
 

L Continuous time Markov chainx

Ref Kulkarni's book chapter 6

DTMC state transition occurred at discrete points
Xo X Xz n

CTMC continuous time process XCH C703
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Def A process Xlt C2,03 with a countable

slate spaces in a CTMC if

PC XCt D j XCs7 i Xiu oeues

pcxct isi.si xes ig
47p p

p XCtts7 j xcs7 i PCXCH IIxlo7 i Togeneity

We shall study Time homogeneous CTMCs



The CTMC evolution
Suppose the CTMC is in stale i at some

time instant say 0

Suppose CTMC remains in i fearing 0,5
What is the probability that it will remain in

i during 5,15 given that it was in i

dung 0,53

Let Ti denote time spent in i

p f Ti IS I Ti s PCT 10

ie XC.sk

I l to

5 15

Suppose CTMC is in state i at time s

Ti min C 70 Xfstetti

xio.si t.st i.xcsH.ir
CTMchaspet wattodekke probof spending another E tire in

i

S tire in i
I r l
O S STE

Tf p Ti set IT s PCT t

then Ti ru exponentially distributed



PC Ti set Ti s

p X a si utco.su XCu7 i ueCo sD

p XCu7 i ut Cs Stt Xiu I ufco.SI
Markov
property PC Xfaki ut Cs sit I Xfski
IIIgm.BE p Nazi ueco.tl Xlot i

p Ti t

So Ti is exponentially distributed

Alternate characterization of CTMC

Embedded

X Xi DTMC

74 7in exponentialXo Xz i r v s
l I

I f il I
s S2 Ss i St

3



Spc case Xie Xi 11 Yin Exp X leads to Poissonprocees
with role X

For a CT MC E X Ctl t 03 we have

PC X j Yu y Xii Tn Xn X

P X I 7 y Xo i

Pi exp f V y Hi j CS y O Hn

where f pig l Pi 30 Note pi so Hi

Example

1 Two state machine

machine Town f
when up machine spends

exp µ time before goingdown

when down exp d time to

get repaired 4 come backup
Let 0 denote down I denote up
TMC specification
Xlt 0,13

Po l P o
I

V X W µ



2 PPC is a CTMC

S fo 1,2

Pi it L V X Hi

What is enough to characterize a CTMC

XCH 1703 CTMC

Pi Ct P XCt7 j Xlo7 i Hi j t o

Pct C PijlHBi.ies t o

Need this t.p.in for every E

Initial distribution a ai PC XCo7 i
a Cai Dies

Using a Pct we can find the
finite dimensional distributions of the CTMC as follows

Fix of C Etz E Eth i in C S



pCXCti i XCtn7 in

if pCXCti
i xftnh.in Xlokio aio

if ai
P XCtz7 ia xltnt infxlotio.xct.ti.li o.iCtD

ifgaioPio.i.CtDP XCtz7 ia xltnkinfxct.li

iffsaio Pio
H P Nta t 7 is XCtn t.fi XCoti

if aiopio.i.lt
Pini.lt til Pin in tn tn

The finite dimensional distributions of a CTMC are given by
PCxctiki xctnln.in tf ai Pioi

ti Pini.lt til Pin in tn tn

From the claim above one requires f initial distribution

Iii P t Ht o to specify the CTMC

I
hard put

So we use the alternate characterization ie embedded DTMCt

exponential rates to specify a CTMC



TMC model

Ei City occura if the CTMC transition

fwm i to j

Suppose XCO.la i

l i E Sisi
exploit tire

i

t.jivexpcvi.gr
4

o

i I
T.nexpcori.jpiz

I
l
t

T n

Ti.in exPlVi j s
d's

Imagine there are 1st 1 counters exponential

the next stale will be decided by the min of
these counters

Ti min Ti j k l Ish Iii Hk



Distribution of Ti exp
g
Wi j

i.e Ti Exp Vi with Wi 9i

PCXue j Yu yl Xii Yn Xm t X Y Xo

PC Ti Ti Ti y

Vij expf V y
Vi
I

can be seen as the prob of transitioning from
i to j in the embedded DTMC

pi exp C vi y where Pi Wgy

ecaelWi gfWi.j

i j Y
t P m of DTMC Piglet P xCH j 1 10 i

j Pi ft F Pi j ingeneral

i i

plus 4 51 1 7
r d Jo s fi j



Generator matrix Q

Set avi E Wi k Ui Hi
Kai

Q CC Vi j Di its

Vow Sunna of Q Zero

Example Two state machine

machine Adown
When up machine spends

exp µ time before goingdown

when down exp time to

a down f up get repaired 4 come backup

To Exp X No X

T o
N Exp m V o µ

a fi OI
r

Transition rate diagram

PPG 5 so 1,2 3



Ti it Exp X V X Hi

a
if

o
Rate diagram

Lecture 28
Some more examples

Pure birth process generalization of PPA

AT

a

f an

Pure death processes

µ4



D l 2

Oa

fi n
h

Birth and death process

is

0 I 2 a

Q2 o o Xo
i µ Him X

2

t

Suppose CTMC is in state 1

It spends exp XFM transitions to

State 0 w p I f to slate 2 w p I
X µ ATM



Single Server queue M MII

arrivals uppa Service time exp y
se

Large waiting area
no arriving customer leaves

State people in the system those in service 1
those waiting

S 0,1 2 3
x

c T

so we have a birth dealer process with 1 1 ftp.nju Hi

Infinite server queue

arrivals

infinite service fine expM server
Server x iid

Stale people in the system
S 0 I 2 3

As
gµ n



So we have a birth death process with
x µi in Hi

Lecture29e
Linear growth model

Colony of individuals
lifetime expfu

when alive an individual gives britth according to
PP X independent of others

Se fo 1,2 3

State individuals in the colony
instate i it

a birthby
Oa of'T e
individuals

State i i I
n

a death of Vi i il
one of 4
individuals Wi i i if

so this is a birth death process with

Xi TX ft IN Hi



Transient behaviour_ofCTmCs_

CTMC with initial distribution I 4

generator matrix Q on 5 90 1,2 n 3

P Ct PCxCH j

PCNA 1 671 ai

P ft ai Piaget

Letting plt CpjCt jEs we have

petk a Plt
where PCH Pi Ct Pij 30

Chapman Kolmogorov equations
Epi it

Pi Cit Efg Pi e Raitt H I

In matrix notation P Stt Pls Pct
Also P Stf Plt Pls



i e PCs PCH PCH PCs its t7o

These matrices commute

Pt

p set PC XCstt j x oki

PCXCsttt jfxcoti.XCHk.JP XCs7 k Xlot i
Markov
prop

qgpcxcsttk.gl Xls7 k PikG

Timehomogeneity

pfxctt jlxlot klpi.is

Pixels PicjH

Forward and backward equations

C TMC with f p m P Ct and

generator matrix Q on 5 90 1,2 n 3

Claim PCH is differentiable w.at t satisfies

Backward o tf PCE P f Plt t o
equation

Forward type P'At Plt Q too
4Ination



with PCO I

claim within claim

Pi h Si j 191 jht och

where fi 1 if F I
0 else

och is a function satisfying thing 01h1 O

I

f within Pf i i

d l
O h

T
question is if starting iniat O will the

CTMC remain in i throughout or

move onto a state jti

Let Nch transitions in Co h
Case 1 Probof staying in i through Co D

P Nch _o Xo i

PC staying in i during Co n Xo i

P C Y 7h lXo i

Nih
E I q h t ofh Taylor expansion

for exponential

It Wi ht och
Recall Wie qui j

Vii Wi



J
i

ore 2 Move out of i skyin thatstateuploh TyPCN h I Xo i if onyoneharition occurs then
P C Y Eh Y 17 hlioni holding tire of i Eh

the second fragition occura
h Wj h sE for e

Vis
pi e ds offer h.ie Y 17 h

JES
jti

E q pi e Nih teh Cammy wing
IES Vi UjJai

W h to Ch care or wj lead to this as well

are 3 2 or more transitions occur in Co h

It can be shown hat

p Nch 721 Xo i7 och

Samay P Nch 01 107 1 It Wi h 01h7
PCN Hail X loki q h och

p Nch 721 10717 och

Using these we get for Jai
i

pi cn PC XCh7 i XCo7 i ooh

PCNhki 1 67 1 Nchko PCNChko IXColei



t P Xchki Mohi Nchki P Nch t Koki

P Xchki I Xloki NIH 2 PINCH721 1oki

Ix Clt Vi h 01h7 1 Ox Nih toch
o h

Ppi h It Wi h t och ft

For g Ii j
i

pi cn PC XCh7 f Xlo7 i

g
PCXChlniylxlolni.NChtoJPCNlhtolx.coki

t PCXChhiglxlol i.NlhlnDPCNCH.tl Koki
P Xchleigl Xloki Nlm 2 PINCH721 1oki

Ox It qi.intoch 1 PC X j Xii intolnd
och

Pig Vi h to Ch

PijCh VI j h to Ch

A imply the Lclain within claim

Pf of backward equation

Ty
Chapmen Kolmogorov eers



Pi Eth Pi h Pejct

Pi fth Pi Ct Si Vi eh10477Pa Ct

Pi j P t Si P t

h h

Pi.jltthl Pi.it ffsVikPk.jlt to
h

Taking limit as h 70 we get

Pig t EV Pk Ct
Kfs

or P ft Q Plt

Interchange h t in S repeat the steps to

obtain P Ith PCH Q

or pi j
CH PiKCt Uk



Lecture 30

Ed Two slate machine see example above

a fi T
a

Backward
pig It Evi Raitt Fiji D Pi H Epi Uk

equations Kes k

Initial condition PCo7 I

pjolt X Paolt 1MPo lt PooCo7 I

wT
Polt Xp oH 1M P lt Procol o

P lt7 XP olt µ Piatt p 07 1

Take the first two forward equations 4 add

Po.olt t Po lt 1

So PjoCt7 X PooH tµPo lt

X Po lt 1 µ l Po lt

Poioft City PoolHtµ

Let hltkpa.lt I H
Htm



h ft µ Mt hast
tf

tx htt

h'ft

Integrateon
Tff

feet

now
sides

ghee Gtx t t C

htt Kexp feet t

wig this in we get

Po.oct Kexp f Gtx t Matte

wig Paolo I we get K I
7th

So DoolH 1 exp Get t 1 1
Atm Xue

Po CH l Po lt H w

Use a similar technique to obtain express for PoG 41 lt



Forward equations for a pure birth process

a

Claim pi G expf dit Hi o

Pi Ct Xj exec ft exp X D Pig des

j it

PI Forward equations

Pi CE X Pi Ct H

Pi j
t Aj Pig Ct Aj Pi Ct

from Pi Xi

Pi Ct

Kady to Pi Ifk exp C Ait

From 1

exp t pi E Aj Pi ft Xj Ping explajt

Ac

ddzfexplajtlpi.sk Gg Ping explajt

Integrate on both sides S use Pi 107 0 to obtain



g il

Pi Ct Xj exec ft exp X D Pig des

j it 1

Occupancy times

VjCt7 amount of time spent in j over 6 t

Note Vj 07 0 Hj

Mi Ct E V ft XCoki Hi j tao

Mak C Mi t
i its

claim
Male Pla du 1 70

Pt Fix jts Let ZCu7 1 if Kuki
0 else

t
V Ct 5267 du

O

MijCt7 E V Ct Mozi

E tS2lu7du Xlo7 i



tf E 2471 107 i du

tf PC Xlu7 j xlo2i du

to Pi Cu7 du

H W Calculate occupancy fines for the 2 state examples

Calculation of Pet finite stale space

Exponential of a matrix

e
A

I t forany square
matrix A

Onite it A

f am

k

e

fi
IIIT zero matrix



Connection to CTMC

Claim For a CTMC with generator Q a finite stalespace
at

Pak e 1 70

Pt n
ateat I t E

ne n

I eat QeQt eat Q check this
dt

e I

Recall fora 11backward equation P f Q Plt Plt Q
with pC07 I

the solution is unique

QtSo PCH e

Ano m Suppose Q is diagonalizable i e

Q X DX D diagonal

Then pet XeDtx

Dx'tPf eat It E
nel n

y h

I t E Itt
nel n



n

x It E x

e't
Note Tf D

fi sift fI l

Then X eDtxt e
it
xiy

Lecture 31

Two state eTmc

Q f am r

Q X Dxt where

C 3 a to
Cain

f

put eat X lo X

h W Check if the expression above tallies withthe
one obtained by solving the backward equationsearlier



j

For DTMCa we looked at the eigenvalues of P
In a CTMC we do the same for Q

CTMC with generator Q which has

eigenvalues X Xm

At least one of the eigenvalues is zero

Let q max f qi i I N3

Then I Xi t g l E q for i I N

PI Let P I t t Q

is P stochastic Yes since now sure of 10 1
P is composedof non negative

entries

For a stochastic matrix at least one of the eigenvalues is 1

Eigenvalues of P It i l N

Wig It It
ti 1 for at least one i

At least one of the X S is Zero



C I 131st for a eigavale Pof P

Vers Ext ft Ig E

A brief tour of Laplace transforms

for a f ga C D the Laplace transformKT

in defined
fifes e

S
flat DX

Properties Csec Appendix F of Kulkarni's book for
the full list

LTCaftbg a f Cs7tbg G

LT f'CE

To e
s
f Ge DX

e fCx s J e flat tax
0

f lol t s f s

End of the tour



LT in CTM Crs

Define LT of pi ft as

Pig e
St
Pi It for Reals 0

real partof

pics Pint i its

claim P CD SI Q Reiss o

Pf

f e
St
pi ft at s Pi Cs Pi

Recall from forward backward equations we have

P f Q PH
LT on bothsides sP Cs I Q Pitts

Similarly P f Pct Q
LT on bothsides sP Cs I p Cs Q

From CSI Q PHD I
From I pics CSI I

CSI OI in invertible

PHsk GI QI



Example Two state CTMC

Pics SI 0,5
O

In

s In six chin 3s

Po D
s Stelter

It r se u

Going from pofo to Po o any Appendix Fof
textbook

PoolH I I I expt extent
Xtµ atte
t

Check if this tallies with the solutions obtained

wngfwo.ru d equation diagonalization

End Po lt P olt P lt any LT
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Example Poisson process PPC

let Pitt Po A PC Xctki 1 107 07

Forward equations

Po Ct X poet

for i3l P t XP Ct x pi Ct 20

Initial conditions Polo L Pico 0,571

LT on both sides of

spffs I X pics
spics X pilot xp Cs

po cs7 L
its

pics In pics
its

pics PED

pitts
A

it



Inverting Curry Appendix F of the book we obtain

Pict di e
Xt ti
i

i.e Pict e Ht Poisson f

it distribution

Absorption probabilities

T min too 1 47 0

u P T a Mohi i I

let B be a sub matrix of the generator Q obtained

By deleting the row column of state 0

Claim Let a f
above

Them he is the largest solution bounded by 1 to

Bo O

PI Let X 3 be the embedded DTMC

vi PC CTMC EXCH never visits 0 Xcoki

Oi P C DTMC fin never visits 0 I Xoni



from Vi satisfies D Bro where IT is a submatrix
DTM of f p.m of DTMC obtainedby
the I Er deleting r.us coCofskk0

Ui EE Pi Oi i I

t
transition probabilitiesof the embedded DTMC

or EEC s
Inti

4 Vi Ei Vi VI

Vi Vi Efi Vi Oj

Vi Oj Bon o

Proof of maximality Follows in a similar manner as in the
proof for DTMC i.e 0 80

First moment of T

mi ECT Moti i 1

Note mi D if Oi 0

So we focus on If D Case



Claim Suppose 0 0

Then m

y
is the smallest non negative solutionto

Bme 91 0
In
vectorof ones

PI reading exercise

Eixample Birth death process
Xo X Xa

a
c

µ M2 13

T min too 1 47 0

To find 6 solve Vi Oj 0 i I
j

Xi uit Mi Ui i i'Mi Vi D i 71

Boundary condition 00 0

4 it
µ

in

This is in the form of egg c on p 32 of PTMCx trasibbihau.io
where a general random walk is analyzed



Why the DTMC analysis we have

Let Pi
title I Ui Mi

i

ui ifeng.it Edi a

0 else

where do Lin Mi Mi i I

X Xi

To find m assume 22
j

Bmt 1 0 Can be written as

Mit 1 Mi Mi Chitti M c 1 0,521

Mo O

1

Mi
µ

Mi Mi i Mit
Xi 1mi XitMi

Following the technique in example 2 on p 37 of DTMG trunk
behaviour we obtain

i i 1
Mi ELK E Xj2jKao Jett



Limiting behaviour of CTMCs

In the limit as f so what happens to

i Pct
t

Ii Mlt where Mlt Spca da
F o

Two state CTMC

put eat
xflo.ee fx where C

Ei Iii Iii
H W Calculate Mct why MAK P a du

show that n 7 Iii
Remark the limits of Plt 4M do not depend on

the initial distribution



Lecture 33 Stationary distributionse

Ref Kulkarni's book
But for the proof's consult Norris Markovchains

Sec Sec3 S there

Communicating class

A set CES in a CTMC is a closed

communicating class if C is a closed communicating

class of the underlying DTMC

Irreducibility CTMC is irreducible if the
underlying DTMC is irreducible

Two state CTMC

e
Irreducible if Xp o

u

Transience recurrence

First passage time T inff t Y I XCH i Hi
II

state 1 first sojourn time

State i
p

Y



Remark Ti is well defined if Y C w p I U 0

Tf q so then i is absorbing

Let Ui PCT La XCo7 i C Probofreturningtoi

mi ECT 1 107 1 mean return fine

Note Ui Cl Mina

A state i with ou o is
transient it Uid

recurrent if Ui 1

Note If qi 0 then i is recurrent

ie a

claim A state i is recurrat transient in a CTMC
a m

iff l is recurrent transient in theunderlying DTMC

Pf Straightforward

A state i with g so is null recurrent if miss

positiverecurrent if Mid

Note If q O i is positive recurrent

Remark So as in a DTMC transience recurrence are clam properties



Stationary distribution

A vector it is a stationary distribution of a CTMC
if i Mj 70 j Cii STj l

j

iii IT Pct Ht O

R If XCo has distribution it then Xlt has
distribution it as well

is it Pct tao IT Q O

PI I Q o IT Qn O Hn I

s Itf Qn O Ht
n i

IT Et o
h c n

if it

QE
it e IT

it Plt it since PCtheat

So it is stationary if it satisfies IT Q o



Limiting behaviour Transient case

claim XCf.lt o irreducible transient CTMC

my Pi j
t O Hi j ES

PI Let Xn be the underlying DTMC

This DTMC is irreducible transient

F visits to j starting in i over the infinite horizon

Each visit to j the CTMC spends
toy
time in expectation

So F time spat byCtmc in j over Cop starting in i

Lim Mi Ct a
t sa

te
tha in the expectationof time spent in j starkly in i

over Coit

f Mi jlH this ftp.jltldt a



Pi Ct 70

So Lim
1 y

Pi Ct O

Limiting behaviour Null recurrent case

claim XCf.lt o irreducible null recurrent TMC

my Pi j
t O Hi j ES

Pf Skipped

Limiting behaviour Positive recurrent case

Suppose it is the stationary distribution of the CTMCA
X is the stationary distribution of the underlying DTMC

Then we can relate them by

Xi Ti Vi Hi

To see this Xi E Pj Xjj

wig Xi TiVi we have it Win Pj Wj Tj



Using Pj 9j we have Tig E Wj Ijl j
Vi

Wis Vi Vi O
7 Nj Mj VI i Ti

or Vj Tj O IT Q o

Big facts

Consider an irreducible CTMC Then

it is positive recurrent

if and only if
there exists a stationary distribution it

i.e it Q o Etzel if 70

for an irreducible positive recurrent CTMC

i Liz Pi ft Tj Hi jfS

ii lim Mi Ct
c a f

Tj Hi jfS

PI Check Norris textbook on Markov chains
in particular Sections 3.543.6 there



IT Q O is called Balance equations

Why

Tj VI i Mi Vi o

Ti VI i EitiVI i
2 Ti Vi j g

TjVj which system

f 1711.7mi
IT V rate at which the system leaves state i

Balance equations two rales are equal in steady state

E e Two state CTMC
x

c
u

XITO µ'T i
Mo 11T 1

To 1 IT In

Atu Atu



Example Birth death process
X

T I
Mc M2

XolTo µ IT

di IT Xi iti i Mit Titi


