf Plew

ACB PCA E PCB

B Av CA's B

PCA E PC A PCA'nB PCB
o

PCA'nB730

PCAUB PCA PCB PlanB

AUB Anti UCA'nB v AaB



PC AUB P CANBY PCA'd B PlanB

P AnB t P AMB

x P AcnB t PCANB

Pf AAB

PCA t P B P AMB

H W

P AU Bvc Platt PCB t Plc
plan B plane PCBne

t PC An Brc

more generally
A An events



X.ruAi EPCAi EgPCAihAj

EPCAiAAjhAk t

icjak
5 plain San

Hint use induction

Two examples
Die is thrown once

D I 63 7 20,152

PEAK
a
Pi for any Afr



P Pg C Co D 4 pint

Another example
Traffic light
D green yellow red

PCSgreenD Plf yellow3 P firedD

Looking closer cycle of length 75

E n

PCSgreenD Zog Eg

P red3 Es Pf yellowD I



A Ag increasing sequence

of events

A E Ars E A E

Let A Ai I Ai

Then PCA him PCAi
i a

Proof

A A VCAIADUCAIAL
4

disjoint union

PCAF plait E PCAi iAi



PCA i nhz
Raitt Plaid

him PCA
n 70

H W Tf B Bs decreasing

sequence of events i e

B 313231333
and B Bi time Bi

Then PCB finna
PCBi

Hint Take complemats f me the
claim above for unions



to
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Ai Aa C 7 ERA

Then PC Ai mhzP Ai

continuity of probability income

Proofi Let B A Bz AdAi

Ba Ani A U An

Bin Bj p it j

PC Ai PC Bi

PCB



I EEPCBi

his PC Bi

L P Ai

Ai Az events

PC U Ai E PCAi

Union bound

Proof Bi ax before see

Pf Ai PC Bi



PCB
Tei

Bi E Ai PCB EPC Ai

find E PCBi E him MAD

so Pf Ai E PCA

The case of an uncountable infinite r

D w o Ewa

Outcome w is drawn from R

with no preference for one

interval over another



So intervals in 7

pffa b b a o Ea Eb El

pf a 3 0

PC a b b a

co D µfx3CCoi

E PCN 0

XEN since LHS has

an uncountable
union



Conditional probability

Frequency argument
Census Village with families of

2 children

QD What is the probability that
both kids are boys

2 event A

Q2 Probability of A given that
at least one kid is a boy

Pou N families observe

occurrences of A NCA



PCA NIA
N

For 923 Consider only outcomes

for which B holds

In this subset proportionof A
is NCAA B

NCAA B PLANB
PCBJ

PCAA

Alternately given B occurs

A occurs only A AAB occurs

PC Al B cPfAnB



PC 521137 1

c PCB I at
PCB

Def Tf PCB 0 then the

conditional probability that

A occurls given that Boccurls

is PCA B PCARBI
PCB

Examplei Throw 2 dice

B first dice shows 3

A sum 6



R 1,2 632

7 all subsets of A

PCA lAl 36

E 3 b IE BEG

A Ca b atb 6

AAB 3,47 13,57 3,67

PCAl B PCAA B
f

Exampley Family problem



Two children Prob of both being
boys

Prob of bothboys
given first one is

D GG GB BG BB

P GG p BBK

PC BB one boy at least

p BB GBU BGU BB

PCBB
t

p x 3



PC BB younger one is a boy

I
2
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Total probability rule

A family B Bn of events

is a partition for the set Af
n

B A Bj 4 its UBi r
T c

For any event A I partition
B Bn with PCB o Hi

P CAH PCAIB PCB



1

PI A AaB v AnBC

PCA plan B plan B

PC A B PCB Pfaff PCB

H W Generalize

Example

ie ie
Pick a ball from urn 1 put it into urn 2

Draw a ball from urn 2

A final ball is blue
B first m

PCA PC A B PCB 1 PCalBc pCBc

Ex Ex Fo



Exampled Monty hall problem

3 doors Car behind one goatsbehind
Cher two

You choose 1 Presenter opens door 24

reveals a goat
Prob of winning a car by switching to 3 is

P car behind 3 Presenter opened 2

You chose 1

2
3

H W

Independence conditional independence

occurrence of B changes prob of A playB

If B has no impact i.e P CAIB a PCA then

A B are independent



Det Events A B are independent it

PCAA B PCA PCB

In general Ai if I independent if

PC Ai fIPCAi
for angfiniskebset 5 of I

Note Tf f Ai i EI satisfies

PCA nAj7 PCA PCA Tej

then Ai if I is pair wise independent

Examplet
D abqacb.cab.cbqbca.ba c aaa bbb Ccc

PC w 3 Ig H wth



A Kth letter is a

P CA n Aan As Ya

PCA 22g
PCA2 PCAs

so A Az is not independent

PCA n Aa Iq P ftp.PCAz

conditional independence

Let C be an event with PC 70

A B conditionally independent given Cif
PCA c PEAK P Bk

Note

Independence Conditional
independence



GAMBLER'S RUIN

Audi 3 costs N units

You have k units

Game with a bank manager is

17 Toss a fair coin

27 if heada manager gives you one unit

elee you lose one unit

Game goes on until
D you have enoughto

buy the ar

121 you go bankrupt

what is the probability that you are

eventually bankrupted



A event that you go bankrupt
B first toss is a head

RCA Pia CAIB PCB 1 RIA PCB

denotes probability calculated with

starting point K

PeCAlB7 Pee CA Pk A B P la

Letting p Peta we have

Pk Pet t Pk 1 ocean

18 1 Pa D

Solving
be Pk Pk 1 be Pk i Pk 2

be bk i



Pk Pk Pe e Pk 2

2x Pee Pet Pk 2

Pa Ig PKI

So be bae b

Pk beat Pee bit PK I

2b 1 Pk 2

Kb 1 Po

pµ Nb Po

O Nb t I

b la

PdA7Pe I I
N

As Nsa Pidal 21



Examplei
Women Men

Drug I DrugI Drug I Drug I

Succeed 200 10 19 1000

failure 1800 190 I 1000

Which dry is better

Approach 15 Drug I 219 cured
2020 given

Dmg I 1010in
2200 given

So drug LI is better

Approach 2

Among men Dng I Drug I

Among women Drug Is To Drug to



J 1

So drug I in better

For more read about Simpson's parade

Bayes rule

A An partition of m

B an event with PCB 0

PCAdB Plan PCBlAe

i
Do your own proof

Exampley Rare disease affect tin 106

Medical test that is 997 accurate

T c Pierson has no X chance of tve 1

Person has X chance of ve I't



of

Suppose a person is tested for XR
the result is toe

What is the conditional probability

that he she has X

Let A person has X

B test gives ve result

PC A a 10
6

PCBI A 0.99 PCBIADIO.co

PCA B PCBIA pCA
PCBfA PCA7tPCBfac pCA
0.99 10

6

0.99 10 1450 6



1

I 0 000099

One way
to look at this

Population is 109 103 have

Let all take test

Number of true tires

103 0.99 I 103

Nanber of false positives
9 1037 0.01 107

Among all tides false tires tree toes


