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ABSTRACT

KEYWORDS: Zeroth-Order Stochastic Optimization; Stochastic Approximation;
Simultaneous Perturbation; Random Directions Stochastic Ap-

proximation; Gaussian Smoothing.

Problems of optimization under uncertainty arise in many areas of science and engi-
neering, such as machine learning, communication networks, manufacturing systems,
vehicular traffic control, service systems, and several others. Specific applications are
varied but include: running simulations to refine the placement of acoustic sensors on
a beam, deciding when to switch traffic lights at signal junctions for optimal flow, and
optimizing the parameters of a statistical model for a given data set. The usual way to
model these problems analytically is by defining an objective or a cost function whose
optimum constitutes the desired solution. However, a large number of input variables,
randomness (noise) in the input data, and the lack of a system model prohibit a precise

analytical solution. A viable alternative is to employ simulation-based optimization.

We consider the following stochastic optimization problem
mingcpa { f(2) = E¢[F(z,€)]}, where the function f : R? — R is assumed to
be smooth, and ¢ is the noise factor that captures stochastic nature of the problem.
We operate in a simulation optimization setting (Fu, [2015), where F'(-,£) is not given
explicitly, but through a black-box simulation procedure. Gradient-based methods
are popular for solving such optimization problems. In the simulation-optimization
context, gradient information is typically unavailable and has to be estimated from
noisy function measurements. This setting is also referred to as the zeroth-order
stochastic optimization. Simultaneous perturbation (Bhatnagar et al., 2013} Nesterov
and Spokoiny, 2017) refers to a class of algorithms that can provide biased gradient
and Hessian information, albeit with a bias that can be controlled, usually at the
cost of increased variance in the gradient and Hessian estimate, using noisy function

measurements.
We consider two problems in the context of zeroth-order stochastic optimization. In

il



the first problem, we introduce deterministic perturbation schemes for the recently pro-
posed random directions stochastic approximation (RDSA) method (Prashanth et al.,
2017), and propose new first-order and second-order algorithms. In the latter case,
these are the first second-order algorithms to incorporate deterministic perturbations.
We show that the gradient and/or Hessian estimates in the resulting algorithms with de-
terministic perturbations are asymptotically unbiased, so that the algorithms are prov-
ably convergent. Furthermore, we derive convergence rates to establish the superiority
of the first-order and second-order algorithms, for the special case of a convex and a
quadratic optimization problem, respectively. Finally, we perform numerical experi-

ments to validate our theoretical results.

In the second problem, we consider the problem of optimizing an objective function
with and without convexity in a simulation-optimization context, where only stochastic
zeroth-order information is available. We consider two techniques for estimating gradi-
ent/Hessian, namely simultaneous perturbation (SP) and Gaussian smoothing (GS). We
introduce an optimization oracle to capture a setting where the function measurements
have an estimation error that can be controlled. Our oracle is appealing in several prac-
tical contexts where the objective has to be estimated from i.i.d. samples, and increas-
ing the number of samples reduces the estimation error. In the stochastic non-convex
optimization context, we analyze the zeroth-order variant of the randomized stochas-
tic gradient (RSG) (Ghadimi and Lan, 2013) and quasi-Newton (RSQN) (Wang et al.,
2017) algorithms with a biased gradient/Hessian oracle, and with its variant involving
an estimation error component. In particular, we provide non-asymptotic bounds on the
performance of both algorithms. Our results provide a guideline for choosing the batch
size for estimation, so that the overall error bound matches with the one obtained when
there is no estimation error. Next, in the stochastic convex optimization setting, we pro-
vide non-asymptotic bounds that hold in expectation for the last iterate of a stochastic
gradient descent (SGD) algorithm, and our bound for the GS variant of SGD matches
the bound for SGD with unbiased gradient information. We perform simulation experi-
ments on synthetic as well as real-world datasets, and the empirical results validate the

theoretical findings.
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CHAPTER 1

Introduction

1.1 Motivation and Overview

Optimization problems involving uncertainties are common in many areas of science
and engineering, such as machine learning, vehicular traffic control, service systems,
communication networks, financial systems, and several others. For instance, in a gen-
eral traffic signal control setting, a goal could be to dynamically find the optimal order to
switch traffic lights at signal junctions and the amount of time that a lane signal should
be green when inputs such as the number of vehicles waiting at other lanes are provided.
Similarly, in a general communication network, a goal could be to optimally allocate
link bandwidth amongst competing traffic flows. The problems themselves may involve
system identification, model fitting, optimal control, or performance evaluation based
on observed data. A usual way to model these problems analytically is by defining an
objective or a cost function whose optimum constitutes the desired solution. However,
a large number of input variables, randomness (noise) in the input data, and the lack
of a system model prohibit a precise analytical solution, and a viable alternative is to

employ simulation-based optimization.

We consider the following stochastic optimization problem
ming e { f(z) = Ee[F(x,€)]}, where the function f : R? — R is assumed to
be smooth, and ¢ is the noise factor that captures stochastic nature of the problem.
We operate in a simulation optimization setting (Fu, [2015), where F'(-,£) is not given
explicitly, but through a black-box simulation procedure. The idea here is to simulate
the stochastic system under consideration a few times while updating the system
parameters until a good enough solution is obtained, and gradient-based methods
are popular for solving such optimization problems. In the simulation-optimization
context, gradient information is typically unavailable and has to be estimated from
noisy function measurements. This setting is also referred to as the zeroth-order

stochastic optimization, where an optimization algorithm is provided with noisy



function measurements and has to construct gradient/Hessian estimates from these

measurements.

Robbins and Monro (1951) developed an incremental-update algorithm that esti-
mates the zeros of the function f when only its noisy measurements are available.
This algorithm has found applications in several engineering domains such as signal
processing, manufacturing, communication networks, autonomous systems, vehicular
traffic networks, etc., where it is often used to find either (a) the fixed points of a certain

function or (b) the optima of a certain objective given noisy function measurements.

The earliest gradient search algorithm in this setting is the |Kiefer and Wolfowitz
(1952) procedure. This, however, requires 2d function measurements when the pa-
rameter dimension is d. In (Katkovnik and Kulchitsky, 1972; Rubinstein, 1981)), the
authors proposed a random search technique that became known as the smoothed func-
tional (SF) algorithm. The key idea here is that the convolution of the objective function
gradient with a multivariate Gaussian PDF is seen via an integration-by-parts argument
as the convolution of the objective function itself with a scaled multivariate Gaussian.
Thus, a single noisy function measurement at a perturbed value of the parameter up-
date, perturbed using a multivariate Gaussian, is sufficient to obtain an estimate of
the full gradient. This results in a one-measurement estimator that however has high
bias. A balanced two-sided estimator of the gradient (requiring two function measure-
ments) that has significantly lower bias than the one-measurement SF estimator was
proposed in (Styblinski and Tang, [1990), see also (Chin, [1997) for comparisons of the

one-measurement and two-measurement SF algorithms.

Random directions stochastic approximation (RDSA) (Kushner and Clark, 1978))
is another gradient search procedure, in which the perturbation variables are consid-
ered to be uniformly distributed over the surface of the unit sphere in R¢. Obtaining
these perturbation random variables is, however, computationally expensive, particu-
larly when the dimension d is large. In a landmark paper, (Spall, 1992) introduced
the simultaneous perturbation stochastic approximation (SPSA) algorithm, a random
search technique that estimates the gradient using random perturbations that are inde-
pendent, symmetric, zero-mean and satisfying an inverse moment bound. The most
commonly used and studied class of perturbations within this category are those that

are independent, symmetric, +1-valued, Bernoulli random variables. This algorithm



(the standard SPSA, as it is known), requires two function measurements at each up-
date step, and became popular because of its computational simplicity, as well as the
convergence and rate guarantees that it provides. In another paper (Spall, [1997), pre-
sented a one-measurement counterpart of SPSA. This algorithm, however, does not
show good performance, as it suffers from a large bias in its gradient estimates. (Bhat-
nagar et al., 2003) presented certain deterministic perturbation variants of SPSA. Here
two constructions for the perturbation variates were proposed, of which, a construction
based on Hadamard matrices is seen to show remarkable improvements in the empirical

performance of one-measurement SPSA.

Adaptive Newton-type schemes that estimate the Hessian using noisy objective
function measurements, as with the gradient, have also gathered considerable attention
over the years. The earliest such scheme, due to (Fabian, 1971)), estimated the Hessian
using finite-difference estimates and required O(d?) samples of the objective function
at each update epoch. (Spall,|2000), presented a simultaneous perturbation estimate of
the Hessian that was based on four noisy function measurements. Two of these mea-
surements also estimate the gradient. In the case when noisy gradient measurements are
directly available, he also presented a Newton scheme requiring three measurements.
(Bhatnagar, 2005) presented three additional algorithms that estimate the Hessian as
well as the gradient, using simultaneous perturbation estimates. In the process, new gra-
dient and Hessian SPSA estimators were developed. (Bhatnagar and Prashanth, [2015)
presented a balanced estimator of the Hessian using three function measurements. This
paper also presented two algorithms, one of which estimated the inverse Hessian us-
ing a recursive procedure based on the Sherman-Morrison-Woodbury lemma, while the
other did not require one to compute or estimate the inverse Hessian at each step. It was
shown nonetheless that the asymptotic behaviour of the latter algorithm is analogous to
a Newton algorithm that would involve a computation of the inverse Hessian matrix at
each update step. (Spall,[2009) presented enhancements to the four-simulation Hessian
estimator of (Spall, 2000) using certain weighting and feedback mechanisms. These

enhancements are seen to improve the performance of the resulting scheme.

The class of SF algorithms was extended by (Bhatnagar, 2007) to include two
Newton-based algorithms governed by standard Gaussian perturbations. As with the
gradient estimator, the Hessian estimator was obtained from the idea that if one con-

volves the Hessian with a multivariate Gaussian density, then from an integration-by-



parts argument applied twice, the same can be viewed as a convolution of the objective
function with a scaled multivariate Gaussian. This results in a single-measurement Hes-
sian estimator - the same measurement also estimates the gradient. A two-measurement
SF algorithm presented there, involving a balanced (two-measurement) Hessian estima-
tor, is seen to work better in practice - again the same two measurements also estimate
the gradient. In (Ghoshdastidar et al., 2014b,a)), gradient and Newton SF algorithms
based on the multi-variate ¢g-Gaussian density as the smoothing functional, i.e., the
perturbation distribution, have been presented. This gives rise to a class of smooth-
ing densities parameterized by the g-parameter. Densities such as multivariate Normal,
Cauchy and Uniform that were known to satisfy the properties required of smoothing
functionals (Rubinstein and Shapirol 1993) in SF algorithms, emerge as special cases of
the ¢g-Gaussian density for different values of the parameter ¢q. Thus, these papers have
served to significantly extend the class of perturbations that play the role of smoothing

densities in SF algorithms.

Finally, the RDSA procedure has recently been revisited in detail by (Prashanth
et al., 2017), and novel gradient and Newton algorithms have been devised. Recall
that in the original RDSA procedure described in (Kushner and Clark, 1978)), the per-
turbation variates are required to be uniformly distributed over the surface of the unit
sphere in R?, d being the parameter dimension. The approach taken in (Prashanth et al.,
2017) involves a uniform distribution over a unit cube as opposed to the surface of the
unit sphere. The perturbation (component) random variables are thus allowed to be
independent, symmetric, and uniformly distributed over an interval that is symmetric
around zero. Another class of perturbations, namely asymmetric Bernoulli, have been
investigated and found to work nearly as well as SPSA in both theory and practice. Hes-
sian estimators derived from these perturbations have also been proposed in (Prashanth
et al.,2017), and both gradient and Newton algorithms have been investigated in detail.
The reader is referred to (Bhatnagar et al.,|2013) for a rigorous introduction to the class

of simultaneous perturbation methods.

Of particular interest to our work is simultaneous perturbation stochastic ap-
proximation (SPSA) and its close cousin random directions stochastic approximation
(RDSA) algorithm. SPSA, proposed in (Spall, |1992), has been shown to perform well,
both in theory and in practice, using Bernoulli perturbations. RDSA, proposed first

in (Kushner and Clark, [1978)), uses perturbations drawn randomly on a d-dimensional
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unit sphere. A recent enhancement to RDSA, proposed in (Prashanth ez al.,|2017), uses
asymmetric Bernoulli perturbations and has been shown to work nearly as well as SPSA

in theory and practice.

1.2 Our Contributions

We consider two problems in the context of zeroth-order stochastic optimization.

e Deterministic perturbations: We introduce deterministic perturbation schemes in
the random directions stochastic approximation (RDSA) method and propose new
first-order and second-order algorithms. We show that the gradient and/or Hessian
estimates in the resulting algorithms with deterministic perturbations are asymptoti-
cally unbiased, so that the algorithms are provably convergent. Furthermore, we de-
rive convergence rates to establish the superiority of the first-order and second-order
algorithms, for the special case of a convex and quadratic optimization problem, re-
spectively. Finally, we perform numerical experiments to validate our theoretical

results.

e Non-asymptotic bounds: We study gradient-based algorithms for solving zeroth-
order stochastic convex and non-convex optimization problems given a biased gradi-
ent/Hessian oracle, and with its variant involving an estimation error component. For
the case of a convex objective function, we provide non-asymptotic bounds that hold
in expectation for the last iterate of a stochastic gradient descent (SGD) algorithm.
For a non-convex objective function, we analyze the zeroth-order variant of the ran-
domized stochastic gradient (RSG) and stochastic quasi-Newton (RSQN) algorithm
and provide non-asymptotic bounds. In both convex and non-convex setting, we pro-
vide a guideline for choosing the batch size for estimation, so that the overall bound
matches with the one obtained when there is no estimation error. Finally, we validate
our theoretical findings through simulation experiments on synthetic and real-world

datasets.

1.3 Organization of the thesis

The rest of the thesis is organised as follows:

5



e Chapter [2| provides the background material on stochastic optimization, and vari-
ous methods for estimating gradient and Hessian from noisy function measurements,
namely finite difference stochastic approximation (FDSA), simultaneous perturba-
tion stochastic approximation (SPSA), random direction stochastic approximation

(RDSA) and Gaussian smoothing (GS).

e Chapter [3|introduces a deterministic perturbation scheme in the RDSA method, and
proposes new first-order as well as second-order algorithms. This chapter provides
a convergence analysis that includes asymptotic unbiasedness, strong convergence,
and convergence rate results. Finally, this chapter presents results from numerical

experiments.

e Chapter [ studies gradient-based algorithms for solving zeroth-order stochastic con-
vex and non-convex optimization problems. This chapter introduces an optimization
oracle to capture a setting where the function measurements have an estimation er-
ror that can be controlled. For both convex and non-convex objective function, this
chapter provides non-asymptotic bounds that hold in expectation. The bounds pro-
vide a guideline for choosing the batch size for estimation, so that the overall bound
matches with the one obtained when there is no estimation error. Finally, this chap-
ter presents results from simulation experiments on synthetic as well as real-world

datasets.

e Chapter[5|concludes the thesis and discusses a few directions for future research.



CHAPTER 2

Background

A general optimization problem has the following form:
Find x* that solves mi/{} f(z), (2.1)
TE

where f : RY — R is called the objective function, z is a d-dimensional parameter of

interest and X’ C R is the feasible region in which z takes values.

Optimization problems can be classified into two categories as deterministic and
stochastic optimization problem. If we have complete information about the objective
function f, its derivatives, and the set X then (2.1) would be a deterministic optimiza-
tion problem. Furthermore, one can use this information to search the optima deter-
ministically. Unfortunately, many real-world problems do not fall in this class, since
the function f cannot be known accurately for a variety of reasons. The first reason
is due to a simple measurement error. The second reason is that some data represent
information about the future (e.g., product demand or price for a future time period) and
simply cannot be known with certainty. Optimization problems involving uncertainties
are very common in many areas of science and engineering, such as machine learn-
ing, vehicular traffic control, manufacturing systems, service systems, communication
networks, financial systems, and several others. Specific applications are varied but
include: running simulations to refine the placement of acoustic sensors on a beam, de-
ciding when to switch traffic lights at signal junctions for optimal flow, and optimizing

the parameters of a statistical model for a given data set.

2.1 Stochastic Optimization

Optimization under uncertainty or stochastic optimization refers to a collection of meth-
ods for minimizing or maximizing an objective function when randomness is present.
The randomness may be present as either noise in measurements or Monte Carlo ran-

domness in the search procedure, or both. Random input data arise in many areas



such as real-time estimation and control, problems where there is an experimental (ran-
dom) error in the measurements, and simulation-based optimization where Monte Carlo
simulations are run as estimates of an actual system. In stochastic optimization the un-
certainty is incorporated into the model, it presumes that we have little knowledge on
the structure of f and moreover f cannot be obtained directly, but we are given sample

access, 1.e.,

f(@) = Ee[F(x,8)], (2.2)

where £ is the noise factor that captures stochastic nature of the problem, and one is
allowed to observe only the F'(z,&) samples. These kinds of optimization problems
are more challenging to solve in comparison to a deterministic optimization problem
because we have to find z* = argminf(z), given only noisy function samples. A
large number of input variables, rarfdegmness (noise) in the input data, and the lack of a

system model prohibit a precise analytical solution, and a viable alternative is to employ

simulation-based optimization.

Simulation optimization (Fu, 2015) is built on two assumptions: (i) a closed-form
expression of the objective function is unavailable; and (i) a simulator that outputs
(noisy) function measurements for any input parameter, is available. The implicit as-

sumption in these problems is that function evaluation is computationally expensive.

F(x,€)

T ———— > Simulator

Figure 2.1: Simulation optimization

As illustrated in Figure[2.1] the idea here is to simulate the stochastic system under
consideration a few times until a good enough solution is obtained. A standard approach
is to devise an iterative algorithm that updates the parameter x;, in the descent direction
using the gradient and/or Hessian of the objective function f. Stochastic approxima-
tion algorithms are most popular and best suited for solving simulation optimization
problems. The first-order stochastic approximation algorithm (SA) takes the following

iterative form:

Ty1 = T — WV S (Tk) (2.3)
where z, is the solution found at iteration £k, v f (zx) is an estimate of the gradient
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V f (zx) and 74 is a step size (sometimes called the learning rate in machine learning)

satisfying the following properties:

i% =00, and i%ﬁ < 0. (2.4)
k=1

k=1

Under appropriate conditions, one can guarantee local convergence to x* almost surely

as n — oQ.

The second-order stochastic approximation algorithm (SA) takes the following iter-

ative form:

— A~

Tpo1 =k — Y [T (Hk)rl V (), (2.5)

where -y is the step-size that satisfies (2.4), T is an operator that projects a matrix
onto the set of positive definite matrices, and \Y f (z) and H; are estimates of the
gradient and Hessian, respectively. The first- and second-order SA algorithm can be
considered as the stochastic version of the well-known gradient descent and Newton

method, respectively.

Second-order methods provide many advantages over their first-order counterparts.
The main benefit of second-order methods over first-order methods is that they con-
verge at the optimum rate without requiring knowledge of minimum eigenvalue of
V2 f(x*) for setting the stepsize. Other benefits include (i) faster convergence in the
final phase, i.e., when the iterate is close to the optima as second-order methods mini-
mize a quadratic model of f and (ii) scale-invariance, i.e., second-order methods adjust
automatically to the scale of the parameter and hence, the update rule is unaffected. On
the flip side, second-order schemes require estimating the Hessian in addition to the

gradient of f and have a higher per-iteration cost due to matrix inversion.

In practice, one can only obtain noisy function measurements through black-box
simulation, and the challenge is to estimate the gradient and/or Hessian from these
measurements. For gradient and Hessian estimation in a zeroth-order optimization set-
ting, we have two important alternatives. The first approach provides an estimate of the
objective gradient/Hessian with an additive bias, say of O(n?), where 7 is a parameter
to be chosen by the optimization algorithm. The variance of the gradient estimate is
O(1/7n?), and hence, the choice of 7 relates to bias-variance tradeoff (Hu ez al., 2016).
Such an approach can be seen in (Spall,|1992; Bhatnagar et al., 2013} [Spall, 2005)). We



shall refer to this as the SP approach, as it involves the simultaneous perturbation trick
for gradient estimation. The second approach finds an alternative (smooth) function
that is not far from the objective, and provides a gradient estimate for this alternative
function (cf. (Nesterov and Spokoiny, 2017; |Ghadimi and Lan, 2013))). We shall refer
to this as the GS approach, as it involves smoothing using a Gaussian distribution. In
the following sections, we present a brief survey of existing gradient and/or Hessian

estimation schemes.

2.2 Finite Difference Stochastic Approximation (FDSA)

One of the oldest algorithms for estimating gradients using noisy function measure-
ments is the finite difference stochastic approximation (FDSA) by (Kiefer and Wol-
fowitz, |1952), also known as Kiefer Wolfowitz algorithm. FDSA perturbs the value
of each component of x separately while holding the other components at the nominal

value.
Let y; = f(zr+me) + &5 and yp, = f (v —mees) + &, fori=1,....4d,

where the perturbation constant 7, — 0 as k — oo, &, &, are independent and identi-
cally distributed (i.i.d.), and e; is the unit vector with a 1 in the i™ place. FDSA based
gradient estimate is of the following form:
Vi~V
21

Vfxg) = : . (2.6)

+ —
Yied " Ykd
2,

The convergence of the FDSA based gradient and Hessian estimators are based on

. . _ T . . .
the assumption that the noise vector (5,; — &t =1,2,. .. ,d) is a martingale dif-
ference sequence for every k£ > 0, the step-sizes <y, and perturbation constants 7, are

positive for all &, and satisfy

2
’m,nkﬁoask%oo,zfykzooandZ(%) < o0 @.7)
Tk
k k

10



Detailed convergence analysis of this algorithm can be seen in (Kiefer and Wol-
fowitz, |1952). Note that the FDSA based gradient estimation scheme requires 2d noisy
function measurements, where d is the dimension of the parameter vector x. Further,
(Fabian, [1971) presented Hessian estimation scheme using O(d?) noisy function mea-
surements. This is the main drawback of this algorithm as it is computationally ex-
pensive for high dimensional problems. Therefore, simultaneous perturbation methods
such as SPSA and RDSA which uses a constant number of function measurements for
estimating gradient and Hessian, irrespective of the parameter dimension, have been

analyzed.

2.3 Simultaneous Perturbation Stochastic Approxima-

tion (SPSA)

Simultaneous perturbation (SP) refers to a class of algorithms that can provide bi-
ased gradient/Hessian information, albeit with a bias that can be controlled, usually
at the cost of increased variance in the gradient/Hessian estimate, using noisy function
measurements. SP methods are a popular and efficient approach for estimating gra-
dient/Hessian from function samples, especially in high dimensional problems as the
number of function measurements needed to form an estimator of the gradient/Hessian
is independent of the dimension of the parameter vector. The reader is referred to (Bhat-
nagar et al.,|2013)) for a rigorous introduction to the class of simultaneous perturbation

methods.

SPSA is a popular SP method. In a landmark paper, (Spall, 1992) introduced the
first-order simultaneous perturbation stochastic approximation algorithm, henceforth
referred to as ISPSA. The 1SPSA scheme requires only two function measurements to
estimate the gradient, regardless of the dimension of the parameter vector. The idea

here is to simultaneously perturb all components of the parameter randomly.

Gradient estimate: Let y; = f (2 + meQx) + &, and y, = f (2 — mly) + &,

- . . T.
where &7, ¢, are i.i.d. random vectors in R?, A}, = (A,i,, o ,Ai) is any vector con-
sisting of 1.1.d., zero-mean, symmetric random variables whose inverse second moments

are bounded. The most commonly used perturbations within this category are the sym-
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metric, =1-valued, Bernoulli random variables. SPSA based gradient estimate is of the

following form:

v~y
277kA11€

ViEy=| | 2.8)

v~y
2N AZ

Sketch of the proof: By Taylor’s series expansions of f(xy + nxAx) and

f (zx — neAx), we obtain,
2
J (o + i) = f (2r) + el V. () + %A,IVQf () Ak + O ()
2
f (e =md) = f (@) = ATV (00) + ATV () A+ O ().

Combining the above two equations with (2.8)), the ith component of the gradient esti-

mation is given by

Ay) — f(zp —mA SNV
f (wn + mely) J:(xk M A%k) = V.f (xx) Z —f f () + O (77k)
anAk =1, k

Then taking conditional expectation, we obtain

. f(anmk)—f(xk—mﬁkhfk} =Vif (w) +O (), 29

2 A,
where we used the fact that A7 is independent of A%, when j # i and E[A]] = 0, V5.

The convergence of the SPSA based gradient estimators are based on the assumption
that the noise vector & — &, ,Vk > 0 is a martingale difference sequence, the step-
sizes 7, and perturbation constants 7, are positive for all £ and satisfy (2.7). Detailed

convergence analysis of this algorithm can be seen in (Spall, 1992, 2005)).

Note that the 1SPSA algorithm requires only rwo function measurements to estimate
the gradient, regardless of the dimension of the parameter vector. As a result, ISPSA
became popular because of its computational simplicity, as well as the convergence and

rate guarantees that it provides.

Hessian estimate: Let y;" = f(zx + M) + &5 v = [ (2 — i) + &,
yit=f (agk + A\ + ﬁk3k> +&tand oyt = f (xk A ﬁkﬁk) +&,
where the noise terms &, &, &1, &, T satisfy E [ — &5 — &7 — &, | Fi] = 0, with

12



Fi = o (zpy, m < k) denoting the underlying sigma-field. The perturbation sequence
{AL, Al i=1...dk=12,.. } is independent. The SPSA based Hessian esti-
mate is of the following form (Spall, |2000):

o —y,;) (5k1>T.
20k,

++
Yk

= ()

Note that the number of function measurements required for estimating Hessian
is just four, regardless of the parameter dimension d. This algorithm is also referred

to as the second-order SPSA algorithm (2SPSA). The second-order SPSA algorithm

performs an update iteration as follows:

i = o — WY (Hy) ™ VF (2), (2.10)
_ _ 1 ~
Hk—k—HHk,1+k+1Hk. (2.11)

In the above, Hj, is a smoothed version of ﬁ[k, T is an operator that projects a ma-
trix onto the set of positive definite and symmetric matrices, and is crucial to ensure
progress along a descent direction. The reader is referred to (Spall, 2000) for detailed

convergence results.

2.4 Random Directions Stochastic Approximation

(RDSA)

A close cousin of the SPSA is RDSA. The gradient estimate in RDSA differs from
SPSA, both in the construction and in the choice of random perturbations. (Kushner and!
Clark, 1978) proposed gradient search procedure, in which the perturbation variables
are considered to be uniformly distributed over the surface of the unit sphere in R,

where d is the parameter dimension.

The RDSA procedure has recently been revisited in detail by (Prashanth et al.l
2017), and two novel gradient and Newton algorithms have been proposed by incor-
porating random perturbations based on the uniform distribution and a particular asym-
metric Bernoulli distribution. RDSA is found to work nearly as well as SPSA in both

theory and practice.

13



We now present the gradient and Hessian estimates using RDSA.

Lety, = f(@p +mlp) + &5 yp = f(x —mely) + &, and  yp = f(zp) + &,
2.12)

where &, &, & is the measurement noise, 7 is a perturbation constant, and A, =

T :
(AL,...,Af)  arei.i.d. random perturbations.

In (Prashanth ef al.| 2017), two choices for A, are explored. The first is a uniform
distribution, i.e., A}, Vi = 1,...,d, and Vk > 0 are i.i.d. zero mean uniform random
variables taking values in the interval U[—u, u] for some u > 0. Let yx, v, and y; be

as defined in (2.12), then, the gradient and Hessian is estimated as follows:

S 3 =y ~ 9 F oy —2
VF(an) = = Ap || fy = g (DI T2 ey,
U 21 2u M

S -%) Al
M, = AZAL AZAY
alal e 3((an"-%)

We shall refer to the RDSA with uniform perturbations as RDSA-Unif.

The second choice for perturbations is to employ a asymmetric Bernoulli distribu-

tion, i.e., Ve =1,...,d,and Vk > 0,

—~

1+e€)
—1 W.P. (5o

AL =

1+e wp. (2ie)’

for some constant € > 0. Let yi, y; and y, be as defined in (2.12), then, the gradient

and Hessian estimates are formed as follows:

- 1 Foul - by =2
Vf(x) = Ay {yk% yk} . H,= M, (yk —i—ka yk) , where,
k

L+e M
% ((A1)2 (14 e)> . 2(1+€ L _AIAd
M, = 1+e)2 Rz ARAK 2(1+€ srrgr ARAT
e e (R a)

(1+€) (1+(1+€)%)

In the above, Kk = T (1 - @) and 7 = (2+€)

. We shall refer to the RDSA

14



with asymmetric Bernoulli perturbations as RDSA-AsymBer.

Similar to SPSA, RDSA variants such as RDSA-Unif and RDSA-AsymBer also
requires only fwo function measurements (i.e., y; and y; ) for estimating gradient, while
constructing a Hessian estimate would require a third function evaluation (i.e., yx),
and the second-order RDSA (2RDSA) algorithm performs an update iteration given by
(2.10) and 2.T1). Further, the convergence of the RDSA based gradient and Hessian

estimators are based on assumptions similar to those in SPSA. The reader is referred to

(Prashanth et al.l 2017)) for detailed convergence results.

In Chapter [3] we propose a variant of RDSA that loops through a deterministic
sequence to cancel out the bias in the gradient estimate — a property that regular RDSA
achieves in expectation through a zero-mean random perturbation. We propose two new
choices for deterministic perturbations, the first choice is based on a semi-lexicographic

sequence, while the second employs permutation matrices.

2.5 Gaussian Smoothing (GS)

We consider a smooth approximation of the objective function f. It is well-known
(Conn et al., 2009) that the convolution of f with any nonnegative, measurable and
bounded function v : R? — R satisfying Jpa¥(u)du = 1 is an approximation of f
which is at least as smooth as f. Let Ay ~ N (0,Z,) be a standard Gaussian random

vector. For some 7, > 0, a smooth approximation of f is defined as:

fnk(xk)— - / Flae + mA)e 22 an, = Ba [z + meds)].

2

In (Nesterov and Spokoiny, 2017}, the authors establish that:

V() = Ea, {WM}
R, [f(fk + Uk?k) — f(ka:)Ak}
k
o d/2 f $k+7lk?:) f(zy )Ak ”Ak”ZdAk

This relation implies that we can estimate a gradient of f,, by only using evaluations of

f. The Gaussian smoothing (GS) approach uses Gaussian distribution in the convolution
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to find an alternative (smooth) function that is not far from the objective, and then
provides a gradient estimate for this alternative function (cf. (Nesterov and Spokoiny,

2017;|Ghadimi and Lan, [2013)).
Lety; = f(ze +mli) &0, e = (o —melp) + &, and  yp = f(xg) + &,

where Ay is a d-dimensional Gaussian vector composed of standard normal r.v.s., i.e.,

Ay ~ N (0, ;). The GS-based gradient and Hessian estimate is of the following form:

R + N + - _9
V[ (k) = Ay {u} and  Hj, = [yk h yk2 yk} (ARA) — 1)
Nk 2

Similar to SPSA and RDSA, GS approach also requires only two function measure-
ments for estimating gradient, and three function measurements for estimating Hessian.
The reader is referred to (Nesterov and Spokoiny, [2017) for detailed convergence re-

sults.
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CHAPTER 3

Random Directions Stochastic Approximation with

Deterministic Perturbations

We introduce deterministic perturbation schemes for the recently proposed RDSA
(Prashanth er al., 2017)), and propose new first-order and second-order algorithms. In
the latter case, these are the first second-order algorithms to incorporate deterministic
perturbations. We show that the gradient and/or Hessian estimates in the resulting al-
gorithms with deterministic perturbations are asymptotically unbiased, so that the algo-
rithms are provably convergent. Furthermore, we derive convergence rates to establish
the superiority of the first-order and second-order algorithms, for the special case of a
convex and quadratic optimization problem, respectively. Numerical experiments are

used to validate the theoretical results.

3.1 Introduction

Recall from Chapter [2|that we consider the following problem:

Find z* = arg min f(x). (3.1)

zE€R4

We operate in a setting in which the analytical form of the objective function f is not
known, but noisy measurements of the function can be obtained. Furthermore, noisy
estimates of the objective function gradient are not directly available, so the function
gradient needs to be estimated using the aforementioned noisy measurements. Simul-
taneous perturbation (Bhatnagar ef al.l 2013)) refers to a class of algorithms that can
provide biased gradient information, albeit with a bias that can be controlled, usually
at the cost of increased variance in the gradient/Hessian estimate, using noisy function

measurements.

In this chapter, we are concerned with developing deterministic perturbation vari-

ants of first and second-order RDSA algorithms, henceforth referred to as RDSA-DP



family of algorithms, with IRDSA-DP (resp. 2RDSA-DP) denoting first (resp. second)
order variants. The principal aim is to incorporate deterministic perturbation sequences
into RDSA, such that the resulting gradient estimates are still asymptotically unbiased
and the overall stochastic gradient algorithm converges, preferably at the same rate as
that of the random perturbation RDSA counterparts. We consider two novel choices for
deterministic perturbations - a semi-lexicographic sequence and a permutation matrix-

based sequence. We combine the two sequences with first and second-order RDSA.

In the case of IRDSA-DP, the resulting algorithms, under both choices for deter-
ministic perturbations, possess theoretical guarantees that are comparable to those of
their random perturbation counterparts. This statement is true when we consider the
asymptotic unbiasedness of the gradient estimation and asymptotic convergence of the
overall IRDSA-DP family of algorithms. Moreover, from a non-asymptotic bound that
we derive for the special case of strongly-convex objective functions, we observe that
the permutation matrix-based perturbations perform best, and even match the rate of a

first-order method, whose gradients are directly available.

In the case of second-order RDSA, we incorporate both perturbation sequences to
arrive at two variants of 2RDSA-DP, say 2RDSA-Lex-DP and 2RDSA-Perm-DP. How-
ever, the theoretical guarantees for the two variants differ significantly. For 2RDSA-
Lex-DP, the asymptotic unbiasedness claim holds for the full Hessian, while a similar
claim holds only for the Jacobi variant of 2RDSA-Perm-DP involving a diagonal matrix
with diagonal elements being those of the Hessian. Furthermore, for the special case of
a quadratic optimization problem in the noise-free regime, 2RDSA-Lex-DP is shown to
exhibit a convergence rate that is comparable to that of 2SPSA with an adaptive feed-
back sequence that was proposed in (Spall, 2009). Note that a similar rate result does
not exist for regular 2RDSA, and we believe, cannot be established. In any case, to
the best of our knowledge, no deterministic perturbation sequences exist for the class
of second-order simultaneous perturbation algorithms, including the popular 2SPSA

(Spall, |1997).

In comparison to (Bhatnagar et al., 2003), which is the closest related work, we
remark that (i) we propose a novel deterministic perturbation scheme and combine it
with first-order and second-order RDSA, while the deterministic perturbation schemes

in (Bhatnagar et al., 2003)) are only for first-order SPSA; (ii) unlike (Bhatnagar et al.,
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2003), we provide asymptotic normality results that quantify the convergence rate; and
(ii1) the permutation matrix-based perturbations that we propose are much easier to
implement and require much less computational memory in comparison to the deter-
ministic perturbation sequences proposed in (Bhatnagar et al., 2003)). In particular, the
permutation matrices have a linear dependence on the dimension d, while the lexico-
graphic/Hadamard matrix-based perturbations in (Bhatnagar ef al., 2003) scale expo-

nentially with d.

The rest of this chapter is organized as follows: Section [3.2] presents the first-
order RDSA variants with two deterministic perturbation sequences, and Section [3.3|
describes deterministic perturbation variants of the second-order RDSA algorithm. The
main theoretical guarantees for IRDSA-DP and 2RDSA-DP algorithms are presented
in Sections [3.2H3.3] while Section [3.4] provides detailed convergence proofs. Section
[3.5] presents simulation experiments that compare the performance of the DP variants
of RDSA with several algorithms that employ the simultaneous perturbation technique.

Finally, Section [3.6| summarizes the results.

3.2 First-order RDSA with deterministic perturbations

Recall from that a first-order method, given the gradient V f(-), would feature an

incremental update as follows:

The1 = Tk — YV f(2k). (3.2)

In the simulation optimization setting, we are given noisy function measurements, from
which the gradient has to be estimated. The simultaneous perturbation method (Bhat-
nagar et al., 2013) is a popular approach for obtaining such gradients. Recall that the

RDSA based gradient estimate is of the following form:

~ 1 R Ve
Vi) = 7oA {y’“myk}, (3.3)

where y,f = f(zr £mAx) + &, € is the measure noise and 7y, is a perturbation constant.
Further, A, = (A}, ..., A9)T is the random perturbation vector, with Al i =1,... d

chosen using the asymmetric Bernoulli distribution, i.e., A}, = —1 with probability
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(1+¢) 1
dl p.—— 1 > 0.
<2+€)an +ewp 240 or some €

In this chapter, we propose a variant of IRDSA that loops through a deterministic

(w.p.)

sequence to cancel out the bias in the gradient estimate — a property that regular RDSA
achieves in expectation through a zero-mean random perturbation. We consider two
deterministic constructions for the perturbations Ag. The first choice is based on a
semi-lexicographic sequence, while the second employs permutation matrices. In both
cases, we perform gradient descent similar to (3.2)), with a gradient estimate inspired
from that of IRDSA. However, unlike (3.3) that has a random source for perturbations
Ay, we loop through a deterministic sequence (cf. Tables and [3.2) below).

Table 3.1: Illustration of the deterministic perturbation sequence construction for two-
dimensional and three-dimensional settings.

(a) Case d = 2

‘ Inner loop counter m ‘ D) ‘ D3 ‘

0 -1] -1
1 —-1] -1
2 —1] 2
3 -1 -1
4 -1] -1
5 -1] 2
6 2 | -1
7 2 | -1
8 2 2
(b)yCased =3
Inner loop | D3 | D2 | D3 | Innerloop | D3 | D2 | D3 | Innerloop | Di | D? | D3
counter m counter m counter m
0 -1|-1|-1 9 1] -1| -1 18 2 | -1]-1
1 -1|-1|-1 10 -1 -1]| -1 19 2 | —-1]-1
2 —1|-1] 2 11 -1 -1] 2 20 2 | -1] 2
3 —1|-1]-1 12 —1|-1]-1 21 2 | —-1] -1
4 -1 -1] -1 13 —-1|-1]-1 22 2 | —-1] -1
b} -1 -1] 2 14 -1 -1] 2 23 2 | -1] 2
6 1] 2 | -1 15 1] 2 | -1 24 2 2 | -1
7 1| 2 | -1 16 -1 2 | -1 25 2 2 | -1
8 -1] 2 2 17 -1] 2 2 26 2 2 2

3.2.1 Semi-lexicographic sequence-based perturbations

Algorithm[I] presents the pseudocode for the IRDSA-Lex-DP algorithm that employs a

semi-lexicographic sequence for perturbations.
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Algorithm 1 1RDSA-Lex-DP

Input: initial parameter x, € RY, perturbation constants 7, > 0, step-sizes 7,
deterministic perturbations {Ay, ..., Aga_; }.
for k=0,1,2,...do
> Fix xj, and loop through the rows of matrix Dy for perturbations A,,.
form=0,1,2,...,37—1do
Obtain function values y! = f(zr + MgarmAm) + & and y,, = f(x) —
Miad1mOm) + &, where ¢ is the measure noise.

+ _ —
Set g = Ay M] .
277k3d+m
end for
1 391
Gradient estimate: = - 3.4
radient estimate V f(zk) 2X3dmzzog (3.4)
Parameter update: Tpy1 = Tp — Vkﬁf(m). (3.5)
end for
Return z;.

Our proposed construction for perturbations A,, is illustrated for the case when
d = 2 and d = 3 in Tables and respectively. Letting Z; denote the d x d

identity matrix, for d = 2, we have

321 321

18 0 1
> ARAL = = 5 ALAL =T,
— 0 18 X 3% =~

In a similar fashion, for d = 3, we have

4 0 0

33-1 331
> AAL=]0 54 0 | = PR > ANAL =T
m=0 m=0
0 0 54
3d_1

For any d, we require that ﬁ > AnAT = T, to ensure that the gradient estimate
vf (xk) (see (3.4) in Algorithm |1)) is asymptotically unbiased. The crucial ingredient
in the asymptotic-unbiasedness proof, presented later in Lemma 2] is the following step

that uses suitable Taylor’s series expansions:

[z + ) — f(or, — mA)
21,

Ap, = AnALV f(xr) + O ().

Hence, if the product A,, AT sums to identity over a loop, then V f(z;) would be
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asymptotically unbiased.

We now present the deterministic perturbation sequence for a general d. Set D} =
-1
—1 | and apply the following recursion d — 1 times to obtain Dj:

2

Di=| D |, i=2...4d (3.6)

The deterministic perturbation sequence loops through the rows in the matrix, say Dy,
with columns D. Notice that each column D%,i = 1,...,d in D, is of length 3%.
Further, in the first column of D,, the first 2 x 3%~! elements are —1 and the remaining
39-1 elements are 2. On the other hand, the columns 2 through d in D, are obtained

from D} ..., Djj, respectively by concatenating the D’ columns thrice.

3.2.2 Permutation matrix-based perturbations

While the semi-lexicographic sequence-based perturbations result in a gradient estimate
that is asymptotically unbiased, the inner loop for the perturbations becomes exponen-
tially longer as a function of the dimension d. This exponential dependence on d is
problematic, because the descent in parameter x; occurs at the end of the inner loop
(see Algorithm [I)), and hence, a long inner loop would imply slow updates (and slow

convergence) to xk.

In this section, we propose an efficient alternative to the semi-lexicographic de-
terministic sequence; the approach is based on permutation matrices. A permutation
matrix is a matrix whose rows are the rows of an identity matrix in some order. For

instance, the permutation matrices in two dimension are

In three dimensions, there are 6 permutation matrices. In general, there are d! permuta-

tion matrices in dimension d.
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In the case of permutation matrix-based deterministic perturbations, the overall al-
gorithm follows the template provided in Algorithm[I] except that the perturbations are
generated using a permutation matrix in d-dimensions, the inner loop for m runs from

0 to d — 1 and the gradient estimate in (3.4) is replaced by
VI@E) = gm- (3.7)

Table[3.2]illustrates the perturbations A,, used in Algorithm[I] for d = 2 and d = 3.
In a nutshell, the sequence shown in Table [3.2] loops through the rows of the identity

matrix in some order.

Table 3.2: Illustration of the permutation matrix-based deterministic perturbation se-
quence construction for two-dimensional and three-dimensional settings.

(a) Case d = 2 (b) Case d = 3
Inner loop | D} | D2 Inner loop | D} | D? | D3
counter m
counter m
0 1|0 0 0110
1 0 1 1 0 0 1

Remark 1. The classic Kiefer-Wolfowitz (K-W) algorithm (Kiefer and Wolfowitz, 1952)
obtains 2d function samples per iteration, corresponding to parameters rj + nie;, © =
1,...,d and updates the parameter as follows:

Yt — yi)

$§e+1 = IL’Z; — Yk ( 2

where yi= = f(z, £ mpe;), i =1,...,d.

The IRDSA-Perm-DP algorithm that we propose resembles K-W in the sense that
the inner loop obtains 2d samples before updating the parameter x,. However, the
gradient estimate features a product with the perturbation vector A, and this is unlike

K-W, where the individual coordinates are independently updated.
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3.2.3 Main results

Let D} ..., D% denote the d columns of the semi-lexicographic perturbation variables.

Consider the matrix

(DYDY (DY'D3 ... (DYDY
| (DAY (DHTDE . (DD
o

(DYDY (DYDY ... (DYDY

Lemma 1. For IRDSA-Lex-DP M, = 2 x 39L,, and for IRDSA-Perm-DP M, = I,.
Proof. See Section [3.4.1] O

Before providing the convergence claims for IRDSA-DP with either perturbation
choice, we outline the necessary assumptions below.
(A1) f : RY — R is three-times continuously dlfferenuabli w1th |me f(z )| <

ap < 00, for iy, is,93 = 1,...,d and for all z € R%.

(A2) {¢1.¢6,,m=0,....,Pk=1,2,...}satisfy E[{] — &, | Fr] = 0, where P =
3¢ — 1 for semi-lexicographic IRDSA-DP and P = d — 1 for permutation matrix-
based IRDSA-DP.

(A3) For some oy, ay > 0 and for all m, k, E |€£* < aq, B |f (2 £ nAR)[* < ay for
anyn >0and A,,, m=0,...,P.

(A4) The step-sizes 7y, and perturbation constants 7, are positive, for all k£ and satisty

Vi, M — 0 as k — oo, Z% oo and Z(%) < 00.

Tk
(AS) supy, ||zx|| < oo w.p. 1.

The assumptions above are common to the analysis of simultaneous perturbation meth-
ods, and can be found, for instance, in the context of 1SPSA (Spall, [1992) — see also
(Bhatnagar et al., [2013) for the analysis of other simultaneous perturbation schemes
& f(x)

I 3 —
Here V2/(2) = Govoeront
(i1iqiz)th entry of V3 f(x), for iy, ia,iz = 1,...,d.

denotes the third derivative of f at x and Vf’m,d

f(z) denotes the

24



that employ similar assumptions. The first two are necessary to establish asymptotic
unbiasedness of the IRDSA-DP gradient estimate through a Taylor series expansion
facilitated by (A1), while ignoring the noise owing to (A2). The third and fourth as-
sumptions are necessary to ignore the effects of noise on the convergence behavior of
xk. The final assumption requiring boundedness of the iterates z; can be ensured by
constraining the iterates xj to evolve in a certain compact region and projecting them
back each time they go out of the region, see (Kushner and Clarkl [1978) (Chapter 5). If
the projected region contains the optima, then the stochastic gradient algorithms (RDSA
or SPSA) would converge to this point, and in the complementary case, the algorithm
would get stuck on the boundary of the projection region. In the literature, there also
exist approaches to overcome the latter case, by either growing the projection region
(Chen et al., |1987), or performing sparse projections (Dalal et al. 2018) (i.e., at time
instants that grow exponentially to infinity, while not projecting the iterates at the re-

maining time instants).

Lemma 2. (Asymptotic unbiasedness of 1IRDSA-DP gradient estimate) Under (Al )-
(AS),
(i) for %f(xk) defined according to (3.4), we have a.s. tha

’]E [@Zf(xk)’ fk} — Vif(a?k)’ = Conpa,

fori=1,...,d, where Cy = apd®3% and F}, = o(xn,n < k), k> 1.

(ii) for §f(a:k) defined according to (3.7), we have a.s. that
‘E [§2f(xk>‘ ]:k} — Vz’f(xk)‘ = CoMlitas (3.8)
fori=1,....d, where Cy = aod®/6.
Proof. See Section [3.4.1] O

The advantage of the permutation matrix approach is that the dependence on the
dimension d is linear, whereas the semi-lexicographic sequence has an exponential de-

pendence on d.

2Here V, f(x)) and V; f(z;,) denote the ith coordinates in the gradient estimate V f(z,) and true
gradient V f(zy ), respectively.
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We now have an asymptotic convergence claim for x; updated according to (3.5));

the claim is verbatim from Theorem 2 of (Prashanth et al., 2017).

Theorem 3. (Strong Convergence) Let x* be an asymptotically stable equilibrium of
the following ordinary differential equation (ODE): &, = —V f(x;), with domain of
attraction D(x*), i.e., D(z*) = {x¢ | limyoo x(t | o) = x*}, where x(t | x¢) is
the solution to the ODE with initial condition xo,. Assume (Al)-(AS5), and also that
there exists a compact subset D of D(x*) such that xy, € D infinitely often. Let x), be
governed by (3.5), with the gradient estimate v f(zy) defined either according to (3.4))

or (3.'7). Then,

rr — ¥ a.s. as k — o0o.
Proof. See Section [3.4.1] O

For the special case when the objective f is strongly-convex, we present a non-
asymptotic bound for IRDSA-DP with permutation matrix-based perturbations. More

precisely, we assume the objective function f satisfies the following assumption:

(A1) For any z, 2/, we have
(Vf(x) = V@) (=) > pllz = 2|l

for some p > 0.

Theorem 4. (Non-asymptotic bound) Under (Al’) and (A2)-(AS5), we have,

E a1 — 2°[ly < VZexp(—uTy) [0 — 2]

initial error
%
k k
+ [ 3y exp(—2u(Ty — T0))Comn +2) 72 exp(—2u(Tx — L)) Chm,?
n=1 n=1
bias;ror sampl;:g error

3.9

where x* is the global minimizer of f, 'y, := Zle i, Co is as defined in Lemma and
01 == ald/Q.

Proof. See Section|3.4.1 [
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The initial error depends on the starting point x, of the algorithm. The sampling
error relates to a martingale difference sequence, which arises due to the fact that only
noisy measurements of the objective function are available. The bias error arises out of
the need to estimate gradients from function measurements and quantifies the error in
gradient estimation. The initial and sampling error components are common to classic
stochastic convex optimization settings, while the bias error is specific to the simulation
optimization framework, i.e., a setting where gradients are not directly available and

have to be estimated from noisy function measurements.

Now we specialize the result above by choosing the step-size 7y, and perturbation
constant 7, to obtain an order O (\/LE) bound in expectation on the optimization error

of the algorithm.

Corollary 5. Let v, = ¢/k and n, = ny/k". Then under (Al’), (A2) and (A3),

V2 |20 — 2*|l, I \/§CCO77(2) k_M V3Cc o

2

_'_
kre V2pue —4n —1 Nov/2puc 4+ 2n — 1

N

Ellzp — 2™, <
Proof. See Section [3.4.1] O

Choosing 1 = 0, one can recover the optimal rate of the order O (k:*l/ 2) for si-
multaneous perturbation schemes. Further, choosing ¢ such that uc > 1/2, it is easy to
observe that the initial error is forgotten faster than the other error components. In con-
trast, for the more general case of non-convex objective f, the authors in (Spall, |1992;
Chin, [1997) are able to establish a rate of O (k‘l/ 3) obtained from an asymptotic mean
square error analysis using the second moment of the limiting normal distribution. More
recently, for the case of convex (and not necessarily strongly-convex) objective f, an
error of the order O (kfl/ 3) is unavoidable from an information-theoretic (or minimax)

viewpoint — see (Hu ef al., 2016)) for further details.

3.3 Second-order RDSA with deterministic perturba-

tions

Recall from [2.1] that second-order methods provide many advantages over their first-

order counterparts. Using the two deterministic sequences, i.e., semi-lexicographic and
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permutation matrix-based choices, presented in the previous section, we provide two

variants of the 2RDSA algorithm proposed in (Prashanth ez al.,[2017).

3.3.1 Semi-lexicographic sequence-based perturbations

Algorithm 2 2RDSA-Lex-DP

Input: initial parameter 7, € R%, perturbation constants 7 > 0, step-sizes {7y, Bk}
matrix projection operator Y. The deterministic perturbation {A,, } sequence is cho-
sen in the same manner as in IRDSA-DP.
for £ =0,1,2,...do
Obtain function value y; = f(xy) + &, where ¢ is the measure noise.
> As in 1RDSA, fix z; and loop through the rows of matrix D, for
perturbations A,,,.
form=0,1,2,...,3 — 1do
Obtain function values y, = f(zx + MpgarmAm) + & and y,, = f(x, —
MizdmOm) + &, where ¢ is the measure noise.

+ _ —
Set  gm = A, {M} : (3.10)
27]l€3d+m
~ oy 9
Set i, = M, | /T In = | here G.11)
nk3d+m
k((AL)?=2x3%) ... Al Ad
A2 Al
Mm: m. m m m ’
Al AL ok ((AL)2—2 x 39)
1 -1
and s = (W )
end for
1 3¢—1
Gradient estimate: V f () = 3% 3 Z Gm- (3.12)
m=0
1 391 B
Hessian estimate: Hj, = ICRVIEYIv] Z H,,. (3.13)
(2 x 39)2 e~
Hessian update: Hj = (1 — By)Hj_1 + Bkﬁk. (3.14)
Parameter update: 741 = x5 — 1Y (Hy) "'V f(23). (3.15)
end for
Return z;,.

Algorithm [2] presents the pseudocode for the 2RDSA-Lex-DP algorithm that em-

ploys a semi-lexicographic sequence for perturbations illustrated in Table [3.1f The
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reason such deterministic choices for perturbations work in the context of 2RDSA can

be seen as follows: Using suitable Taylor’s series expansions (see Lemma [|below), we

have
E[H, | Fi] =
1 3d-1 d
g 2 (M T 423 3 AL AT 0t ).
m=0 =1 =1 j=i+1
(3.16)
From Lemmal|l} it can be seen that
3d_1 ( 39-1d-1 d
' d > ALAL =0
m=0 i=1 m=0 i=1 j=i+1

The above equality can be directly verified for the case when d = 2 and d = 3 using

Table 3.1l

Plugging the fact above into (3.16) followed by a tedious calculation (see Lemma 6]

below), we obtain
E[Hi(i, §) | Fil = V5 f (1) + O(na).

Remark 2. (Jacobi variant) If the Hessian is known to be in a diagonal form, i.e., if
the requirement is for an algorithm to estimate V2 f(-), then the estimate of Algorithm
2| can be replaced by the following:

~ 1
Hy =

with the inner-loop Hessian estimate given by

i, =

Y+ Y — Q?Jk]

2
nde—i-m

Notice that, unlike Algorithm 2| the scheme above (the so-called Jacobi variant of
stochastic Newton algorithms - cf. (Bhatnagar, |2005)) can estimate the diagonal en-
tries of the Hessian, and, more importantly, cannot estimate the off-diagonal entries of

the Hessian, as the off-diagonal perturbation terms of interest zero out over the inner
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3i_1d—-1 d

loop,ie, > > > Al A =0.

m=0 i=1 j=i+1

3.3.2 Permutation matrix-based perturbations

In the case of permutation matrix-based deterministic perturbations, it is not possible
to estimate the off-diagonal entries of the Hessian. This is because dil AN =
0, ¢ # j for permutation matrix-based perturbations. While a similar proggsty holds for
semi-lexicographic perturbations as well, we could add correction factors through the
M,,, matrix (see Algorithm [2)) to produce an estimate for all the entries in the Hessian
matrix. A similar correction factor is not feasible for the case of permutation matrix-
based perturbations, because each column of a permutation matrix contains only one
positive (= 1) entry, while the rest are zero. In other words, in (3.16)), the second term

inside the brackets always sums to zero when the outside summation for m goes up to

d — 1, irrespective of the choice for M,,.

However, using a permutation matrix, it is possible to estimate the diagonal entries
of the Hessian. In this case, the overall algorithm follows the template provided in
Algorithm 2] except that the perturbations are generated using a permutation matrix in
d-dimensions, the inner loop for m would run from 0 to d — 1, and the gradient/Hessian

estimates in Algorithm 2] are replaced by

d—1
Gradient estimate:  V f () = Z Gms (3.17)
m=0
d—1
Hessian estimate: Hj, = Z H,, (3.18)
m=0

where

. oy 2
I - [ym+ym yk]

2
Medrm

Alternative using two permutation matrices

Let D, and ﬁd be two d-dimensional permutation matrices that are not identical. Let
U = f(@n + mlm + ) + € and y, = f(@r — meln — neln) + € be function
measurements, where £ is the measure noise, A, and Am are sourced from D, and Dd,

respectively. In other words, A,, and A,, would loop through the rows of D, and Dy,
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respectively. Consider the following estimate for the Hessian, in place of (3.13)):

IS

-1
Hessian estimate: lfl;C = ]:]m, (3.19)
0

3
Il

where

H,, =

- [yTZ + Y — 2yk]

2
Miedrm

3.3.3 Main results

The analysis of 2RDSA-DP is under assumptions that match those employed for study-
ing the convergence behavior of regular second-order SPSA and RDSA algorithms (i.e.,

with random perturbations), and we list them below for the sake of completeness.

(C1) The function f is four-times differentiabl with |V? f(z)] < oo, for

11121374

i1,19,13,44 = 1,...,d and for all z € R,

(C2) For each k and all x, there exists a p > 0 not dependent on k£ and z, such that
(z — )" fu(x) > plag — x|, where fi(x) = T(Hy) 'V f(x).

(C3) {&m,&8,6,,m = 0,..., Pk = 1,2,...} satisfy E[&H + & — 26| Fi] = 0,
where P = 3% — 1 for semi-lexicographic 2RDSA-DP and P = d — 1 for permu-
tation matrix-based 2RDSA-DP.

(C4) Same as (A4).

(C5) Foreachi =1,...,dand any p > 0, P({fui(zx) > 0i.0} N {fri(xx) < 0i.0} |
{lzw — 27| = p,Vk}) = 0.

(C6) The operator Y satisfies n2Y(H;)™' — 0 a.s. and E(|Y(H)||*™) < p for

some (, p > 0.

(C7) Forany ¢ > 0 and nonempty S C {1,...,d}, there exists a p'(s, S) > ¢ such that

< 1a.s.

lim sup | igst? ~ x:)i;ki(x)
k

forall |(x — 2*);| < ¢ wheni ¢ S and |(z — z*);| > p'(s,S) wheni € S.

64
SHere VA f(x) = ngw denotes the fourth derivative of f at 2 and V ; ; ; f(x) denotes
the (i1i2i3i4)th entry of V4 f(z), for iy, ig, 3,94 = 1,...,d.
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(C8) For some oy, ; > 0 and for all m, k, E|£,,|? < ag, E|¢E? < ap, E|f(21)]? < oy

and E|f(z1, £7A,,)]? < ay, for any n > 0.
(C9) Zk m < Q.

Comments on assumptions (C1)-(C9): (C1) and (C2) are basic assumptions about the
smoothness and steepness of the function f. (Cl1) holds if f is twice continuously
differentiable with a bounded second derivative on R? and (C2) ensures the function
f has enough curvature. (C3) and (C4) are common martingale-difference noise and
step-sizes conditions and can be motivated in a similar manner as in the case of IRDSA-
DP (see Section II-C). (C5) says that if xj is uniformly bounded away from x*, then
x) cannot be bouncing around causing the change in signs of the normalized gradient
elements an infinite number of times. (C6) can be ensured by having T (A) defined
as performing an eigen-decomposition of A followed by projecting the eigenvalues to
the positive side by adding a large enough scalar. (C7) ensures that, after sufficiently
large iterations, each element of fi(x) tends to make a non-negligible contribution to
products of the form (z — 2*)7 fi.(z) (see C2). (C5) and (C7) are not necessary if the
iterates are bounded, i.e., sup,, ||zx|| < oo a.s. Finally, (C8) and (C9) are necessary
to ensure convergence of the Hessian recursion, in particular, to invoke a martingale
convergence result (see Theorem 7 and the proof of (Spall, 2000, Theorem 2a)). For a
more detailed interpretation of the above conditions, the reader is referred to Section III

and Appendix B of (Spall,[2000).

The main claim that establishes the asymptotic unbiasedness of the Hessian estimate

in the DP variants of 2RDSA that we propose is given below.

Lemma 6. (Asymptotic unbiasedness of 2RDSA-DP Hessian estimate) Under (CI )-
(C9),
(i) for ﬁk defined according to (3.13)), we have a.s. tha foriv, 7 =1,....,d,
B[ A0, 9)| Fe| = V3£ (@n)| = O, (3.20)

(ii) for Hy, defined according to (3.18), we have a.s. that

‘E [ﬁk(i’i)‘ Fe| - V?if(mk)‘ = O(1;a): (3.21)

“Here H, % (i,7) and V7, f(-) denote the (i, j)th entry in the Hessian estimate Hy, and the true Hessian
V2 f(-), respectively.
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fori=1,...,d.
Proof. See Section [3.4.2] O

Once we have the asymptotic unbiasedness for the 2RDSA-DP Hessian estimate,
the convergence of the Hessian recursion is immediate and is given below for the sake

of completeness.

Theorem 7. (Strong Convergence) Assume (C1)-(C9). Then x), — x* a.s. as k — oo,
where xy, is given by (3.15). For 2RDSA-Lex-DP H,, — V?f(z*) a.s. as k — oo,
furthermore, if the true Hessian is diagonal, then even for 2RDSA-Perm-DP H,; —

V2f(z*) a.s. as k — oo, where H, is governed by (3.14).
Proof. See Section [3.4.2] O

We next present a convergence rate result for the special case of a quadratic
objective function under the following additional assumptions, which have been used

to establish a rate result for a variant of 2SPSA in (Spall, 2009):

(C10) f is quadratic and V2 f(z*) > 0.

(C11) The operator T is chosen such that E || T(H},) — Hy, [|?= O(e 20+ ~"/(1=7)) and
| Y(H)— H ||* /(1+ || H ||?) is uniformly bounded.

The assumptions (C10) and (C11) are much stronger compared to (C1) and (C6), re-
spectively. In a noise-free setting, after suitable Taylor series expansions, the Hessian

estimate of 2SPSA can be written as
Hy(2SPSA) = V2H (z3,) + W (H (1)),

where H (xy) is the Hessian at iterate 2, and W(H (xy)) is a function that involves the
Hessian at xj, and random perturbations used in 2SPSA. More importantly, ¥(H (xy))
is zero-mean. In (Spall, 2009), since the true Hessian H () is not known in practice, in
place of H , in the Hessian update in (3.14])), the author uses the following improved Hes-
sian estimate: Hy,(25PSA) — W (H,). The rationale underlying this replacement is that

subtracting the W(H ) term reduces the error in Hessian estimation. In (Reddy et al.,
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2016)), the authors use a similar trick to reduce the Hessian estimation error in regular
2RDSA. We claim such a feedback term is not necessary in the context of 2RDSA-DP
and this can be argued as follows: From the proof passage leading to (3.37), it is easy

to infer the following after ignoring the noise terms:
(i, §) = Vi f(ar) + O(ngsa).

The principal difference with feedback variants of 2SPSA/2RDSA is that the equation
above implies that there are no zero-mean terms involving the perturbations that one

needs to worry about in case of 2RDSA-DP.

To substantiate the claim that the feedback terms are not necessary for 2RDSA-DP,
we provide a rate result that parallels a corresponding result for 2SPSA with feedback
(Spall, 2009). The proof given later is also much simpler than the corresponding ver-
sion for 2SPSA, due to the fact that there are no extra terms involving perturbations to

handle.

Theorem 8. (Non-asymptotic bound) Assume (C9), (C10) and (Cl11), and also that
the setting is noise-free. Let by, = by/k", k = 1,2,...,n, where 1/2 < r < 1 and

0 < by <1 Let H* = V2f(x) for any x, and A,, = H,, — H*. Then, we have
trace[B(ATAy)] = O(e 2ok /(=) (3.22)

Proof. See Section [3.4.2] O

3.4 Convergence proofs

3.4.1 Proofs for IRDSA variants with deterministic perturbations
Proof of Lemma [I]

Proof.

Case 1: Semi-lexicographic sequence-based perturbations

We prove the claim by induction. Consider first the case of d = 1. Now D] =
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-1

—1 | . Note that M; = (D{)"Di = 6. Thus the result holds for d = 1.

2

Suppose that the claim above holds for d = k, i.e., M), = 2 x 3¥Z,. Consider the

case of d = k + 1. We make the following observations:

1. The size of each column D}, i =1,... k+ 1is 3F.
2. The columns D, ..., D,’jﬂ are obtained from D}, ..., D¥, respectively by con-

catenating the D,i columns thrice, i.e.,

Dt
Dyyy=| DV |, i=2,... k+1 (3.23)
Di !

3. In the first column, i.e., D}, the first 2 x 3" elements are —1 and the remaining 3*
elements are 2.

4. The off-diagonal terms in M are all zero. This is argued as follows: For i # 7,
i,j € {2,...,k + 1}, we have that (D};H)TDiH = 0. This follows from (3.23)
because (Di, )" Dj 1= 3(Di"YTD]™" = 0 (by induction hypothesis).

For off-diagonal terms of the type (D, ,,)"D;_,, where i € {2,...,k+ 1}, we first

re-write D, and Dj_, as follows:
DLy=1|-1], (3.24)

where —1 and 2 are k£ x 1 vectors with each entry —1 and 2, respectively. Thus,
from (3.23)) and the foregoing,

(Dli+1)TDlic+1 = _1TDZ_1 - 1TDZ_1 +2TDZ_1 = 0.

5. Finally, the diagonal terms of M., are 2 x 3**!. This can be seen as follows: For

i=1,...k+1,

1
x (—1)% x 3k ¢ 3 % (2)? x 3+t

Wl o

(D;6+1)TD;€+1 =
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=92 x 3k,

In the above, we have used the fact that D}, is a 3**!-dimensional vector with

two-third entries —1 and the remaining one-third entries as 2.

Thus, M, = 2x3*F1T; | and the claim follows for semi-lexicographic perturbations.
Case 2: Permutation matrix-based perturbations

Let D,, the columns DZ, be the d-dimensional permutation matrix. Recall that
IRDSA-Perm-DP loops through the rows in Dy and the columns D in D, are in d-
dimensions. It is well-known that D;* = D] for a permutation matrix Dy, cf. Proposi-
tion 2.7.21 of (Goodairel 2013) for a detailed proof. Hence, the claim that M; = Z, fol-

lows for the case of permutation matrix based deterministic perturbation sequences. [

Proof of Lemma

Proof. We prove the claim for semi-lexicographic perturbations; the claim for the case

of permutation matrix-based perturbations follows by an analogous argument.

By Taylor’s series expansions, we obtain, a.s.,

2
Fn £ ) = f (@) £ mAL VI (@00) + 5 ALV (@) A

3

£ VS E) (A ® A ® Ay)

where ® denotes the Kronecker product and Z; (respectively, 7, ) are on the line seg-

ment between xy, and (x + M A,,) (respectively, (xx — 7xA,,)). Then

E [%f(xk)‘ ]—"k]

1

3¢-1

2 > 3d |:27] (k31m) X (f(xk + n(k3d+m)Am) - f(xk - 77(k3d+m)Am>) ‘ fk]
1 3d_1 77(2k d )
— T 3%+m 3 p(m+
- mEZO: 8089 1(a0) + 0 5 (9 )
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+ V() (A, @ Ay @A)

= Vf(zx) + Congaa- (3.25)

The first term on the RHS of (3.25)) follows from Lemma(l| Now, the /th coordinate of
the second term in the RHS of (3.25)) can be upper-bounded as follows:

34-1 2
S T AL (T FE) + V) B © A © A)
m=0

391 d d

d
< O NS (AL ALARAY)

m=0i1=11i2=113=1
ogad?(2 % 37)2
= 6

The first inequality above follows from (A1), while the second inequality follows from
3d-1

the fact that Y (Al At A2 Ais) js non-zero only if either [ = iy and 4; = i3 or vice-
m=0

versa and in this case, we have

3d_1

D (ALP(AR)? = (2 x 372

m=0

The equality above can be easily inferred using induction arguments similar to proof of

Lemma [Tl and we omit the details. OJ

Proof of Theorem

Proof. Follows in exactly the same manner as the proof of Theorem 2 of (Prashanth

et al., 20177), given the asymptotic unbiasedness result in Lemma@ ]

Proof of Theorem 4!

Proof. Fixing 7, for the inner loop and using arguments from the proof of Lemma [2]

we obtain
d—1

A~ + _ -
Vf(xg) =V f(zg) + 0077,3 + Z JANSS (%) )
m=0
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d—1 + _ g
Letting ¢, = > A, (5”12—57”), the update in (3.3) is equivalent to
m=0 Mk

Ty1 = 2 — W [V (k) + Cong + G - (3.26)

Since V f(x*) = 0, we have the following from the fundamental theorem of calculus:

(/01 V2 f(x* + May, — x*))d/\) 2 = V f(2).

Here z;, := z; — x* denotes the optimization error at instant k£ of IRDSA-DP. Then,

using (3.26)), we have the following recursive update form for zj:

zir = — vedi) 2 + v (Comig + i)
k
=Mz + > Il (Com + Ga), (3.27)

n=1
where Jj, = fol V2f(z* + Mg — 2*))dA and TT; == [[*_, (I — 4. J,). A similar
unrolling of a general stochastic approximation recursion can be found in (Frikha and
Menozzi, |2012). However, our setting involves biased gradient estimates and the non-
asymptotic bounds require a careful handling of the perturbation constant 7, so that
the overall convergence rate is of the order O <1 / \/E) Moreover, we make all the

constants explicit in the final bound.

Now, for the square of the error ||zj1]|5, we use (3.27) and Jensen’s inequality to

obtain

(E || ze41ll5)?* < E((zk, 2))

2
ZE{HHk'Zng + +
2

k k
> lLIL Con > I G,
n=1 n=1

k k
+ <szo, nynHanl(J’oni> + <Hk207 Z’ynHanlﬁn>

n=1 n=1

k k
+ <Z Yl 1L, Coni, Y %Hknnlcn> }
n=1

n=1

2

k k
< 2 [ Mzo2 +3 " 22 |IIL 5 Cnt + 23 22 | TLIL L ENIG.)2. (3.28)

n=1 n=1

For the last inequality, we have used the fact that (,, is zero-mean (see (A2)) in order
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to ignore a cross term. For the other two cross terms, we have used Cauchy-Schwarz
to conclude (a,b) < max(||al|Z,]|/b]|5) and hence, the first and last square terms can

appear at most twice, while the second square term can appear at most thrice.

The second moment of the noise factor (; can be bounded as follows:

d—1 +_e\2 4
E ()2 < A, %E(én 5m) < (3.29)
1G5 < 2;%|! 15 o <50

where we have used the fact that for permutation matrix-based perturbation ||A,, ||, = 1

and E(& — £)% < 2a; from assumption (A3).

The term ||IT,IT,, ||, is bounded as follows:

k
I, = TT ¢ =)
j=n+1 2
k
= I 10 =ym)I —~(J; — uD)|,
j=n+1
k k
< I la=vwmil, < T @ =wm)
j=n+1 j=n+1
< exp (—pu(Tk = ). (3.30)

The second inequality above follows by observing that || — v, Ji|l, < exp(—pvk),

since V2 f(x) — pul is positive semi-definite owing to strong-convexity of f (see (A1’)).

The main claim now follows by plugging in the bounds in (3.29) and (3.30) into
(3.28]). O]

Proof of Theorem [3

Proof. We bound each of the error terms on the RHS of (3.9) separately. For bounding

the initial error, we use the following inequality:

exp(—ul'y) < exp(—puclnk) < k7+.

In arriving at the bound above, we have compared a sum with an integral.

39



Substituting vy, = ¢/k and 1, = 1 /k" into the bias error term in (3.9)), we obtain

k
C C 77
> v exp(—2u(Ty — T))Con Z renteC o
n=1
k
< C2/€_2“CC§T]§ Z n2,uc—477—2
n=1
02037761 —1—4n
~ (2uec—4n—1) '

Along similar lines, the sampling error term in (3.9) can be upper-bounded as fol-

lows:

k
C *C _
Zvﬁ exp(—2u(Ty — Fn))_zl < : L+an,
n=1

n2 ~ g (2uc —4n — 1)

The claim follows by combining the bounds derived above on each of the error terms

on the RHS of (3.9). O

3.4.2 Proofs for 2RDSA variants with deterministic perturbations
Proof of Lemma

Proof.

Case 1: Semi-lexicographic sequence-based perturbations

As in the proof of Lemma 4 in (Prashanth et al., 2017)), we employ Taylor’s series
expansions of f(-) at zy, & 1Ay to obtain
f(:Ek + 77(k3d+m)Am) + f(xk: - n(k3d+m)Am) - 2f($k)
2

k34 £m)

=Al V?f(z1)Am + O(n k:3d+m))

d d
ZZ LAV () + Oy )

d

Z flay +22 Z ALAL Y F () + O ym)- (3.31)

=1 =1 j=i+1
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Recall that the Hessian estimate is given by

34—1 + _
Ym + Y — 2Urk
where
k 2 % 3d 2 Z ( 771% > ?

M,, is as defined in Algorithm 2| For the sake of simplicity, we ignore the zero-mean
noise term & + & — 2¢ temporarily and analyze the following product inside the

Hessian estimate:

2X3d ZM (Z LAV (g +2ZZAZNV2 ))). (3.32)

=1 =1 j=i+1
Off-diagonal terms in (3.32)

We now consider the (h,[)th term in (3.32): Assume without loss of generality, that
h < [. Then,

(Z(A‘ )2V f () +2Z Z ALNI Y f ))]

=1 =1 j=i+1

1= m=0
1 d-1 d 3d_1
MO EOE > Vifa) Y (ALALALAL) (3.33)
i=1 j=i+1 m=0

The last equality follows from the fact that the first term in (3.33)) is O since i # [ and
3d—1
Z (AR AL (A6)?) = 0 for any 4,

m=0

while the second term in (3:33) can be seen to be equal to V7,f(x) using induction

arguments similar to proof of Lemma /2]
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Diagonal terms in (3.32)

Consider the [th diagonal term inside the conditional expectation in (3.32):

341 d
R i
(2 x 39)2 Z ((Ain)Q —(2x 3d)) X (Z(Am)QVi‘f@k)
m=0 i=1
d-1 d
23 Y ALALVS ()
=1 j=i+1
i 3d-1 d
s (A YAV )
m=0 i=1
9 341 d-1 d
* (2 x 34)2 (Ain)Q Z Az A wa(a:k)
m=0 =1 j=i+1
. 3¢—1 d . e 3¢-1d-1 d
T @xah SN (ALY f () — 2 x Z Z Z ALN V2 f ().
(3.35)
Now, we analyze each of the four terms on the RHS above.
The first term on the RHS of (3.33) can be simplified as follows:
i 3d-1 d
gt 2o (Bn) D (AL Vi ()
m=0 i=1
o 391 38-1 d ‘
T (2% 34)? DALV () + D D (AL (AL Vi f ()
m=0 m=0 ¢=1,i#l
. d
(2% 39)2 ((2 X3 Vis (o) + (23390 3 Vfif(xk))
i=1,i#l
3d-1
For the second equality above, we have used the fact that > (Al )* = 2 x 3¢+!
m=0

(easy to infer this claim along the lines of point (5) in the proof of Lemma |l)) and
391
SO(AL)A(AL )2 = (2 x 312, VI #£ 4.

m=0

341
The second term in (3:33) is zero because > (Af A7 (Al )?) = 0 for any [ and
m=0

1 # j — a claim that can be easily proved using an induction argument.
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The third term in (3.35) without the negative sign can be simplified as follows:

39-1 d d 39-1
2><3d mZO;N fw) 2><3d ;mZON o)

k3 VRS, as
=1

Combining the above followed by some algebra, we obtain

d

gt | (A7 - @x3) (iZlmin)?vzf(:ck)
+QZZA’ ALV >)‘ﬂ
= vlzlf(xk) (3.36)

The fourth term in (3.35)) is zero from Lemmal I}

Denote the product in (3.32)) by (A) and the (4, j)th term there by (A); ;. Then,

E[Hi(i,j) | F] = E[(A) | Fi] + E[§ + & — 26 | Fi (3.37)
= V?jf(l’k) -+ O( k.3d )

The last equality above follows from (C3), while the term involving the factor (A)
reduces to the true Hessian with a bias of O(U(ngd)) due to (3.34) and (3.36).

The main claim follows.
Case 2: Permutation matrix-based perturbations

From the first step involving Taylor series expansions in Case 1, we have

f(xk + n(kd—‘rm)Am) + f(xk - n(kd—‘rm)Am) - Qf(xk)

77(2kd+m)
d
= (AL)VE f(x +22 Z ANV (@) + O(Mikasm))- (3.38)
=1 =1 j=i+1
-1 d -1
Using the facts that > S>> A} AJ = 0 fori # jand Y. (A?)? = 1 for any i, we
m=0i=1 m=0
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obtain

IS

-1

(@ + Nkarm)Dm) + f (@ = Dkarm)Dm) — 2f (1)

m=0 U(de+m)
d d-1 . d-1 d

=D D (ALPVEf(@) +2) 0 Y Viif(w ZA’ N+ O(gimy) (339
i=1 m=0 i=1 j=it1

Viif (@) + O1fa)).

Denote the term on LHS in (3.39) by (B), and following an argument similar to that

used in simplifying the noise terms in (3.37)), we obtain

E[Hy(i,i) | Fi] = E[(B) | Fi + El& + & — 26 | Fil
= Vi f(z) + 0(77(2kd))-

Hence proved. [

Proof of Theorem [7]

Proof. Follows in a similar manner as that of the proofs of Theorem 5 and 6 in

(Prashanth et al., [2017). O]

Proof of Theorem

Proof. From the quadratic assumption, we have that H () is a constant, independent of
x. From the proof leading up to ( , we have that H;, = V2H (z;) = H*. Now, we

follow the technique from (Spall, 2009) to derive the main claim.

Notice that for some n > 1,
Ay =(1—=b)Aq + bn(ﬁn —H)=(1-=0b,)A\,1

Unrolling the recursion above, we obtain

Ay = [Hu — bn)] Ao.

n=1
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Using the above, we can arrive at a simpler representation for the trace [E(A;{Ak)} as

follows:
-k -2
E(ALA) = | [](1 = bn)| E(ATA), leading to
n=1 i
-k -9
trace [E(A]Ay)] = H(l —b,)| trace [E(A§Ao)] .
[ n=1 _

Simplifying further, using the fact that 1 —b,, = e (1 — O(b?)), with the O(b?) being

by,

strictly positive as e~ is convex, we have

trace [E(Af Ay)] = e =R ey trace [E(AJ Ao)] (3.40)

A 2
where by, (7,7) = >0 _. b, and ¢, = [Hf:n+1(1 — O(b?))] ,n > 0and cg, = 1.
Since 0 < b, < 1,Vn > 2, and r > 1/2, the ¢, are uniformly bounded in magnitude.

Further,

k+1 bO bO .
1

i - T

Using the bound derived above in (3.40]), we obtain
trace [E(A] A)] < e 200k /0= 20cy, race [E(ADA)] -

The main claim follows. ]

3.5 Experiments

3.5.1 Implementation’]

We consider the following problem:
min E, [F(z,¢)], (3.41)

where F'(z, &) is the sample observation of the objective function f(z) corrupted with

zero mean noise £. In particular, the noise is [z7, 1]¢, where £ is a multivariate Gaussian

>The implementation is available at https://github.com/prashla/RDSA/archive/
master.zip.
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distribution with mean zero and covariance 02Z,, ;. A similar noise structure has been
used earlier in the implementation of both RDSA and SPSA algorithms in (Prashanth
et al., 2017) and (Spall, [2000), respectively. For all the experiments, we consider two
different settings of noise: (i) low noise with ¢ = 0.001; and (ii) high noise with

c=20.1.

We consider three different functional forms for F'(x, £), namely quadratic, fourth-
order and Rastrigin, respectively, in both d = 5 and d = 10 dimensions, for evaluating
our algorithms. Before describing the example functions, we present the details about

the algorithms implemented.

We implement the first-order and second-order algorithms proposed in this chapter
and compare them with several baselines that are based on the simultaneous perturba-

tion method.

The first-order algorithms implemented include IRDSA-Lex-DP, IRDSA-Perm-DP
and IRDSA-KW-DP - the three deterministic perturbation variants of IRDSA (see Sec-
tion [3.2] for a detailed description). We compare these algorithms with the follow-
ing baselines: RDSA with uniform and asymmetric Bernoulli perturbations proposed
in (Prashanth er al.| 2017) and henceforth referred to as 1IRDSA-Unif and 1RDSA-
AsymBer, respectively, and SPSA with Bernoulli perturbations, henceforth referred to

as 1SPSA.

The second-order algorithms implemented include 2RDSA-Lex-DP and 2RDSA-
Perm-DP - the two deterministic perturbation variants of 2RDSA (see Section [3.3] for
a detailed description). We compare these algorithms with the following baselines:
second-order RDSA with uniform and asymmetric Bernoulli perturbations proposed
in (Prashanth et al.| 2017) and henceforth referred to as 2RDSA-Unif and 2RDSA-
AsymBer, respectively, and second-order SPSA with Bernoulli perturbations, hence-

forth referred to as 2SPSA.

The settings of the parameters 7, and 7 for both first- and second-order algorithms
are listed in Table [3.3] and a similar setting has been used in implementation of both
RDSA and SPSA algorithms in (Prashanth et al.,|2017) and (Spall, 2000), respectively.
The distribution parameter for RDSA variants is set as follows: u = 1 for RDSA-Unif,
e = 0.0001 for IRDSA-AsymBer, and ¢ = 1 for 2RDSA-AsymBer, and a similar
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setting has been used earlier for RDSA implementation in (Prashanth et al., 2017).
Each coordinate of the parameter is projected onto the set [—2.048, 2.047], which helps

to keep the iterates stable. All results are averages over 50 independent runs.

Table 3.3: Step-size and perturbation constant parameter settings, for first and second
order algorithms.

Algorithms ‘ Mk ‘ Vi ‘

First-order | 1.9/k%1%0 | 1/(k + 50)
Second-order | 3.8/k0-101 1/k06

To compare the algorithms’ performance, we use parameter error as the perfor-
mance metric. For a given simulaton budget, the parameter error measures the distance
between the final iterate obtained after the final update iteration and the optimum pa-
rameter *. More precisely, we use the following form for the parameter error, after
suitable normalization:

Parameter error = M,

||zo — 2|2

where 7 is the number of times z is updated until the end of the simulation. Notice
that 7 varies with the algorithm and the number of function measurements. For exam-
ple, with a budget of 5000 measurements for d = 10, 7 = 250 for IRDSA-Perm-DP
and 1IRDSA-KW-DP as they use 2d measurements per iteration. Further, 7 = 2500
for 1SPSA as well as for both variants of 1RDSA, as they use two measurements per
iteration. Notice that IRDSA-Lex-DP does not make much progress under low sim-
ulation budgets, as it requires 2 x 3¢ measurements per iteration. On the other hand,
for second-order algorithms, an initial 20% of the measurements were used up by the
corresponding first-order algorithm for initialization. Thus, for d = 10 and a budget of
5000 measurements, the initial 1000 measurements are used for the first-order algorithm
and the remaining 4000 are used by the second-order algorithm. As a consequence of
the simulation budget split, the number of update iterations 7 = 4000/30 ~ 133 for
2RDSA-Perm-DP, 4000/4 = 1000 for 2SPSA, and 4000/3 ~ 1333 for 2RDSA algo-
rithms. The 2RDSA-Lex-DP algorithm does not output a meaningful parameter with a
low simulation budget, owing to its high inner loop length. The difference here is due

to the fact that 2RDSA-Perm-DP uses 3d measurements per iteration, while 2RDSA-
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Figure 3.1: Parameter error for various second-order algorithms under the quadratic ob-

jective (3.42) for a five-dimensional problem with a simulation budget of
50000 and o = 0.001 and 0.1.

Lex-DP needs 3 x 3%, 2RDSA needs 3 and 2SPSA needs 4.

3.5.2 Example 1: Quadratic objective

Let A be such that dA is an d x d upper triangular matrix with a;; = 1 for ¢ < j and let
b be an d-dimensional vector of ones. Then the quadratic objective function is defined

as follows:

F(z,8) =2 Az + b"2 + €. (3.42)

The initial point x is set to the d-dimensional vector of ones and the optimal point x*
is dimension dependent. For instance, with d = 10, the optimal point z*, is the 10-
dimensional vector of —0.9091 for the choice of A and b described earlier. Note that

f(2*) = E¢[F(a*,€)] = —4.55.

Figures [3.1) and [3.2] present the parameter error for the first-order and second-order

algorithms under the quadratic objective (3.42)) for dimension 5 and 0 = 0.001 and 0.1.

Among the first-order algorithms, for both settings of noise, IRDSA-Perm-DP and
IRDSA-KW-DP exhibited similar performance and outperformed the other algorithms.
The parameter error in IRDSA-Perm-DP and 1IRDSA-KW-DP is of the order of 1073,

while for the others, the same is of the order of 10~3. 1RDSA-Lex-DP (not shown in
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the figure) showed a parameter error that was an order of magnitude higher than the

other algorithms.

Among the second-order algorithms, for both settings of noise, 2RDSA-Lex-DP ex-
hibited the best performance. Furthermore, it is interesting to see that for both settings
of noise 2RDSA-Perm-DP, and 2RDSA-Lex-DP gave consistent performance with pa-
rameter error of the order of 10~* and 10~7, respectively, while the parameter error of
2RDSA-AsymBer, 2RDSA-Unif, and 2SPSA increased with noise. Further, the benefit

of using second-order algorithms is more noticeable under the low noise setting.

For the low noise setting, the parameter error of 2RDSA-Perm-DP is not shown in

the figure, for the sake of readability in comparing the errors of the other algorithms.
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Figure 3.2: Parameter error for various first-order algorithms under the quadratic ob-
jective (3.42) for a five-dimensional problem with a simulation budget of
50000 and o = 0.001 and 0.1.

Figure|3.3|compares the parameter error of IRDSA-Perm-DP, IRDSA-KW-DP, and
both variants of IRDSA and 1SPSA algorithms for the quadratic objective with dimen-
sion 10, 0 = 0.001 and a simulation budget of 50000 function measurements. As in
the case of the problem with dimension 5, IRDSA-Perm-DP and IRDSA-KW-DP per-
formed best, while the result of 1RDSA-Lex-DP is not reported due to its high inner

loop length.
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Figure 3.3: Evolution of the parameter error as the simulation budget is varied, for the
first-order algorithms under the quadratic objective with d = 10 and 0 =
0.001.

3.5.3 Example 2: Fourth-order objective

The function given below has been used for evaluating both RDSA and SPSA algo-
rithms in (Prashanth et al.,[2017)) and (Spall, 2000), respectively.

d d
F(z,6) = aTAT Az + 0.1 (Az)? +0.01) (Az)! +¢, (3.43)

J=1 J=1

Figure 3.4: A plot of the fourth-order objective (3.43), d = 2.

where A and £ are the same as in the quadratic objective. The initial point x is set to

the d-dimensional vector of ones and the optimal point z* is the d-dimensional vector
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Figure 3.5: Parameter error for various algorithms under the fourth-order objective
(3.43) for a five-dimensional problem with a simulation budget of 50000
and 0 = 0.001 and 0.1.

of zeros, with f(z*) = E¢[F(z*, )] = 0. Figure [3.4]shows a plot of the fourth-order
objective (3.43).

Figure [3.5] presents the parameter error for both first and second order algorithms
in the case of the fourth-order objective (3.43) with dimension 5 and ¢ = 0.001 and
0.1. Among the first-order algorithms, for both settings of noise, all algorithms except

IRDSA-Lex-DP exhibited similar performance.

Among the second-order algorithms, similar to the quadratic case, for both settings
of noise, 2RDSA-Perm-DP and 2RDSA-Lex-DP gave consistent performance with pa-
rameter error of the order of 10~2. Under the low noise setting, i.e., 0 = 0.001, 2RDSA-
Unif exhibited the best performance, while under the high noise setting with o = 0.1,
2RDSA-Lex-DP outperformed the other algorithms. Thus, we observe that 2RDSA-
Lex-DP and 2RDSA-Perm-DP algorithms are more tolerant to the noise, as compared

to their random counterparts 2RDSA-AsymBer, 2RDSA-Unif, and 2SPSA.

Since the fourth-order objective is more difficult to optimize than the quadratic one,
we observe that under the low noise setting, the parameter error in the case of the fourth-
order objective for the first-order algorithms is higher, of the order of 1072 compared
to 10~° for the quadratic case. For the second-order algorithms, the same is also of the
order of 1072 compared to 1075 for the quadratic case. A similar trend is observed in

the high noise regime.
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Figure compares the parameter error of 2RDSA-Perm-DP, as well as both vari-
ants of 2RDSA and 2SPSA algorithms, for the fourth-order objective function with
dimension 10, 0 = 0.001 and a simulation budget of 50000 function measurements.
As in the five-dimensional problem, 2RDSA-Unif and 2SPSA exhibited similar per-
formance and outperformed the other algorithms. The results of the 2RDSA-Lex-DP

algorithm are not displayed as it requires 3 x 3'° function measurements per iteration.
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Figure 3.6: Evolution of the parameter error as the simulation budget is varied, for the
second-order algorithms under the fourth-order objective with d = 10 and
o = 0.001.

3.5.4 Example 3: Rastrigin objective

The Rastrigin objective function is defined as follows:

d
F(z,8) = (2] = 10cos(2ma;)) + 10d + 1 + €, (3.44)

=1

where ¢ is the same as for the quadratic objective. The initial point z is set to the
d-dimensional vector of twos and the optimal point x* is the d-dimensional vector of
zeros, with f(z*) = E¢[F(z*, )] = 1. Figure[3.8|shows a plot of the Rastrigin objective

(3.44), which has many local minima.
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Figure 3.7: Parameter error for various algorithms under the Rastrigin objective (3.44))
for a five-dimensional problem and a simulation budget of 50000 and o =
0.001 and 0.1.

40

Figure 3.8: A plot of the Rastrigin objective (3.44)), d = 2.

Figure presents the parameter error for both first-order and second-order algo-
rithms for the Rastrigin objective (3.44) with dimension 5 and ¢ = 0.001 and 0.1.

For both settings of noise, among the first-order algorithms, IRDSA-Unif outper-
formed the other algorithms, while 2RDSA-Lex-DP performed the best among the

second-order algorithms.

Similar to the quadratic and fourth-order objective, first-order algorithms, 2RDSA-
Perm-DP and 2RDSA-Lex-DP gave consistent performance under both settings of

noise.
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In summary, for all the three objectives, among the first-order algorithms, we ob-
served that IRDSA-Perm-DP and IRDSA-KW-DP performed best, while IRDSA-Lex-
DP showed poor performance. On the other hand, among the second-order algorithms,

2RDSA-Lex-DP exhibited the best performance.

3.6 Summary

We incorporated two novel deterministic perturbation (DP) schemes into the RDSA
class of simultaneous perturbation algorithms. The proposed DP variants of first-order,
as well as second-order, RDSA were shown to result in asymptotically unbiased gradi-
ent/Hessian estimates, thus resulting in provably convergent IRDSA/2RDSA variants.

We also performed numerical experiments to validate the theoretical findings.
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CHAPTER 4

Non-Asymptotic Bounds for Zeroth-Order Stochastic

Optimization

We consider the problem of optimizing an objective function with and without convex-
ity in a simulation-optimization context, where only stochastic zeroth-order informa-
tion is available. We consider two techniques for estimating gradient/Hessian, namely
simultaneous perturbation (SP) and Gaussian smoothing (GS). We introduce an opti-
mization oracle to capture a setting where the function measurements have an estima-
tion error that can be controlled. Our oracle is appealing in several practical contexts
where the objective has to be estimated from i.i.d. samples, and increasing the number
of samples reduces the estimation error. In the stochastic non-convex optimization con-
text, we analyze the zeroth-order variant of the randomized stochastic gradient (RSG)
and quasi-Newton (RSQN) algorithms with a biased gradient/Hessian oracle, and with
its variant involving an estimation error component. In particular, we provide non-
asymptotic bounds on the performance of both algorithms, and our results provide a
guideline for choosing the batch size for estimation, so that the overall error bound
matches with the one obtained when there is no estimation error. Next, in the stochastic
convex optimization setting, we provide non-asymptotic bounds that hold in expecta-
tion for the last iterate of a stochastic gradient descent (SGD) algorithm, and our bound
for the GS variant of SGD matches the bound for SGD with unbiased gradient informa-
tion. We perform simulation experiments on synthetic as well as real-world datasets,

and the empirical results validate the theoretical findings.

4.1 Introduction

We consider the problem of minimizing a smooth objective function, when the opti-
mization algorithm is provided with function measurements corrupted by zero-mean
noise. Recall that this setting falls under the realm of simulation optimization and

gradient-based methods are popular for solving such optimization problems. We study



stochastic gradient algorithms that incorporate either SP-based or GS-based gradi-
ent/Hessian estimates and provide non-asymptotic bounds in a setting where the ob-

jective is convex as well as one where it is not.

In (Hu et al., 2016), the gradient estimation schemes motivated by SP and GS ap-
proaches have been formalized as biased gradient oracles. However, the aforementioned
reference focused primarily on a convex objective, and derived an upper bound for a
mirror-descent scheme. In contrast, we derive a matching upper bound, albeit with a
regular stochastic gradient descent algorithm, with the added advantage that the step-
size we employ does not require knowledge of the underlying smoothness parameter.
More importantly, unlike (Hu et al., 2016), we study stochastic non-convex optimiza-

tion problems with the biased gradient oracles mentioned before.

We also propose a variant of the zeroth-order setting, where the objective function
has to be estimated from i.i.d. samples, leading to an estimation error component. The
latter model is applicable in a reinforcement learning (RL) context, where the objec-
tive is not perfectly observable, and has to be estimated from sample trajectories. We
formalize this through an optimization oracle, that outputs biased gradient information,
while taking in an additional input of the mini-batch size. Finally, we also consider
an optimization oracle that provides a biased gradient as well as Hessian information,
along with a variant that incorporates an estimation error component. We study the
performance of gradient-based algorithms in the convex as well as non-convex regimes

under the proposed oracle.

We summarize our contributions in the stochastic non-convex optimization context.
We analyze the performance of the zeroth-order gradient as well as quasi-Newton al-
gorithms by deriving non-asymptotic bounds. In particular, we study the randomized
stochastic gradient (RSG) (Ghadimi and Lan, |2013)), and randomized quasi-Newton
(RSQN) (Wang et al., 2017) algorithms. The case of unbiased gradient information
is addressed in the aforementioned references. We consider the zeroth-order feedback
model, i.e., a setting where only biased gradient information is available, and derive

non-asymptotic bounds for zeroth-order variants of RSG and RSQN algorithms.

From our analysis in the stochastic non-convex optimization setting, we derive the

following conclusions:

1. In the case of the zeroth-order setting without estimation error, we observe that the
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overall rate for the SP method is O(N~'/3), which is weaker than the corresponding
result for the GS method (i.e., O(N~/?)) (Ghadimi and Lan, [2013). This is not
surprising, as the SP approach results in a gradient estimate whose variance scales
inversely with the perturbation constant 7, and this is unlike the Gaussian smoothing

approach, where such an inverse scaling is absent.

2. In the zeroth-order setting with estimation errors, we observe that an order of
O(N~/2) (resp. O(N~'/3)) bound can be obtained for GS method (resp. SP
method), and this matches the rate in the model above, i.e., biased gradients without
estimation error. An advantage with our approach is that, unlike (Ghadimi and Lan,
2013)) approach for without estimation error setting, we do not require knowledge
of the function value at the optima for choosing a smoothing parameter, which is
employed in gradient estimation. Our results hold for a choice of a batch size that

increases asymptotically, while a constant batch size would lead to sub-optimal rates.

3. The bounds for RSQN that are given biased gradient information with/without esti-
mation errors, match the corresponding bounds for RSG up to constant factors. This
is expected, since the net effect of RSG algorithm is that of iterate averaging in ex-
pectation. Such a finding is not surprising, and the reader is referred to an analysis
of iterate averaging and second-order methods in Section 5 of (Dippon and Renz,

1997)), albeit from an asymptotic convergence rate viewpoint, to see the parallel.

Next, we summarize our contributions in the stochastic convex optimization context.
Using a proof technique that is similar to the one employed in the non-convex case,
we provide a non-asymptotic bound for the RSG algorithm in a zeroth-order setting.
A disadvantage with this approach is that it requires knowledge of the smoothness pa-
rameter for choosing stepsize. We overcome this dependency by employing a different
algorithm that is based on the SGD scheme analyzed in (Jain ef al., 2019). We provide
non-asymptotic bounds that hold in expectation for the final iterate of the stochastic
gradient algorithm with biased gradient information. For the case of unbiased gradient
information, the authors in (Jain et al., 2019) provide a bound of the order O (N -1/ 2) ,
where /N is the number of steps of the algorithm. We also provide a similar order bound,
when the gradients are obtained using the GS approach. On the other hand, when SP-
based gradient estimates are employed, the bound we obtain is of the order O (N -1/ 3).

The latter bound is not surprising, considering a matching information-theoretic lower
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bound obtained in (Hu et al., 2016).

Finally, we perform simulation experiments on synthetic as well as real-world
data sets, and observe that: (i) RSG algorithm, when provided with unbiased gradi-
ent/Hessian information outperforms the other algorithms, and this is not surprising;
and (ii) In the zeroth-order setting, among the variants of the RSG algorithm, where
the variation is in the perturbation vectors used for gradient estimation, we observe that
the GS method outperformed those using SP method. Among the RSQN variants, we
observed that 2RDSA-Perm-DP, a recently proposed SP method that uses deterministic
perturbations based on permutation matrices (Prashanth et al., 2020), performed best.

Moreover, RSQN variants outperformed the RSG variants.

The rest of this chapter is organized as follows: Section [4.2] presents the SP method
based zeroth-order optimization oracles, Section @ considers the stochastic non-
convex optimization problem, and presents non-asymptotic bounds for both gradient
and quasi-Newton algorithms, Section[d.4]considers the stochastic convex optimization
problem and presents non-asymptotic bounds that hold in expectation for the random
and last iterate of a stochastic gradient descent algorithm, Sectiond.5|presents the non-
asymptotic bounds using Gaussian smoothing method for both convex and non-convex
objectives. Section {.6] provides the proofs of all the bounds which are presented in
this chapter, Section describes the simulation experiments, and finally, Section [4.§]

summarizes the results.

Notation: Throughout this chapter we assume || - || = || - ||2 and 1,,,x,, isan m x n

matrix with each entry as one.

4.2 Zeroth-order optimization oracles

Recall from [2.1] that we consider the following stochastic optimization problem:

min {f(2) = Ee[F(z,6)]}. @1

zeW

where the function f : RY — R is assumed to be smooth, ¢ is the noise factor that
captures stochastic nature of the problem, and V is a closed convex subset of R%. We

operate in a simulation optimization setting (Fu, 2015), i.e., we are given noisy mea-
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surements of the objective f. Gradient-based methods are very popular for solving the
optimization problem formulated above, and we consider an iterative algorithm which

obtains V f(+) via subsequent calls to a stochastic zeroth-order oracle.

L, 7, m

—_—

Algorithm Oracle

Environment

g(x,m,m),
H(z,m,m)

Figure 4.1: The interaction of the algorithms with a stochastic zeroth-order oracle
that provides a gradient estimate g(x,n,m) and/or a Hessian estimate
H(x,n,m) at the query point z, with perturbation parameter 1 and mini-
batch size parameter m controlling the estimation error.

In this chapter, we consider two oracles: (i) a biased gradient oracle, and its variant
involving an estimation error; and (ii) a biased gradient/Hessian oracle, with a variant
involving an estimation error. Figure 4.1] shows the interaction of the algorithms with

the gradient/Hessian estimation oracle and environment.

We define the oracle corresponding to (i) below.
(O1) Biased gradient oracle
Input: x € RY and perturbation parameter 1 > 0.
Output: a gradient estimate g(z,£) € R? that satisfies
@) E¢lg(z, )] < VF (@) + cnLasa,
(b) Ee [llg (z,6) — Be [g (=, O] < %,

for some constants ¢y, co > 0.

Gradient estimation through the simultaneous perturbation (SP) method is a popular
approach (see (Bhatnagar et al., [2013) for a textbook introduction), and the SP-based
gradient estimates can be used to construct an oracle of type [(OI), assuming that the
underlying function f is either three-times continuously differentiable or convex and
smooth (cf. (Spall, 1992; Prashanth et al., 2017, [2020; |Bhatnagar et al., 2013; Hu
et al., 2016) for a proof). Simultaneous perturbation stochastic approximation (SPSA)
(Spall, 1992)) and random directions stochastic approximation (RDSA) (Prashanth ez al.,
2017) are two popular SP-based estimation schemes, and for these methods, we have
c1 = k1d® and ¢y = Kod, where k1, ko > 0 are dimension-independent constants. The

reader is referred to Section 4.2l for further details.
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The second type of oracle, which is defined below, first estimates function value f
as an average from m i.i.d. samples, and then uses the sample average to obtain the

gradient information by using the SP method.

(O2) Biased gradient oracle with estimation error
Input: x € RY, perturbation parameter 1 > 0, and mini-batch size m > 0.

Output: a gradient estimate g(z, &, m) € RY, that satisfies
@ E¢lg(z,&m)] < Vf(2) +an*laa + o Ldx1,
(b) E [[lg (x.€.m) — E¢ [g (z. & m)]|P] < 4.

for some constants ¢y, ¢o, c3 > 0.

The oracle outlined above is appealing in several practical applications where f has
to be estimated from i.i.d. samples coming fromr.v. X. E.g., let fmk be an estimate of f

from my, i.i.d. samples. Then, one usually has a Hoeffding type bond P(| fmk —f(X)| >

2 . r .
€) < 2exp(—cmye?), and this leads to E| f,,,, — f(X)| < \/%, where c3 is an absolute
constant. Such a oracle can also be used in policy-gradient type RL algorithms, where
one usually simulates several episodes of the underlying Markov decision process, and
then estimates the value function. The latter quantity will have an estimation bias, of

the order O <L> , where my, is the number of episodes.

NG
Next, we define a biased gradient/Hessian oracle below.

(O3) Biased gradient/Hessian oracle
Input: x € RY and perturbation parameter 1 > 0.
Output: a gradient estimate g(z,&) € R? and a Hessian inverse estimate
H(x, &) € R¥4, These quantities satisfy
(a) Same as[(OD)}(a),
(b) Same as[(OD}(b),
(©) E¢[H(w,8)] < H(x) + ¢y Laxay

/
for some constant ¢; > 0.

SP-based methods can be used to obtain estimates of the Hessian, in addition to gradi-
ent estimates, when the underlying function f is either four-times continuously differ-
entiable or convex and smooth. The reader is referred to Lemma 6 in (Prashanth er al.,
2020) or Lemma 7.11 in (Bhatnagar et al., 2013)) for an SP-based Hessian estimate that

satisfies the condition (c) above.

Next, we define a variant of that is along of the lines of
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(O4) Biased gradient/Hessian oracle with estimation error
Input: x € RY, perturbation parameter 1 > 0 and mini-batch size m > 0.
Output:  a gradient estimate g(z,&) € RY, and a Hessian inverse estimate

H(z,&,m) € R™9, These quantities satisfy
(a) Same as[(O2)}(a),

(b) Same as[(O2)}(b),
(C) Ef [H(ZL‘, 57 m)] S H(ZL’) + Cl17721d><d + ﬁﬁldxch

’
for some constants c;, cg > 0.

We also consider an alternative gradient estimation scheme based on the idea of Gaus-
sian smoothing (GS) (Nesterov and Spokoiny, 2017) method. Variant of oracles [(OT)|
and motivated by the GS method are presented in Section 4.5

4.2.1 Value of constants for the SP-based oracles

The constants for the various SP-based gradient estimates depend on the type of random
perturbation used, and also, the nature of the objective, i.e., whether it is convex or not.
We summarize these constants below, while hiding the dependence on the moments of

the random perturbation inside constant factors.

1. If the function f is three-times continuously differentiable, then the constants c; and

co are as follows (see (Spall, [1992; Prashanth ez al., 2017, 2020)):
Cc1 = C(od3 and Co = ald,

where the constant o depends on the second moment of the random perturbation
employed in the gradient estimate, and a bound on the third derivative of the objec-

tive f. The constant o; depends on the variance of the measurement noise.

2. If the function f is convex and smooth, then the constants ¢; and ¢, are as follows

(see (Hu et al.,[2016)):
C1 = OéoLd2 and Cy = O./ld,

where L is the Lipschitz constant defined in ay is a constant that depends on

the second moment of the random perturbation employed in the gradient estimate,
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and o is a constant that depends on the variance of the measurement noise.

The constant ¢, which features in the bias of the Hessian estimate in oracle|(03)} is of

the same order as ¢y, in terms of the dependence on the dimension d.

4.3 Stochastic Non-convex Optimization

In this section, we consider the problem in (4.1]), where the objective f is not assumed to
be convex. We analyze gradient-based algorithms for solving (#.1)), under the following

smoothness assumption:

(A1) Function f has Lipschitz continuous gradient with constant L > 0, i.e.,
V(@) = VIl < Lllz —yll, Va,yeR"

We study the performance of the randomized stochastic gradient and quasi-Newton
algorithms, proposed in (Ghadimi and Lan, 2013; Wang et all 2017). The gradient
method is analyzed in the section below, while the quasi-Newton method is handled in

the subsequent section.

We make the following assumption for the analysis of the gradient-based methods in
a zeroth-order setting (a similar assumption is used in (Balasubramanian and Ghadimi,
2018)):
(A2) The feasible set ¥ is bounded and there exists a constant B > 0 such that
IV f(x)]: < B,Vz € W.

4.3.1 Zeroth-order randomized stochastic gradient (ZRSG)

The pseudocode for the ZRSG algorithm is given below. The ZRSG algorithm per-
forms an incremental update as defined in (4.2)), and outputs a random iterate, after N

iterations.

Bounding the optimization error, i.e., f(zy) — f(2*) is difficult, when the objective
is non-convex. However, a popular alternative is to show that the RSG algorithm con-

verges to a point, where the gradient of the objective is small (quantified by a bound
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Algorithm 3 Zeroth-order Randomized Stochastic Gradient (ZRSG)

Input: Initial point z; € W, iteration limit NV, stepsizes vy, perturbation parameter
1), mini-batch size my, (for the oracle[(02)| with estimation error), projection operator
I1yy, and probability mass function Pg(-) supported on {1,..., N} (Let R denote the
corresponding random variable).
fork=1,...,Rdo

Call the oracle [(OI)| with x), and 7y, or call the oracle with x, . and my,
to obtain the gradient estimate gy.

Perform the following stochastic gradient update:

T = (@, — Yrgr), 4.2)

where 11,y is a operator that projects on to the closed convex set YW C R% and

B {9 (2, k) with [(OT)}
gk =

4.3

end for
Return z .

on the squared norm of the gradient) (cf. (Ghadimi and Lan, 2013; Bottou et al.l, 2018;;
Wang et al.l 2017)), and the following definition makes the optimization objective ap-

parent.

Definition 1. (e-stationary point) Let x be the output of an algorithm. Then, xy is

called an e-stationary point of problem @), if E||Vf (zz)|” < e

We provide below a non-asymptotic bound for ZRSG with the oracle [(O1)| The

oracle variant with estimation error is handled in the subsequent theorem.

Theorem 9. (ZRSG with the oracle|(0O1)]
Assume and With the oracle[(OI)| suppose that the ZRSG algorithm is run

with the stepsize 7y, and perturbation constant 1y, set as follows:

(1 1 1
Y& = mm{z, W}, and N = W, Vk > 1. (44)
Then, for any N > 1, we have
2LD Z
E(IVf @a)ll* < Bsp = =5 + 3

'The bounds in Section are for a random iterate x, where R is uniformly distributed over
{1,..., N}, and the expectation is taken with respect to R and noise .
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where Z, = 2Dfd4/3 + t?f; + % + Leod' 3, constants ¢, ¢y are defined in|(01), B

is as defined in

Dy = f(z1) = f(2"), (4.5)

and x* is an optimal solution to (4.1).
Proof. See Section4.6.1 0

The overall rate, from the bound above, is O (N -1/ 3), and this is not surprising
because the bias of the gradient cannot be made arbitrarily small by setting 7 to a low
value, as the variance of the gradient estimates scales inversely with 7). The (asymptotic)
convergence rate results for SPSA in (Spall, [1992), and RDSA in (Prashanth et al.,

2017)), also exhibit the same order.

Using the bound in Theorem [J] it is easy to see that the total number of iterations
required for finding an e-stationary point is at most (’)(f—g). The stepsize v and pertur-
bation constant 7, are chosen as in (4.4)), so that the overall rate is (9(‘:—:) for finding an
e-stationary point. In arriving at this choice, we have considered dimension dependence

in the constants ¢; and ¢, (see Section [d.2.1)).

Remark 3. In (Ghadimi and Lan, |2013), the authors derive a non-asymptotic bound
for a zeroth-order variant of their RSG algorithm under an oracle that is a variant to
(see Section 4.5 below). Our result in Theorem[9 matches their bound. Moreover,
unlike (Ghadimi and Lan, 2013)), we derive a non-asymptotic bound for the oracle[(02)]

which involves an estimation error component (see Theorem[I0|below).

An advantage with our analysis is that it allows a simpler distribution for picking
the final iterate (see Proposition|l|in the Section4.6.1)). In particular, our bounds hold
for an iterate x g that is picked uniformly at random from {x1, ..., xn}. The net effect

is that of iterate averaging, except that the averaging happens in expectation.

Theorem 10. (ZRSG with the oracle

Assume and With the oracle suppose that the ZRSG algorithm is run
with the stepsize vy, and perturbation constant 1, set as defined in (4.4).
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(i) If the mini-batch size my, = N,Vk > 1, then, for any N > 1, we have

z
E|IVf (zr)l* < Bsp + 1775 (4.6)

where Zy = 4Bcyd®/6 + % (c§d1/2 + 2;71—/%3), constants ci, co and c3 are as defined in
(02)| B is as defined in|(A2)| and Bsp is as defined in Theorem[9]

(ii) If the mini-batch size m;, = k°,Yk > 1, for some constant 3 > 0, then, for any

N > 1, we have

ABesdd/® 2Lcic Lc2d/3
2 3 1C3
E va (mR)H < BSP + 38—1 3 + 38+5 8 36+1 . )
N5 (=5+1) d/SN7& (=5+1) N73 (=p+1)
(V) (}?) (IVH)

where constants are the same as in part (i).
Proof. See Section4.6.1] O

It is interesting to note that, even with estimation error, the mini-batch size my, can
be controlled to recover a rate that matches the order in the oracle [(OI)] up to constant
factors (see Theorem [9). As before, the total number of iterations required for finding

an e-stationary point is at most O(fé).

From Theorem it is apparent that increasing the mini-batches at a rate k%, with
B > 2, leads to a better bound as compared to the case when the batch sizes increase lin-
early with V. More precisely, while the overall order of the bound remains O (N -1/ 3),

the terms marked (7), (1) and (I11) are significantly smaller in the case when 3 > 2.

Remark 4. By a completely parallel argument to that in the proof of Theorem one
can infer that a constant batch size, i.e., my; = mg, would result in an order O (N -1/ 6)

bound. The latter bound is clearly inferior to those with increasing batch sizes.

4.3.2 Zeroth-order randomized stochastic quasi-Newton (ZRSQN)
method

The zeroth-order variant of RSQN (Wang et al., 2017) is presented below. As with

ZRSG, the algoritm below picks a random iteration, after N update iterations using
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@.7).

Algorithm 4 Zeroth-order Randomized Stochastic quasi-Newton (ZRSQN)

Input: Initial point z; € W, iteration limit NV, stepsizes 7, perturbation parameter
nx, mini-batch size my, (for the oracle[(O4) with estimation error), projection operator
[Ty, and probability mass function Pg(-) supported on {1, ..., N} (Let R denote the
corresponding random variable).
fork=1,...,Rdo

Call the oracle with z;, and 7, or call the oracle with 1, n, and my,
to obtain the gradient estimate g, and a Hessian inverse estimate .

Perform the following stochastic quasi-Newton update:

T = Ihw(ar — v Higr), 4.7)

where II)y is a operator that projects on to the closed convex set W C R¢, g, is as
defined in (4.3)) and

_JH (@, &) with[(O3)]
R H (xk,fk,mk) Wlth@]

end for
Return .

For the sake of analysis, we make the following assumption:

(A3) Forany k > 1,
(a) There exist a positive constant A < oo such that, —AI < V2f(x;) < AI,

and

(b) there exist positive constants Cy, C,, < oo such that, C;1 < H(zy, &) = Cul,
and C1l]’ = H(Q:ka gkv mk) = CuI>

where the notation A = B with A, B € R%*? means that A — B is positive

semidefinite.

The assumption above can be ensured by having H (v, &) = [Y(B(zg, &))] 7L Ve >
1, where B(xy,&) is an approximation of the Hessian V?f(z;), and the projec-
tion operator Y (B(zy, &y )) is defined as performing an eigen-decomposition of matrix

B(xy, &) followed by projecting the eigenvalues on to the range [C), C,], as discussed

in (Prashanth et al., [2020)).

We provide below a non-asymptotic bound for ZRSQN with the oracle The

subsequent theorem handles the oracle variant that involves an estimation error compo-

nent.
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Theorem 11. (ZRSQON with the oracle [(03))
Assume |(A2) and|(A3), With the oracle|(0O3 )} suppose that the ZRSQON algorithm is run

with the stepsize 7y, and perturbation constant 1y, set as follows:

o [20,—-1 1 1
f)/k. = m'ln{ ACQ y (dQN)Q/g} and ?7k = W’ Vk' Z 1, (4.8)

where A, Cy, and C,, are as in|(A3)| Then, for any N > 1, we have

2AC2D z
E||Vf (zg)|* < N, _fv + Nf;3,

/

where Z3 = 2D ;d*/? +AC’2(dHC/3N + cod"?) + 25 (3¢1C) + raxdis + ¢ B), constants

c1, ¢ are as defined in[(OI) B is as defined in[(A2), and Dy is as defined in (&.5).

Proof. See Section [l

A second-order method such as RSQN would provide a rate similar to that in RSG,
since the net effect of RSG algorithm is that of iterate averaging in expectation. Such
a finding is not surprising, and the reader is referred to an analysis of iterate averaging
and second-order methods in Section 5 of (Dippon and Renz, 1997), albeit from an

asymptotic convergence rate viewpoint, to see the parallel.

Comparing the bound obtained above with that in Theorem [9] we observe that,
the initial error (the first term in either bound) that relates to the starting point of the
algorithm is forgotten a little faster in the quasi-Newton case, while the other term

matches up to constant factors.

Theorem 12. (ZRSQON with the oracle
Assume|(A2) and|(A3), With the oracle|(O4), suppose that the ZRSQON algorithm is run
with the stepsize 7y, and perturbation constant ny, set as in Theorem [l 1] and mini-batch

size my, = N,Vk > 1. Then, VN > 1, we have

2AC%D Zy
E 2 < uf

where Z; = 2Dy + 28 (B + Ky (3G + %)) + AC2 (75

N1/3

+ 02d1/3> ’Cl =
c1d™3 4+ e3dd/S, Ky = clld*5/3 + e3d®/S, constants ¢4, cll, co and c3 are as defined in

(O4), B is as defined in|(A2)| and Dy is as defined in .
f

d1/3N
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Proof. See Section|4.6.2 O

From the bounds in Theorems [I1] and [I2] we observe that the number of iterations

required for finding an e-stationary point is at most O(‘j—g).

As in the case of ZRSG, the stepsize 7, and perturbation constant 7 are chosen as
in (4.8), so that the overall rate is (’)(f—g) for finding an e-stationary point. In arriving at

. . . . . . ’ .
this choice, we have considered dimension dependence in the constants ¢y, ¢; and cs in

oracles and

4.4 Stochastic Convex Optimization

In this section, we consider the problem in (4.1]), under the assumption that f is a convex

function, and W is a bounded convex set. These assumptions are made precise below.

(A4) The function f satisfies |V f(z)|| < G, for every z € W.

(A5) The set WV is convex and compact. Further, ||z — y|| < D,Vz,y € W, for some
D > 0.

Note that the function f is not assumed to be strongly convex. Let x* € W be a
minimizer of f(-). We first analyze the ZRSG algorithm in a convex setting, and sub-
sequently present the ZSGD algorithm, which is a zeroth-order variant of the algorithm

in (Jain ef al.,[2019).

4.4.1 Zeroth-order randomized stochastic gradient (ZRSG)

We provide below a non-asymptotic bound for ZRSG with the oracle The subse-

quent theorem handles the oracle variant that involves an estimation error component.

Theorem 13. (ZRSG with the oracle
Assume and With the oracle[(O1)] suppose that the ZRSG algorithm is run
with the stepsize 7. and perturbation constant . set as defined in [@.4), then, for any

N > 1, we have



here Ky = D?d4/3 +4De 4 14 q1/3 d defined in|(O1
where K1 + e t syt co, constants ¢y and co are as defined in|(O1)

and D as defined in

Proof. See Section4.6.3 0

The O(N~%/?) bound of the RHS above matches that in Theorem @ with the non-
convex objective. However, unlike non-convex case, we bound the optimization error
E[f(zr)] — f(z*) and as a result few terms are independent of L. A similar obser-
vation holds for the Theorem [14] below with the oracle involving an estimation error

component.

Theorem 14. (ZRSG with the oracle [(O2)
Assume and With the oracle suppose that the ZRSG algorithm is run

with the stepsize i, perturbation constant 1, and mini-batch size my, set as follows:

1 1 1
vk:mm{z,m}, nk:W’ and mk:N, Vk’21

4.9)
Then, for any N > 1, we have

< LD? ICy
N TN

/
where Ky = D?d*/34+4+/dD (d§}3 + c3d5/6) + dlf/iN + ;f}scf(, + d4]\jC§ +d"3cy, constants

c1, co and c3 are as defined in|(02), and D as defined in|(AS5)
Proof. See Section#.6.3] O

In the next section, we study a zeroth-order stochastic gradient descent (ZSGD)
method, to derive non-asymptotic bound on the optimization error for the last iterate,
i.e., E[f(xn)]—f(z*). This is unlike the bounds in Theorem|[I3|and[14]for ZRSG, which
was for a random iterate. In practice, the last iterate is usually preferred. Moreover, the
analysis in ZSGD is superior to that of ZRSG, because it does not require smoothness

in the analysis.
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Figure 4.2: Spliting of the horizon into phases

4.4.2 Zeroth-order stochastic gradient descent (ZSGD)

The pseudocode for the ZSGD algorithm, which is designed to minimize f, given biased
gradient measurements, through the oracle (OT)| or is given below.

Algorithm 5 Zeroth-order Stochastic Gradient Descent (ZSGD)

Input: Initial point z; € W, iteration limit NV, stepsizes 7, perturbation parameter
Nk, mini-batch size m;, (for the oracle with estimation error) and projection
operator 11y .
fork=1,...,Ndo

Call the oracle [(OI)| with x;, and 7y, or call the oracle with z,, n, and my,
to obtain the gradient estimate gy.

Perform the following stochastic gradient update:

Tpy1 < Dy (2, — egn) 5 (4.10)

where II,y is a operator that projects on to the closed convex set YW C R? and g, is
as defined in (4.3)).

end for

Return x .

We follow the approach from (Jain et al. |2019), i.e., we assume the knowledge of
N, which is the total number of iterations of ZSGD, and split the horizon /N into [ phases
as shown in Figure The choice of phase lengths, and the step-size decay in each
phase is performed along the lines of (Jain et al.,[2019). However, unlike their work that
assumed unbiased gradient information, we operate in a setting where biased gradient
information is available through oracle [(OT)] and this induces significant deviations in
the proof. Morever, our setting features a perturbation constant parameter, which has to
be chosen in a phase-dependent manner as well. We make the choice of phases precise

below.

Letl :=inf{i: N-27" <1},

N;:=N—[N-27",0<i<I, and N;;; := N. (4.11)

From the phase definitions above, it can be seen that /V; is an increasing sequence.
Further, N; ~ %, Ny =~ % + %, and so on. In the theorem below, we provide a non-

asymptotic bound on the optimization error, i.e., E[f(zy)] — f(z*) for the ZSGD with
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the oracle [(O1)|and [(O2)]

Theorem 15. (ZSGD with the oracle (0O1)]
Assume and With the oracle [(OI)] suppose that the ZSGD algorithm is run

with the stepsize 7y, and perturbation constant 1y, set as follows:

.27 27i/4

Ve = W’ and 1, = m, (4.12)

when N; < k < N;41,0 < i <, where C > 0 and N;,l is as defined in @.11). Then,

forany N > 4, we have

Bl ()] — f(2") < pote

2 2 10Cc?
where K3 = 4‘/gD + \1/2%?/3 + 3ab 4 000 4 L+ 18V/dCcy, and constants

VAN?2/3 d3/2N
c1, ¢y are as defined in[(O1)]
Proof. See Section4.6.4 0

The overall rate, from the bound above, is O (N -1/ 3), and as discussed in Theo-
rem [9] this is not surprising since the perturbation parameter 7) relates to bias-variance
tradeoff. Moreover, a lower bound in (Hu ef al., |2016) shows that, with a biased gradi-
ent oracle (such as (O1)), the optimization error (E[f(xx)] — f(z*))is @ (N~'/%) ina

minimax (or information-theoretic) sense for the case of a convex objective f.

Unlike (Hu et al.| 2016), we derive a matching upper bound, albeit with a regular
SGD algorithm, with the added advantage that the stepsize we employ does not require

knowledge of the underlying smoothness parameter.

The theorem below provides a bound for the case when ZSGD algorithm is run with

the oracle which contains an estimation error component.

Theorem 16. (ZSGD with the oracle
Assume and With the oracle suppose that the ZSGD algorithm is run

with the stepsize i, perturbation constant 1, and mini-batch size my, set as follows:

C.27! 2-i/4

W= S e 4 =N Gy

when N; < k < N;11,0 < i <, where C > 0 and N;,l is as defined in @.11)). Then,
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forany N > 4, we have

Elf (o) — (") < poty

where Ky = 4*/2[)2 + \1/}210\[?/23 + D(39c1d™" + 67/dcs) + 20001G](de_/;/2+dc3) +
10C (c1d=1/24de3)?

TN + 18\/3002, and constants cy, co, c3 are as defined in|(02)

Proof. See Section#.6.4] O

Interestingly, the bound above matches the one obtained for ZSGD with [(OT)] and

this is because of an increasing mini-batch size my, which is also phase-dependent.

The analysis used in arriving at the bounds in Theorems |15| and (16| cannot be ex-
tended to the non-convex case. This is because the analysis takes a dual viewpoint and
approaches the minima of the objective from below, and in this process, convexity is
strictly necessary. Intuitively, it may be challenging to provide bounds for the last iter-
ate sans averaging in a non-convex optimization setting, while it is possible to provide
bounds for the averaged iterates (or the random iterate of ZRSG, which is an average in

expectation) in the non-convex case.

4.5 Gaussian Smoothing

In this section, we define variants of the oracles [(OI)| and and derive non-
asymptotic bounds that are parallel to those in Theorems [I0] [I4] and [I5]

4.5.1 Zeroth-order optimization oracles

The biased gradient oracle variant is defined below.
(O1’) Biased gradient oracle - variant
Input: x € R? and smoothing parameter 1 > 0.

Output: a gradient estimate g(x, &) € R that satisfies
@ Ee¢lg(2,8)] < V[ (x) + cinlaxa,

() Ee [|lg (z,€) — E¢ [g (2, O)]|I°] < can® + G,

for some constants ¢y, ¢, co > 0.

72



The oracle defined above can be constructed using the Gaussian smoothing approach,
proposed in (Katkovnik and Kulchitsky,|1972), and studied later in a convex optimiza-
tion setting in (Nesterov and Spokoiny,, 2017)). In particular, the reader is referred to
Lemma 3 in (Nesterov and Spokoiny, 2017) and Lemma B.1 in (Balasubramanian and
Ghadimi, 2018) for constructing a gradient estimate that satisfies conditions (a) and (b),

respectively.

Next, we define a variant of motivated by the GS approach.

(02’) Biased gradient oracle with estimation error - variant
Input: x € R, smoothing parameter 7 > 0 and mini-batch size m > 0.

Output: a gradient estimate g(x, &, m) € R?, such that the following hold:
(a) ]Ef [g (l’,f, m)] S Vf (33') + Clnldxl + #ﬁldxla
) Ee [llg (z,&,m) = Ee[g (x,&,m)]|I*] < can® + 6,

for some positive constants ¢, ¢o, 2 and cs.

For the two oracles defined above, using the GS approach leads to the following con-

L(d+3)3 O L2(d43)® ~
T = g6 =

stants (Balasubramanian and Ghadimi, 2018): ¢; = ,Cy = I

2(d + 5)(B? + 0?), where o2 is the bound on variance of estimator F'(x, £) of f(x).

4.5.2 Non-asymptotic bounds

We provide below a non-asymptotic bound for the ZRSG algorithm with the oracle

and non-convex objective.

Theorem 17. (ZRSG with the oracle |(02’))
Assume and With the oracle suppose that the ZRSG algorithm is run

with the stepsize 7y, smoothing parameter 1y, and mini-batch size my, set as follows:

1 1 1
=Mming —, —F— ¢, =——, and my=dN? Vk>1. 4.14
Ve {L \/d_N} ur Ny k (4.14)

Then, for any N > 1, we have

2LD; | Zs

E VS ()l < =57 +

where Z5 = 2\/c_in—|—4B/C3—|—L (% + vz T \%), K3 = cyd~'++/dcs, constants
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c1, €2, Gy and cs are as defined in[(02”), B is as defined in[(A2)| and Dy is as defined in
@.3).

Proof. See Section#.6.5] O

From the bound in Theorem it is easy to see that the total number of iterations
required for finding an e-stationary point is at most (’)(6%). In comparison to the bound
for the SP method, the O (N~/2) is better, and we believe that this improvement is
because the variance of the gradient estimate in this oracle does not increase at the cost

of bias.

Remark 5. In comparison to the bound obtained for biased gradient without estima-
tion error oracle in Corollary 3.3 of (Ghadimi and Lan, 2013)), we remark that
our above bound matches their order, except that there are additional factors owing to

estimation error.
We now provide a non-asymptotic bound for the ZRSG and ZSGD algorithm for
the convex objective.

Theorem 18. (ZRSG with the oracle
Assume [(AT) and|(A5)| With the oracle suppose that the ZRSG algorithm is run

with the stepsize 7y, smoothing parameter 1y, and mini-batch size my, set as follows:

1 1 1
Ve = mm{ e = ——=, and my = d>’N?, Vk>1. (4.15)
L’ /AN } dv N

Then, for any N > 1, we have

Elf (zr)] = f(2") <

+_
N T UN

2 C3
where K5 = \/dD? + 4v/dD (Cl + 03) + aay + 3%?\? + \/& St Ay & f’ constants
c1, C2, G2 and ¢ are as defined in[(027), and D as defined in
Proof. See Section O

From the bound in Theorem [I§] it is easy to see that the total number of iterations

required for finding an e-optimal solution is at most O(E%). Similar to the previous case
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with non-convex objective, we get a better bound of O(NN~1/2) for the GS method with

convex objective.

The non-asymptotic bounds similar to those in Theorems [9] and [13] for the Gaussian
smoothing case with oracle are derived in (Ghadimi and Lan| [2013)).

Theorem 19. (ZSGD with the oracle
Assume and With the oracle suppose that the ZSGD algorithm is run

with the stepsize vy and perturbation constant 1y, set as follows:

C-27" 2t
and

Ve = N Nk = \/EN7

when N; < k < N;11,0 < i <[, where C > 0 and N;, 1 is as defined in (4.11)). Then,

(4.16)

forany N > 4, we have
Blf(en)] - 1) < %

2 2 10C (dc?+-¢
4DC\/E_'_ 11CG2 | 241D 4 200G (def+e2)

where g = T N VAN BIIN?

o, Gy are as in[(OI)]

+ 100;2, and constants c;,

Proof. See Section#.6.5] O

From the bound in Theorem [T9] it is easy to see that the total number of iterations
required for finding an e-optimal solution is at most O(e%). Further, it is interesting to
note that the overall rate of O(N~'/2) obtained for the zeroth order case, with biased
gradients estimated using GS method, matches with the case when unbiased gradient
information is available (Jain et al.| [2019). Unlike (Ghadimi and Lan, 2013)) where
the authors provide a O(N~'/2) bound for a random iterate using the ZRSG algorithm,
we provide bound for the last iterate of ZSGD. Apart from a practical preferance for
using the last iterate, an advantage with our approach is that for setting the step size
v and smoothing parameter 7, (4.16), we do not require the knowledge of Lipschitz
constant L (see[(A1)) and Dy := ||z1 — «*||. The latter quantity is typically unavailable
in practice, as it relates to the initial error. A similar observation holds true for the

non-convex case as well (see Theorem [I7).

Remark 6. Recent work in (Yousefian et al.||2017) analyzed a regularized quasi-Newton
algorithm for stochastic convex optimization. Specializing their non-asymptotic bound

to a regularized stochastic gradient algorithm would lead to a bound of the order
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O (N~'/3) on the optimization error E[f(zx)] — f(z*). In contrast, we obtain a bound
of the order O (N~/?) using Theorem

Non-asymptotic bound similar to those in Theorems [T T} [I2] and [I6|for the Gaussian
smoothing case, can be derived by using a parallel argument to the proof of simultane-

ous perturbation method, and we omit the details.

4.6 Convergence proofs

This section is organized as follows: In Section 4.6.1) we prove the bounds for the

ZRSG algorithm with oracles [(OT)| and [(O2)] Recall that ZRSG is a gradient-based

method for solving stochastic non-convex optimization problems, while [(OT)| (resp.
is a simultaneous perturbation-based optimization oracle that provides biased
gradient information (resp. with estimation error). In Section 4.6.2] we prove the

bounds for the ZRSQN algorithm with oracles [(03)| and [(O4). Recall that ZRSQN is

a gradient/Hessian-based method for solving stochastic non-convex optimization prob-
lems, while (resp. is a simultaneous perturbation-based optimization oracle
that provides biased gradient/Hessian information (resp. with estimation error). In Sec-
tion4.6.3| (resp. [4.6.4)), we prove the bounds for solving stochastic convex optimization
problems using the ZRSG (resp. ZSGD) algorithm with oracles and[(O2)] In Sec-
tion 4.6.5] we prove the bound for the ZRSG and ZSGD algorithm with oracle
and for the ZRSG algorithm with oracle Recall that (resp. is a

Gaussian smoothing-based optimization oracle that provides biased gradient informa-

tion (resp. with estimation error).

For the proofs, we follow the technique from (Ghadimi and Lan, 2013)) for the
case of stochastic non-convex optimization and from (Jain et al., [2019) for the case of
stochastic convex optimization. However, there are significant deviations in our proofs
since we employ a biased gradient model, with/without estimation error. In particular,
the analysis includes additional terms owing to the gradient bias and estimation error,
in turn leading to a variation in the optimal choice for stepsizes 7y, and perturbation
constant 7, as compared to previous works. Further, the model with estimation errors

has an additional batch size m,; parameter that needs to be optimized as well.
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4.6.1 Proofs for Stochastic Non-Convex Optimization: ZRSG

We prove Theorem [I0]first, and Theorem 9| would follow through a simple modification

to the proof of Theorem [I0]

Proof of Theorem

In the proposition below, we state and prove a general result that holds for any choice of
non-increasing stepsize sequence, perturbation constants and batch sizes. Subsequently,
we specialize the result for the choice of parameters suggested in Theorem[I0} to prove

the same.

Proposition 1. Assume|(Al)|and|(A2), With the oracle|(02)| suppose that the ZRSG al-
gorithm is run with a non-increasing stepsize sequence satisfying 0 < vy, < 1/L,Vk >

1 and with the probability mass function Pg(-)

Pr(k) := Prob{R = k} = Z]Z’“ — k=1,...,N, 4.17)
=1 /?

then, for any N > 1, we have

1 2D l c Y& + LA}
E[Vf ()] < ! __19B <02+ 3)( ’“)
IVF @)l < Zlfg\’zl Vi [(Q—L’yl) Z e M/ T 2— Ly

k=1
M dc? Co 1

_|_

+
/Mg U;%mk 77;%

Y

N 9
Tk 2,4

+L E —————— |dcin;, + 2dec

£ 2— L) { 17Tk 1€3

(4.18)

where cy, ¢y and cs are as defined in[(02)} B is as defined in[(A2)| and Dy as defined in
#.5).

Proof. We use the technique from (Ghadimi and Lan, [2013). However, our proof
involves significant deviations owing to the fact that the simultaneous perturbation
method has a variance in gradient estimates that scales inversely with perturbation con-
stant 7, and this is unlike the Gaussian smoothing approach, where such an inverse
scaling is absent (instead, the variance scales directly with 7). Further, the model with
estimation errors has an additional batch size m;, parameter that needs to be optimized

as well.
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First, notice that

|Trs1 — zell = 11w (2 — Y9k, &by ) — 24|
<|lzr — Y9 (Tr, &k, M) — | 4.19)

= —Yllg @k, §k, M) |-

The inequality in (4.19) holds because x, is already in the convex set W and II,y is a

non-expansive projection operator. Further notice that

Eﬁ[k] [g (xk7§k; mk)] - Eﬁk [g (.T]ﬁfk, mk) |€[k’—1}] - Efk [g («Tk,gk, mk) ’xk]

C3

<Vf (xk)+cm£1dxl+nk \/m_kldxl, (4.20)
and
B, [l (on, & mil] < [Bay lo (o ool + it @2n)

Now, under assumption we have

[ (1) < f(zr) +(Vf (2r) , D1 — 1) + g [ETE

= F (@) = AV (@) g (s G} + 5 0F g (oo 422)

Taking expectations with respect to £ on both sides of (4.22) and using (#.20) and
(@.27])), we obtain

Eé[k] [f (karl)]

< Ee, [f ()] — <Vf (22), V (20) + exntLaer +

k\/—1d><1>
L 2 ¢
+ 57]3 [HEE[M [g (mk7§kamk)]H + _22:|
Nk

< f (o) - w IV F @l + (n n ) kB V7 (@)

C3
Nk+/ MMk

L
+ o[ 197 @l +2 (et 4 S Y ey 197 (o0
Ve i Co
2 4.2
+ (\/Ecmk - k) + } (4.23)
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L
< J@) = (= 572) 197 @I+ (et + 5= ) ot 1) B

L Vies '\’

C3 (&)
+ =2 Videyn? + + =1,
2 ( Y e )

where we have used the fact that —|| X ||, < 37 | ; for any vector X in arriving at the
inequality (4.23)) and the last inequality follows from the fact that |V f (xx) |1 < B.
Re-arranging the terms, we obtain

(3= 522) 197 @)IF = £ 20) = B (v

W IV (w)|* = = I

C3 2
+ | amp + —— + L B}
( e nk\/m_k) Ot L)

Nk dc% Cy
dent 4 2deycs + + —] .
[ 1k N

Ly}
(2— L)

Now, summing up the inequality above over £ = 1 to NV, and taking expectations, we

obtain

N
> wBe IV ()l
k=1

oy (B, f (21) = B f (241))
T~ (2 = L)
N
C3 e + Li
+2 ey + ) ( B
; < YT e ) \ 2= Ly,
2 2
Vi 2, 4 Tk dcs ¢
+ L {dc + 2dc;c + + —}
~ (2= L) il e gm0

B f(z1) B N 1 B 1 ) — Eg[N]f(fNH)
- [(2 (e am) B 0 ey
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2
Tk 2, 4 "k

+ L g —{dcn + 2dc; c3 +

(2 — L) Lk NGO

Noting that E¢ [f (z1)] > f(z), we obtain

N
Z '7k‘E§[N] va (xk> ||2
k=1

<2

et (I*)é (et o) <2{(§3N>]

Nk dcg X 0_2:|

_|_

N 2
Vi 2 4
+ L — _|d + 2d —_
; (2= L) [ RS T w0

2 (f(ar) — f(a%) o ( e ) (wmﬁ)
S (2 — L’Yl) + 2 - 1My + ’I]k\/m_k 5 _ L’Yk B

dc? N CQ:|

N 2
Vi 2 4 Nk
+ L E —_— [dc 1, + 2dcycs +
< (2—Ly) [ " Ve mme )

The last inequality follows from the fact that ( 1 ) > 0. The bound in

1
@—Lyv—1)  (2=Lw)
(@.18) follows by using the distribution of R (specified in (4.17)) in the RHS above.

]

We now specialize the result obtained in the proposition above, to derive a non-
asymptotic bound for ZRSG with gradients estimated by the SP method with function

estimation error.

Proof. (Theorem[10(i))
Recall that the stepsize vy, perturbation constant 7, and mini-batch size m,, are defined

as follows:

1 1 1
’Yk:mln{z,m}7 nk:W’ and mk:N7 Vk21

(4.24)

Combining (@.17) with (&.18)), we obtain

E[|Vf (xr)]]
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¢ it [P IED a3 (e o) ()

k=1

Tk 2 4 Tk des CQ]
+L E ——— |dcin, + 2dcyc + + =
Ve { 1l Um0

- — {2 Ule) =) 4 opy (cm2 + ) (7 + LWQ)

Ny (2 — L) nvm) \ 2— Ly
+% [dcfn“ + 2dclcg\/77m - ;i% + %”
< 3= [P0t - 5@ + avyp (e + 5
FLNA? [ch + 2deres \/”m + & H (4.25)
20T gy wﬁ)
L Ly [dc '+ 2d0103\/77m + 7;% + %}

2 (f(ay) — o oo 1 Jd5/6
< 2T gy e} 4 (s + S0 )

2 5/6 .2 5/3
a 1 dd’cz  d’cy 1
ot {( N)*/3 73 F2acs Eren T e T N (d2N)2/3 (4.26)
2L (f(a1) = f(a)) 243 (f(a1) = f(a”)) A
= N + N1/3 +4B (d5N)1/3 + NE
02 /6 dll/Gcg d5/302 1
+ L {d7/3N2/3 + 2cyc3 N2/3 + N2/3 N—1/3:| (d2N)2/3
2L (f(z1) — [(z7)) 1
_ 2L (). + 57 |20 () = £(a) + 4B (g5 + ead”?)
Lt 1 L&dY? .
+d11/3N +2Lclcgd7/6N + N + LeodY ] .

In the above, inequality (.23) follows by using the fact that v < 1/L, and the inequality
(4.26)) follows by using the definition of +, 7 and m. O

Now, we specialize the result in (4.T8)) for increasing batch size i.e., m; = k” for

some constant 3 > 0.

Proof. (Theorem [10](ii))
Recall the stepsize 7, and perturbation constant 7, from equation (4.24). Combining

@.17) with (#.18)), we obtain

E[[IVf (zr)[I"]
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s R R (e ) (1)

N

+LY L {dcz?f 4 2deca— 4 de 4 02}
k=1 (2= L) i A/ My T},%mk 7713

:L[2(f($1)—f(w*))+2Bi(01772+ s )(7+m2>
n

Ny (2 - Lv) — VEP) \ 2= Ly
2 2
g 2,4 Ui deg C2
+L —_— [dcn + 2dcyc + —|——}
,; 2-Ly) [ VRE T kP T 2
<L 2(f(33)—f(.’17*))—|—4N Be 2+47363ik_§+LN 9 d02 4+C_2
>~ ny 1 Y 1M n £ 8 17 772
N N
Ld 2.2
+2LdyPereany kT34 BN g 4.27)
k=1 (-
2(f(x1) = f(z")) o , 4Bcs /N _8 2.4, C2
4B L —
< N~ +4Bcin” + Nn ), x~2dx + Ly |dein” + 2
2Ldvyccsn /N 8 Ldvc3 /N _
+ x2dx + z Pdx
N 0 Nn* Jo
2(f(w1) = f(a)) » ABey (N37 oi 2
= 4B L —
N~ + 6177+N?7 P + Ly |dein +772
N 2Ldvycicsn [ N—5+1 Ldvyc3 (N_ﬁJr1 )
N -24+1 N2 \-B+1
2(f (1) = f(z")) ) ABeN S [ ) }
- +ABey® + —— 4 Ly |y + 2
Ny AT ES) Y
2LdyeiespN=3  LdyAN—B
(—5+1 7 (=f+1)
2 (f(x1) = f(a*) . 4Be,  4BeyN~3 (dPN)VS
< L, (*N)*3
< N mazq L, (d°N) + (N3 (_g +1)
2 2( .75 1/3
N L des (@ N 2d63163 N dc2(d°N)Y
(d2N)2/3 | (d°N)>/3 (BN)ONT (=5 41)  NP(=f+1)
(4.28)
2L (f(x1) — f(a%)) N 243 (f(z1) — f(2*)) 4Bc, N 4Bcsd®/®
v WA N N )
L 2 9 d1/6 2d8/3
ML [N2/C31d7/3 (N + =
N5 (-5+1) N3 (-8+1)
2L (f(x1) — f(2*)) 1 [ /3 4Bcy 4Besdd/6
= + 2d*3 (f (1) — f(2*)) + + —
Ldi 2Lcics Lc2d*/3
+ + Leod"? + + — }
Naus T dNTE (2 41) NS (—p+1)
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In the above, inequality (4.27) follows by using the fact that v < 1/L, and the inequality
(4.28)) follows by using the definition of 7, 7 and m. O

Proof of Theorem

Proof. (Theorem|[9)
Proof follows in a similar manner as that of Theorem [I0(i) in Section [4.6.T]after setting

my = 00, Vk > 1orcs3 = 0. O]

4.6.2 Proofs for Stochastic Non-Convex Optimization: ZRSQN

We prove Theorem [12] first, and Theorem [I | would follow through a simple modifica-
tion to the proof of Theorem

Proof of Theorem 12

In the proposition below, we state and prove a general result that holds for any choice of
non-increasing stepsize sequence, perturbation constants and batch sizes. Subsequently,
we specialize the result for the choice of parameters suggested in Theorem (12| to prove

the same.

(Wang et al.l, 2017) has a result in Theorem 2.4 for an unbiased gradient/Hessian
oracle, however, our proof involves significant deviations owing to the fact that we
employ biased gradient/Hessian oracle. Further, the simultaneous perturbation method

has a variance in gradient estimates that scales inversely with perturbation constant 7).

Proposition 2. Assume [(A2)| and |(A3), With the oracle |(04), suppose that the

ZRSON algorithm is run with a non-increasing stepsize sequence satisfying 0 < vy, <

QACl—c%l, Vk > 1 and with the probability mass function Pg(-) as defined in (4.17), then,

forany N > 1, we have

E[|Vf (zg)]]
1 2D;
<
=N 4 L2C = AnCE)
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on i Tk [Bc'm,i + .5+ (cm,i + o j@) (Cl +deyp + 52+ Acgfy,c)]
1 (201 — Afkag)
N 2
AOQ%% ( C3 ) Co
- & d{ e+ + =11, (4.29)
kz_; (2C) — AnC7) ke /T n?

where constants c;, cll, co and c3 are as defined in|(04), A, C;, C,, is as defined in|(A3)
B is as defined in|[(A2), and Dy as defined in (4.5).

Proof. First, notice that

k1 — zil| = 10w (zr — v H (@k, &, mu) 9(xk, &k, M) — 2|
< lwe — e H (2, §p, M) 9 (ke Ey k) — 21| (4.30)

= —YllH (g, &, mu) g (xk, &k, mue) ||

The inequality in (4.30) holds because z, is already in the convex set W and II,y is a

non-expansive projection operator. Now, under assumption [(A3), we have

1

< flan) +(Vf(2r), D1 — 1) + §<(l“k+1 — k), V2 f (@) (@re — 1))

A
< flow) H(Vf(or), 2 — ap) + ) [E——A

= fzr) = V[ (zx)  H(@r, &, mn) g (2, E, min))
Vil H (g, &y mn) g (@, &y ) |12

4.31)

Taking expectations with respect to &) on both sides of (#.31) and using (#.20) and
(4.21)), we obtain

EE[M [f (xk+1)]

< ]Es[k] Lf (@r)] = vk <E5[k] Vf (%)LE% [H(xkagkamk)g(xkafmmk)]>
A 2

< ]EE[k] [f (xk)] - Tk <E§[k] [Vf (xk)L Ef[k] [H(xka k) mk)g(xlm &k, mk)]>
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C3

A
—l——CS Q{V T 2—1—2(0 i
5 Vi H f(k)H 17k ﬁk\/m_k

) Ee, [V (@)

2
(&)

+d|c +
(1% 77k\/ ) }

Noting that we make «calls to the oracle [(O4) to  obtain

H(xy, &,my) and  g(zk, &, my), and  assuming  independence  be-
tween  them, we  have  E¢ [H(xk, &, mu)g(@n, S, mu) |Epe—1)] =
Ee, [H(wp, &, mi) |€p-1)) Bey [9(0n, Gy mi)|€p—y)] < (H(xw) + mPlaxa +
nk\q”ﬁldxd)(vf(iﬁk) + anilya + nkfg’ﬁldm) = (H(zp) + cnilaxa +
nkf Lawa)Vf(zr) + (H(zp) + cnilaxa + nk\/—ldxd)(clnkldxl + nkf 1ax1).

Plugging this equality in the equation above and noting [(A3), we obtain

Ef[k] [f (xk-i-l)]

< Ef[k] Lf (z1)] = 'VkClEE[k] IV f (:Ek)Hz + (0,17713 + ) Vk]EE[k] [va (7) Hﬂ

C3
N/ Tk
C3

/ dC

2 2 3

(ot + ) (Coor et + 0 ) e 19 )
A

e [HVf(xk)H +2(cmk+ )Egmuvm)ul

e (" F) ]

where we have used the fact that —|| X |, < 3¢, ; for any vector X. Let AH; =

C3
M/ Tk

4 —S— o and Agir = c1ni + —%—, then using the fact that ||V f (z3) |1 < B, we

nr
have

Ef[k] [f <$k+1)]
< Eg [f (21)] — mCiEg, IV f (@) H2 + AH B + Agy, (Cr + dAHy) v B
A
+ 505%3 {va (ze)||* + 2Ag: B + dAg? + %}
p

- 7 (@) - (e 25 v P

A
+ B (AHB + Agy(Ci + dAHy + ACiw)) + 5 Coi {dA N n%} |

Re-arranging the terms, we obtain

2

AC?
(3= 2522} 197 (@)
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< f(xr) — Ee, [f (2r41)] + % B (AHRB + Agi(Cy + dAH), + AC2y))

A Co
+ 02 [dAg }
9 7]6 k nk
W IV f (zx)|)?
2
< —
~ (2C) — Ay C2) [f (k) — Eg, [f (2r41)]
+ 27, B (AHB + Agi(Cy + dAH, + ACZy)) AC2A2

Tk \dAg: + 2]
(20, — Ay, C2) (20, — Ay, C2) { 9+ e

Now, summing up the inequality above over £ = 1 to [V, and taking expectations, we
obtain

N
Z ’YkEi[N] va (xk> ||2
k=1

(B, [ (@0)] — gy [f (w1)])
(2C1 — A CR)

IA
Do

M= [[]=

29 B (AH,B + Agi(C) + dAH), + AC27;))
(201 - A’chg)

+

e
Il
—_

WE

+

u dAg? + =
(20 — Ay C2) I i

f (z1) N( By f (@) Egyf (@) )

fd 2 —
[(2@ — AnC3) ; (20 = Ay CF) - (201 = Ay C)

i

1

By [f (on4)) S ~ 294 B (AHB + Agi(Cr + dAH;, + AC2y))
(20— AMnC2)| = (2C — Ay.C2)

N

ACQVk
U dA
+ 200, Aoy 1A% nk}

Note that, and E¢ [f (zx)] > f(2*). Using these facts, we obtain

N

Z ,YkEf[N] ”vf (xk)||2

k=1

f(‘xl) * a 1 1
aa e ) 2 (a2 eo o)

@) } . i 2B (AHB + Agi(Cr + dAHy + ACI )
(20[ - A’YNCS) 1 (20[ - Avk(]g)

N
AC2~2 [ cg]
+ E u dAg: + —
£ (20, — AqC2) | T g

<2
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ﬂﬂ ) =Sz »+§5%MNAMB+A%KZ+MﬁQ+ME%»

k=1

N
AC; [ 02]
- b dAg; + = -
; (20, — AyC2) [T TR

The last inequality follows from the fact that ( o A’];/k—l ooy~ (201_11\% cg)> > 0. The
bound in (4.29)) follows by using the distribution of R (specified in (#.17))), and plugging
AHj, and Ag; in the RHS above. O

We now specialize the result obtained in the proposition above, to derive a non-

asymptotic bound for ZRSQN with gradients and Hessian estimates provided by [(O4)]

Proof. (Theorem[I2)
Recall that the stepsize vy, perturbation constant 7, and mini-batch size my, are defined

as follows:

(20, -1 1 1
'yk—mm{ AC? ’(dQN)Q/?’}’ nk—W, and mr =N, Vk>1.

(4.32)

Combining with (4.29)), we obtain

E[|Vf (z)]]
1 { 2D;
=YV LG = A

N [Bclnk + 2 (cm,i + m) <Cl +deyp + 25+ ACTY )]

2B

02

2
dlc + —=
( 177k - ,—)

[Bém? + Za+ (e + 555 ) (Cr+ e + 25 + AC2 )|
(2C, — Ay C2)
d

1
< —|2D; + ANC?+? |d
_NV{ r+ C’uv [ <

N ANC?2?
(2C — AyCY)

C3 ) +02
nvm n?

C3 ) +02
nyvm n?
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/ B / d
+ 2N By {Bclvf + 25 (cmi + C—?’) (Cl +dey? + —2 4 ACS’Y) H

nym nym nym
(4.33)
2Df n dc% C
=L 4 AC%y [dc?n4 +2c103——+ =+ —
Ny b vm o nPmoop?
/ Bec / deyc
+2B (301772 + Wf_n + 3Ci1e1n? + deyeyn® + \;%77
3Cic3  dciesn  dc?
Tom Ty pm
2D, ACE
<= u N)#3
< max{zol_l,(d )
dc? 2dc;c dd®/3 2 1
2 1 1C3 3 5/3 n71/3
+AC, {(d5N)2/3 576 N'2/3 N2/3 + ed””N (d®N)2/3
L 9B Bc, N Beyd®/6 3Cc, N deyc) dcics
(d5N)1/3 N1/3 (BN)I3 T (dN)2B T BIEN2/
3Cicsd™®  deyes | dd 303) (4.34)
N3 d5/6 N2/3 N2/3 :
2AC2D; N 2D;d*?
—2NC;— N N1/3
L AC? c 2c1c3 d3c  cpd'/?
u | JU/3N4A/3 T qT/6 NA/3 T N4A/3 N1/3
e Bc’1 Besd®/6 3Ccq clcl1 d/5¢ycq
+ (d5N)1/3 + N1/3 + (dN)3 T dTBNB N2/3
3C1c3d®S  dYS¢ cq d8/303>
N1/3 N2/3 N2/3
2AC%D; 1 A c? 2c1¢ d*/3¢2
_ u /3 2 1 1¢3 3 1/3
. {QDfd L AC? <d11/3N e LA )
Bc'1 5/6 3C)¢ 010/1 dY6¢ycq
+2B (W + Bed™” + A5/3 + d7/3N1/3 + N1/3

+3C,c3d”® +

d'/oc ey d¥c
N1/3 N1/3

In the above, inequality (4.33) follows by using the fact that v < 1/L, and the inequality
(@.34) follows by using the definition of 7, 7 and m. O

Proof of Theorem [11]

Proof. (Theorem[I1)

Proof follows in a similar manner as that of Theorem[I2]in Section4.6.2]after setting

my = 00, Vk > 1orcs3 = 0. O]
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4.6.3 Proofs for Stochastic Convex Optimization: ZRSG

We prove Theorem [[4]first, and Theorem [13] would follow through a simple modifica-

tion to the proof of Theorem [14]

Proof of Theorem [14

In the proposition below, we state and prove a general result that holds for any choice of
non-increasing stepsize sequence, perturbation constants and batch sizes. Subsequently,
we specialize the result for the choice of parameters suggested in Theorem [T14] and [T8]

to prove the same.

Proposition 3. Assume|(Al)|and|(A5) With the oracle|(02)| suppose that the ZRSG al-
gorithm is run with a non-increasing stepsize sequence satisfying 0 < vy, < 1/L,Vk >
1 and with the probability mass function Pg(-) as defined in @.17)), then, for any N > 1,

we have

D? - es \ Or+Lyd)
< +2VdD (c n? + > k
S Yk [(2 — Lm) ; T k) (2= L)

N 2
Vi 2 C3 C2
T Nt - d(c + ) +—)}, (4.35)
,; (2— L) ( R )

where constants ¢y, ¢y and c3 are as defined in and D as defined in|(A5)

Proof. Let wy, = ||z, — x*|| for any 25, € W. Then forany k = 1,..., N, we have,

wiﬂ = ||wpg1 — :E*H2
= [T (xx, — Wg(@r, &, ma)) — 2*||
< ok — g (@, &, i) — 27| (4.36)

= w? — 2% (g (xk, &y i), 1 — &%) + Y2 g (@, ) |17 - 4.37)

The inequality in (4.36) holds because z* is already in the convex set W

and II), is a non-expansive projection operator. Taking expectations with re-

spect to i on both sides of (#.37), and using () Eg, [g(zk, &,mu)] =
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Ee, (9 (zk, &eom) [€p—1)] = Ee, [9(zh, &) [2] < V(@) + anfloa +

Cc3

2
o e Laxa, and (i) Eg,, [lg (zk, &kma)|I7] < HE% lg (mk,é’k,mk)]H + cofnjs we

obtain

C *
E[wiﬂ] < E[WI%] — 2% <Vf (xr) + C177131dx1 + m—\;m—kldxla Tp— T >
2 2 o
+ Y% HEQH [g (ajk?gkamk)]H + F
2
C *
< E[wp] — 2y <Vf (z1) + cmilax + ; \/Sm—ldxla Ty — T >
k k

o [uw (w) |? + 2V (n P ) 19F (@) |

MNkA/ Tk
2
C3 C2
+d(017]2+ > +—}.
F TN/ Tk 77;%

Using the fact that f(-) is convex, we have ||V f (z;)||> < L(Vf (x}) , 2 — x*), further
from|(A1)|and (AS)l we have ||V f(zx)| < L||zx — 2*|| < LD. Plugging it in equation

above, we obtain,

E[wiﬂ]
< E 2 — 2 2]_ Ll X
< Elwy] Yk <Vf (xr) + 1My Laxa + o dx1;, Tk —
+ 72 [L (Vf(xg),z — ") + 2VdLD (cmi + < )

M/
2
C3 C
+d (c .+ ) + —]
1l Nier/ M 7713

« C
< Blof) = (2~ L) 9 () =)+ 2 (v o+ =S ) =

2 2 C3 9 C3 2 Co
+ Vi [2\/ELD (Clnk + nk\/m_k) +d <cmk + %—\/m_k> + 77_,3}
< EL] — (2w — L) 1 () — F(a")] + 2VdD (s + L) (n T )

N/
2
C3 (6))
+ % d(c P+ ) +—},

where the second inequality follows from the fact that — 3¢  x; < || X, for any

vector X, and the last inequality follows from the fact that f(-) is convex along with

|1 X|; < V/d||X|| for any vector X. Re-arranging the terms, we obtain

1

Vi Lf (x) — f27)] < m

w2 — Elw? —|—2\/3D +L2(c 24 “ )
k [k—i—l] (% V) | c1 77k\/m—k
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(oot 55) )

Now summing up the inequality above from £ = 1 to /V and taking expectation on both

sides of above equation, we obtain
N
Z’VkEglN] [f (k) = f(z7)]
[ Pl al ( C3 (v + Lv7)
+2vdD an? + ) k
Z 2 — L’}/k) ; lnk nk,/mk (2 — L’)/k)

*é@fﬁk%mkmfﬁiﬁ)

Using the fact that E¢ [wi] > 0and Ly, < 1forall k > 1, we obtain

Z Ve, f(@")]
w% N 1 B 1 W2 — Eﬁ[N] [WN—FJ
e ;Q%m“>@%mﬁm“4<%mm
a 2 cs \ (O + L)
+ zﬂD; <cmk + nk\/m_k> 2T

+ia¥ﬁﬂﬁmkmf02@)

C3 (e + L)

i) @ L)
N 72 2 c
‘ —i—@G i) i)
; (2= L) i+ Mk
We conclude by combining the above result with @.17). O

Proof. (Theorem [14)
Recall that the stepsize vy, perturbation constant 7, and mini-batch size my, are defined
as follows:
(1 1 1
%:mm{z,m}, nkzm, and mg = N, Vk > 1.
(4.38)
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Combining with (4.35)), we obtain

E[f (zr)] — f(2")

1 D? al cs \ (w+ Ly}
< +2VdD (c nE + ) u
S hly W {(2 — Lm) ; T eyme ) (2= L)

N

+ Zv_ﬁ(d <01772 + 0—3)2 + 2)]
(2= L) SN R

1 c c 2 ¢
< — |D*+4VdDN 24 S )+ N d | an? > =
< +4vd 7(0177 toom) TV an’ + =) T
(4.39)
D2 d 2
= N_W +4VdD (017]2 + 77%) +7 [dc?n4 + 2d0103\/% + 772% + %}
D? c c3d?/©
<= L, (®N)*3 % + 4v/dD ! >
< Nma:c{ ,(d°N) +4Vd (d5N)1/3+ NE
1 dc? 2dcycs dd’/3c2  cpd®/? 4.40
+ (2N)2/3 | (d5N)23 " @5/ N2/3 N2/3 + N-1/3 (4.40)
LD? 1 _— c c?
_ /3 G 5/6 1
- N TN [D AP+ 4vdD (d5/3 s ) BN
2ec5 | dYP
d7/6N N + d Co|.

In the above, inequality (4.39) follows by using the fact that v < 1/L, and the inequality
(@.40) follows by using the definition of -, n and m. O

Proof of Theorem

Proof. Proof follows in a similar manner as that of Theorem [14]in Section 4.6.3] after

setting my, = oo, Vk > 1l orcg = 0. [

4.6.4 Proofs for Stochastic Convex Optimization: ZSGD

We prove Theorem [I6|first, and Theorem [I5] would follow through a simple modifica-

tion to the proof of Theorem 16
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Proof of Theorem

The proof proceeds through a sequence of lemmas. We follow the technique from
(Jain et al., 2019) and prove that the last iterate x of the ZSGD algorithm has an
optimization error rate of O(N~'/3) with oracle As mentioned before, the proof
involves significant deviations owing to the fact that unbiased gradient information is
not available, leading to additional terms involving perturbation constants (arising out

of gradient bias), and mini-batch sizes (arising due to estimation errors).

Recall that V;, [ is defined as follows:

Let[ :=inf{i: N-27° <1},

N;:=N—[N-27],0<i<l and Njy; := N. 4.41)

Further, when V; < k < N;11,0 < ¢ < [, stepsize v, perturbation constant 7, and
mini-batch size my, is defined as follows:

C. 2—1’ 2—i/4

WS an T Va4 STV G4y

where C' > 0. Note that, unlike (Jain ez al., [2019)), parameters 7, and m; are local to
our setting, and due to the inverse scaling of variance in gradient estimates with 7, the

stepsizes 7y, chosen is of O(+57) and not O(\/LN)

We divide the proof into phases N;, let x4, ..., xx be the output of the ZSGD algo-
rithm. We start with a variant of Lemma 1 from (Jain ef al., 2019). In comparison to
their result, our claim below features additional factors involving perturbation constant

7, and mini-batch size m;, owing to the zeroth-order setting we consider.

Lemma 20. Assume [(A4)| and [(A5)] With the oracle suppose that the ZSGD

algorithm is run with stepsize sequence {y;}¥_,. Then, given any 1 < ko < k; < N,

we have

k1 k1 c
kZ:k:O 2%E[f (zx) — flog,)] < kZ:k:O (2\/3%17 (017713 + nk\;m_k> + ’Yligz%)a

N/l M/
is as defined in[(02)|and D is as defined in

2
where G2 = [G2—|—2\/C_ZG (cm,% + = )+d (cm,% + = ) —l—;—%] constants cy, Cy
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Proof. Letwy = ||z, — x| for any xj, € R Then forany k = 1,..., N, we have,

W1 = Tt — |2
= || (zk — Yeg(Tr, 6, k) — Tk |
< lzr — g (@r, &, mi) — xkoH2 (4.43)

= w} — 29 (g (@1, &y 1) s Th — Tho) + V7 |9 (s &gy ) || (4.44)

The inequality in (#.43) holds because xj, is already in the convex set W,
and II,, is a non-expansive projection operator. Taking expectations with re-
spect to &y on both sides of (4.44), and using () Ee, [g (w4, &,mu)] =
Ee, [9 (zk, &om) [€—1)] = Ee, (9 (zh, &) [] < V(@) + anfloa +
T, and () ey, g (o G m)Y] < [[Bey o (o iomll]| + o, we

obtain

C
E[Wizﬂ} < ]E[WI%] — 2% <Vf (xr) + C177131dx1 + nk—\;m—kldxla Ty — SEk0>

2 g
+ 7 [ HEé[k] lg <$k7€kamk)]H + F}
p

C3

N/

) IVl

< E[wp] — 2y <Vf (z1) + camplax: + Low1,xp — $k0>

o {uw (w) ? + 2V (n n

2
C3 Co

+d <c n? + > + —}.
ik N/ M 7713

Using |V f(x)| < G from|(A4), we obtain

C3

e/
2

+ G2—|—2\/C_ZG<C R >—i—d(c 2+L> +9}

%{ il UAVALLY il T/ Mk M

C
< Efu?] — 29 (V (22) s 20 — ) + 20 (cm,%+ s )ka—xkoul

M/ Mk

2
Cs C3 C2
+ 2G2+2\/6_1G<c 24 )+d(c 2 4 ) +—1

< Ew?] - 290 [f (20) — Fwn)] + 2V (n n Wm—)

212 4 2vdG [ en? c d [ ern?
+%{ +2Vd Clnk+77k\/m_k +d (e +

E[Wl%—l—l] < E[wi] — 2 <Vf (xk) + szldn + Lo, o — $k0>

2
c c
Nien/ Mk Mk
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where the second inequality follows from the fact that — Z?Zl z; < || X||; for any
vector X, and the last inequality follows from the fact that f(-) is convex along with

| X |1 < V/d||X|| for any vector X. Re-arranging the terms, we obtain

296 [f (20) — Flan)] < Blwd] — Efw? ] + 2vdwn (?7 ; Wm_)
+ 72 {GQ +2VdG (cmi + ﬂk\(:/gm_k>

2
Co

+dlc +
(1% Uk\/ ) }

Summing the above over £ = ky to ki, taking expectations, and using [(AS)| i.e.,

|z1 — z*|| < D, we conclude

i 2B [f (z1) — f(ar,)] < Z (2\/_’ykD (cmk W_)

kao k= kO

+ 72 {G2 +2VdG (cmi +

) Uk\c;m_k)
+d<cmk+nk\/_) +CQD.

]

Lemma 21. Under conditions of Lemma with v, = v,nx = n,Vk > 1, for any
N > 1, we have

;E[f (z) — f (")) < g—j + 2ND\/E(

C3 )
mwm)’
where ¢, is as defined in G is as defined in|(Ad) and D is as defined in|(A5)

Proof. Let Agy := g(xk, §k, muy) — V f(2r) and yry1 = 2 — % (V f(2r) + Agr), then

we have ;1 = Il (yg11). Using the definition of convexity, we obtain

[ (zr) = f(27)
SV f(ar)" (o —2%)

-
(22000
Tk
1

= (T — Y1 — wAG) " (2 — 2%)
k
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1 * *
= 5oy Uz =P+ llow = s =AD" = s = 2"+ 3 dgel[P) - @45)
1 " ‘ Vi
o (llow = "I = llges — 2"+ wAgell”) + 5 IV F ()l
Tk 2

where we have used the identity 2a'b = ||a||* + ||b]|* — ||a — b]|* in arriving at the

equality in @43)). Using ||V f(z1)||* < G2, we have

f ) — f(27)
1 %Gz
g (lze — 2 ” = llyrsr — 2" + wAgrl?) + 5
1 ’YkG2
=5, (low = 2 1° = llywer = 217 = 3l AG* = 29 (a1 — 27) " Age) + =
1 G?
< 7 ok = 2 I* = lyesr — 2° 17 = 2%y — %) Agi) + 5

Taking expectations and using ||yxr1 — z*|| > ||zge1r — 2*|| (see Lemma 3.1 in

(Bubeckl, [2015))), we obtain

E[f () - f («°)]
< i(x&:mxk — 2| — El[lzar — 2|

— 2%E | (yrs1 — )" | cimplaxs + = 1ax1 + G
M/ Mk 2

1
< o (Bllon = "I - Ellss — |
C3 TwG®
2 P —— E -z
+2 (e ) Bl - o111 + 2
1 * *
< 5o (Bllon = "I - Ellss — I
+2 (nf+ — L) Bl — ] ) + 25 (.40
M/ Mk 2

In the above, the second inequality follows from the fact that — >>% z; < || X, for
any vector X, and the last inequality follows from the fact that || X||; < v/d||X]|| for
any vector X. Summing (@.406) over k, with 7, = ~,m = n,Vk > 1, and using

|z1 — z*|| < D, we conclude

N

* D? 9 c NG?
SB[ ()~ < 5+ 2DV (et + )+ I
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Proof. (Theorem[16)
Recall the definition of V;, [ from equation (4.41)) and let n;, 0 < ¢ < [ + 1 be defined

as follows:

n; = arg N¢<}crgNi+1 E[f(zr)], i € [l +1], and ny = arg (%fgnkngl E[f(xx)]. (4.47)

We split the horizon N into [ phases, then to show that the function value for the final
iterate = in the last phase (N;.; = N) is close to optima f(z*). Using the fact that

ni+1 = N, we have
E[f(xx)] = B[f (2n,,,)] = BIf (no)] + Y E[f (@n,py) — f(@n,)]. (4.48)

1=0

Now to bound E[f(xn,,,) — f(xn,)], we first consider the case when ¢ > 1. Using

Lemma[20| with kg = n; and k; = N5, we obtain

St 29 [f (wx) = f(n,)]

Nita —n; + 1
z+2 (2\/_’719D <Cl77k + "7k\/7> + ngk)
<
- NZ‘J’_Q — n; + 1
C3
S 2\/E’YN1.+1D (Cl?ﬁ\hﬂ + W—mN> + gNZHrYNiH (449)
i+1 i+1

c
— 2\/37NMD (cm?\fi+1 + —3)
1IN 44

MN; 14

C
+ 712V¢+1 {GQ + 2VdG <Cl7712\/¢+1 + —3>
i+1

NN 114/ TN,

2
C C
+d | ek, + > + = }
MINi 14/ TN "IN

26, DC275/2 N 2v/dDCe;275/* 2—%02{ ) 20,G27?

N N HPITE VAN
2derGes27 - f2T | 2Vdee 27 P2 de NV
N1/3 dN2/3 + N2/3 N2/3 9—i/2 (4.50)

The inequality in (4.49) follows from the fact that -y, and 7, are decaying in a phase-
dependent manner (see (4.42))). Note that from the definition of n;, E[f(xy) — f(x,,)] >
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0 whenever N; < k < N;.;. Thus, we have

Sicer 20 (£ () = f(@n)] | LR 20E [flor) = f(2n,)]
Nito —n; +1 - Nito —n; +1
Nit2 — Nipa
> vy, —at R )= flz
— 7N1+2 NZ‘+2 _ N,L |:f($77,7,+1) f(l' z)j|

TN [ f(01,.,) ~ F )]

27C
= WE [f(g:ni+1) - f($nz)} ) (4.51)

| \/

where the second inequality follows from the assumption that E[f (2, )] > E[f(z,,)],
and the fact that N;,o» — N; > N,.o — n; + 1. The last inequality follows from the
Lemma 4 of (Jain et al,2019). Combining (4.50) and (@.51]), we obtain

E[f(xnw-l) - f(xnz)]

_ 5VAN?3 (2¢,DC273i/? N 2v/dDCc3277/ N 2752 o 20,G27/?
- 27iC dN N dN*/3 VAN1/3
2dcy G2~/ 22 2V/dey 32734 dQC§2*"/2 deyN1/3
N1/3 dN2/3 N2/3 N2/3 + 2—i/2

~ 10¢, D272 N 10dc; D27/ N 5C270 [ N 2c,G27/?
 VAN3 N1/3 VAN?2/3 VAN/3
2dci G2 2270 /deyes273Y d2c3271% dey N3
N1/3 dN2/3 N2/3 N2/3 + 9—i/2

} . (4.52)

This completes the proof for the case when ¢ > 1. The proof for the case when i = 0

follows in a similar manner. Plugging (4.52)) in (4.48), we obtain

Elf(zn)]
= ]E[f(xnzﬂ)] = ]E[f(xno)] + ZE[f(xmﬂ) - f(xnz)]

< E[f(e)] + 10¢; D N 10dch+ 5C s . 201G
X

= nOT AN T N T JaN2/B VAN1/3
2dc1Ges c 2v/dc;cs d*c +d02N1/3]

N1/3 AN2/3 N2/3 N2/3

i 1000272 10de D274 5027 [ 20G2"
VAN1/3 N1/3 VAN?2/3 VAN1/3

2dc1Geg 2714 227 n 2\/301032*3i/4 dzc§2*i/2 n deoy N'1/3
N1/3 dN2/3 N2/3 N2/3 2—1i/2
10c,D  10desD  5CG? 10Ce,G 10V de,CGes
<E -
— [f(I 0)] \/—N1/3 + N1/3 + \/3]\72/3 + dN + N
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. 50(% + 2V/deycs + d2c3) N 5V dCe, 25¢1 D 53dcsD N 5CG?
VAN4/3 N1/3 VANY3 N3\ JAN2/3
N 10Ce, G N 10v/de1CGes N 50(% + 2V/deycs + d2c3) 12.5\/30c2)

dN N VAN4/3 N1/3
, 35D 63dcsD 10CG2 20Cc,G

= inf E

b B @l s TR T e T aw

. 20V/de, CGey  10C(<% + des)? . 17.5V/dCe,

N VANA/3 N1/3
D(35<% + 63dcs)  100G2

— inf  E[f(a)] + — +

[¥1<k<N, NY VAN?2/3

| 20Ce G + Vdes)  100(5%5 + dey)? . 17.5v/dCe, 453

N VAN4/3 N1/3 :

Note that for all k& < N;, we have step size 7, = —=%~ and perturbation parameter
\/ENQ/S
N = m. Let z;, be the output of ZSGD algorithm, then using the fact that infimum

is smaller than any weighted average, we have

1 il
By, Bl ) = £ ”—Nl—(%ulk% F w0 — fla)]
2
=N > Elf(ar) = f(a7)] (4.54)
k=1
o2 [VADNE  CGPNi | 2MiDey | 2NidDeg
N 2C 2VAN2/3  \JdN1/3 N1/3

(4.55)
B \/ED2N2/3+ CG? L _4Der | 4dDe
- CN VAN?/3  \/AN1/3 N1/3
4AD2N?3 OG> 4Dc¢;  4dDcs
< + ++ +
CN VAN?2/3 VAN/3 N3

1 |4VdD? CG? 1
“Ne | e tyavs T (ﬁ " dc3)

Y

(4.56)

where the inequality in #354) follows from the fact that N1 < 2(N; — [§] + 1), the
inequality in #.53) follows from the Lemma [2T] and the final inequality follows from
the fact that & < N; < &. We conclude by plugging (#36) in (#-33) to obtain

E[f(zn)] = f(27)
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ANdD? 2 D(35< + 63dc
<L |AVAR? L CC* L p (L e, (357 :)
N1/3 C VAN1/3 Vd N1/3
100G | 20CaG(d + Vi) 10C(55 + des)? | 175VdCe
VAN?2/3 N VAN4/3 N1/3
1 [4/dD?* 110G? ;) 20Cc;G(d™Y? + des)
= 17 { o + NI + D(39¢1d™" + 67V/des) + NE
1 —1/2 2
4 10C(ed™ ™ + deg) +17.5\/80c2].
VAN
O
Proof of Theorem 13

Proof. (Theorem [15)

Proof follows in a similar manner as that of Theorem [I6in Section [4.6.4] after setting
my, = 00,Vk > 1orcg = 0. O
4.6.5 Proofs for Gaussian Smoothing method

Proof of Theorem [17]

Proof. Following the proof in a similar manner as that of Proposition [I} we obtain

1 [2(f(z1) — f(z7))
\Y
B el < EiEy
C3 ’Yk + L’Yk
+22 iy + T Ee o, IV f (1) [In
dcyd 2 .
—i—LZ { 2+ 2 Cm:3 + Uﬁcmk + comp + 02}

Then, following the proof in a similar manner as that of Theorem [I0}, we obtain

E [va ($R>||2] < 2 (f<x13\[; f(l’*)) + 4B ( n\c/iﬁﬁ)
. 2dcycs & . : ]
+ L’}/ |:d 17] + \/m + 7] + 277 + Col .

We conclude by plugging values of v, n, and m as defined in Theorem [1'/|in the above

equation. O]
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Proof of Theorem

Proof. Following the proof in a similar manner as that of Proposition [3} we obtain

Elf (zr)] = f(z%) < SN {(2 — Lm)

N
C3 Y + L2
+2vdD (c + > (
Z 1l N/ Mk 2 — Ly

k=1

2 2dc;cs dc?

N
Tk 2,2 2~
+ —— |dein, + + + comy, + 02}
kz_‘: (2= L) [ VR m iy, ’

Then, following the proof in a similar manner as that of Theorem[14] we obtain

E[f (zr)] — f(2")
D? s 2dcics  dc?
<~ +4VdD — dc?n? -3
_ny+ \/_ <0177+77\/%>+7{C177+ \/ﬁ +772m
LD? 1 o c? 2c1¢3

< — D? +4VdD (= L
< N+m{\/ﬁ 4V <d+c3>+d3/2N+\/3N
+\/EC§+ C2 —i—ﬁ}
Vd

+ 02772 + 52}

N d>/2N

We conclude by plugging values of 7, 77 and m as defined in (@.13)) in the above equation.
]

Proof of Theorem

The proof proceeds through a sequence of lemmas, similar to the proof of Theorem [I6|

in Section [4.6.4] for the simultaneous perturbation method.

Lemma 22. Assume [(Ad)| and [(A5), With the oracle suppose that the ZSGD

algorithm is run with stepsize sequence {v}2_,. Then, given any 1 < ko < k; < N,

we have

Z 2%E [f (z1) — f(2h,)] < Z <2\/g7k0177kD + %392)7

where G? 1= {Gz + 2V deymiG + A} + con? + 52} , C1, Ca is as defined in|(O1’°) and
D is as defined in
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Proof. Follows by a completely parallel argument to the proof of Lemma [20] after

observing that Eé[k] [g ($k7sz)] < Vf (xk) + c1mrlgx1, and Ef[k] [Hg(ajk’gk)nﬂ <
2

HEé[k] lg (2, fk)]“ + CQT}Z; + és.

O

Lemma 23. Assume [(A4)| and [(A5), With the oracle suppose that the ZSGD

algorithm is run with a constant stepsize and constant perturbation parameter, i.e.,

Ye =, Mk =N, Vk > 1. Then, for any k > 1, we have
N

D?* yNG?

;mek) — S < oot

-+ 2N6177D\/a,

where ¢y is as defined in[(O1)} G is as defined in and D is as defined in

Proof. Proof follows in a similar manner as that of Lemma 21| with the following

modification: E[Agi] = c1mxLax. O

Proof. (Theorem [19) Using a parallel argument to the initial passage in the proof of
Theorem [16]leading upto equation (4.52)), we obtain

E[f(xmﬂ) - f(:Cm)]

< 5\/@]\7 2c,DC27% N 27502 a4 201 G27" N (dc? + c9)27% 52
2iC \ an¥z | dN N dN?

10¢; D27 N 5C27" o 20,G27 (dcd + )27
N VAN N dN?

Plugging (4.57) in (4.48)), we get

+ c}} . (4.57)

l
E[f(xN)] = E[f(xnzH” = E[f(xno)] + ZE[f(me) - f(mm)]

10¢; D 5C 2c,G de? + ¢ N
< E[f(xn,)] + ]\; + N {G? + ]i[ ( cliNQ 2) CQ:|
1 . . . .
106,D27F 50271 [,  26:G271 (3 +¢)27%
+Z( N T lG t et TG

=1

10¢; D 2 2 .
< E[f(z,,) 1 el | 50C” | 10CaG | 50(det+cy) | 505
N VAN — VdN3/2 d3/2N5/2 VAN

10,D  5CG? 100G | 5C(dd +¢) 506

N VAN — VdN3/2 A3/2N5/2 VAN
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. 20c;D  10CG?  20CG
< inf  E[f(xg)] + + +
C kv () N VAN — VdN3/2
1OC<dC% + C2) 1OCC~2
d3/2N5/2 m :

(4.58)

As in the proof of Theorem[I6] we obtain

inf E[f(zx) — f(27)]

[X<h<Ny = [T+

IN

_ 2 | DN L OGN 2N101D]
- N 2C 2/ dN N
_ D*/dN N CG? L daD
CN, ' VaN N
- 4D/ AN N CG? N 4¢,D
CN ViN N
1 |4D*Vd CG?* 4¢D
- m[ c VAN

] : (4.59)

where the second inequality follows from the fact that N; < 2(N; — [%1 + 1), third
inequality follows from the Lemma [23] and the final inequality follows from the fact

that § < N; < §. We conclude by plugging (#-39) in (#38) to obtain

E[f(zn)] — f(z7)
2 2
- 1 |4D \/E+CG +4ch
VN | C vd VN
20c; D N 10CG? N 20Cc,G N 10C(dc? + c3) N 10C ¢
N VAN  VdN3/2 d3/2N5/2 VAN
_ 1 4D*/d N 11CG? N 24¢, D N 20Cc,G N 100(dc? + ¢5) N 1006,
VN | C Vd VN VAN d3/2N? Vd
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4.7 Simulation Experiments

4.7.1 TImplementation’]

We perform simulation experiments to evaluate the performance of the ZRSG and
ZRSQN algorithm in two different settings. In the first setting, unbiased gradi-
ent/Hessian information is available to the ZRSG/ZRSQN algorithm, while in the sec-
ond setting, only biased gradient/Hessian information (albeit with a controllable bias)
is available. We test the performance of the ZRSG/ZRSQN algorithm on two different
objective functions: (i) a support vector machine (SVM) problem that has been used
earlier to test gradient-based schemes under a non-convex objective (cf. (Mason et al.,
2000; \Ghadimi and Lan, 2013))); and (ii) a multi-modal function (Miller and Shaw,

1996) that is part of the problems library of simulation optimization toolkiﬂ

We perform experiments using the GS and SP methods for estimating gradi-
ents/Hessian. We consider the following three estimation variants: (i) GS: This corre-
sponds to the Gaussian smoothing method proposed in (Nesterov and Spokoinyl, 2017);
(i1) ISPSA and 2SPSA: This corresponds to the first- and second-order SPSA algorithm
(Spall, 2000) with Bernoulli perturbations; and (iii)) IRDSA-AsymBer and 2RDSA-
AsymBer: This corresponds to the first- and second-order RDSA algorithm with asym-
metric Bernoulli perturbations (distribution parameter € is set to 0.0001, see (Prashanth
et al.,2017) ); and (iv) IRDSA-Perm-DP and 2RDSA-Perm-DP: This is the recently
proposed first- and second-order variant of RDSA, where the perturbations are non-

random, and instead use the rows of a permutation matrix (Prashanth er al.| 2020).

To estimate the problem parameters, namely, L, A, o2, and a bound, say «y, on the
derivative of the objective function, we use an initial 1.i.d. sample of size Ny = 200.
We compute the [5-norm of the Hessian of the objective function at 200 randomly se-
lected points, by averaging over Ny samples, and then take the maximum /s-norm of
the Hessian over these points as an estimation of L, A. A similar procedure has been
employed in (Ghadimi and Lan, 2013). Similarly, 200 i.i.d. samples of the squared
norm of stochastic gradient of the objective, and third derivative of the objective, re-

spectively, are used to estimate o2 and og. For the SVM problem setting, the optima

>The implementation is available at https://github.com/niravnb/
Zeroth—-Order—Stochastic-Optimization.
Shttp://simopt.org/wiki/index.php?title=A_Multimodal_Function
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x* 1s unknown. However, using the fact that the objective has non-negative optimal
values, i.e., f(z*) > 0, we infer that D < f(x;). Using these estimates, we implement
the ZRSG and ZRSQN algorithm with a stepsize and perturbation parameter chosen as
mentioned in Theorem [9] and [T for different settings.

For performance evaluation, we use the squared norm of the gradient (SNG) at

as the performance metric. All results are averages over 50 independent simulations.

4.7.2 (Non-convex) SVM objective function

In our first experiment, we consider the following SVM problem with a non-convex

sigmoid loss function:
min { f(z) := E,,[1 — tanh(v(z, u))] + A|z||*} (4.60)

for some A > 0. We consider synthetic data set and two real data sets, namely, heart
disease and banknote authentication data set. In this experiment, we set A = 0.01
and use 60% of the records as training data and the remaining 40% as testing data for

performance evaluation.

Synthetic data set

Here, we assume that each data point (u, v) is drawn from the uniform distribution on
0,1]4 x {—1,1}, where u € R? is the feature vector and v € {—1,1} denotes the

corresponding label.

We set the initial point to z; = 5 % Ty, where z; was drawn from the uniform
distribution over [0, 1]%. We generated data set of length 10000 using the following
steps: (i) Generate a sparse vector u with 5% nonzero components following the uni-
form distribution on [0, 1]¢; (ii) Set v = sign({z,u)) for some z € R¢ drawn from
the uniform distribution on [—1, 1]%. A similar procedure is employed in (Wang et al.,

2017; \Ghadimi and Lan, [2013)).

Figure [4.3| present the SNG at z for the ZRSG and ZRSQN algorithm with unbi-
ased and biased gradients/Hessian for the nonconvex SVM problem (4.60) for d = 50.
The ZRSG/ZRSQN algorithm with unbiased gradient/Hessian outperforms the other
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Figure 4.3: Evolution of the SNG as the iteration limit is varied, for the ZRSG and
ZRSQN algorithm under the non-convex SVM problem (4.60) on synthetic
dataset for d = 50.

algorithms. Among the biased gradient/Hessian methods, 2RDSA-Perm-DP and GS
performed best. Here, also we observe that the second-order methods perform better
than their first-order counterpart. 1SPSA (resp. 2SPSA) and 1RDSA-AsymBer (resp.
2RDSA-AsymBer) exhibited similar performance. Hence, for the sake of readability,
the SNG of 1IRDSA-AsymBer and 2RDSA-AsymBer is not shown in the figure.

Heart Disease and Banknote Authentication Data Sets

Heart disease data set was taken from the StatlLog database available in the UCI Repos-
itoryﬂ It contains 270 records and 13 distinct attributes belonging to two classes: the
presence or absence of heart disease. Banknote authentication data set was taken from
the UCI Repositoryﬂ It contains 1,372 observations (banknotes) and four attributes

belonging to two classes: genuine or counterfeit banknotes.

Figure 4.4a] presents the SNG at z for the ZRSG and ZRSQN algorithms with
unbiased and biased gradients/Hessian for the nonconvex SVM problem (#.60) on the
heart disease data set, while Figure d.4bcompares the same algorithms on the banknote
authentication data set. As expected, ZRSG/ZRSQN algorithms with unbiased gradi-
ent/Hessian information outperform the other algorithms. Among the algorithms using

both (biased) gradient/Hessian information, 2RDSA-Perm-DP performed best, while

4http://archive.ics.uci.edu/ml/datasets/statlog+(heart)
Shttps://archive.ics.uci.edu/ml/datasets/banknote+authentication
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Figure 4.4: Evolution of the SNG as the iteration limit is varied, for the ZRSG and
ZRSQN algorithm under the non-convex SVM problem.

GS outperformed other algorithm that use gradients, on both datasets. For a given es-
timation method, for instance, Perm-DP, we observe that the quasi-Newton ZRSQN

variant outperforms the gradient RSG variant.

To further evaluate algorithms’ performance, we also report average classification
accuracies on heart disease and banknote authentication datasets evaluated at obtained
classifier z after 5000 iterations in Table 4.1l The result is consistent with the ones
shown in the above figures, i.e., the ones with the lower SNG give a higher classification

accuracy.

Table 4.1: Average classification accuracies for ZRSG and ZRSQN algorithm on heart
disease and banknote authentication dataset after 5000 iterations.

Method Heart Disease Banknote Authentication
RSG-Unbiased 56.94 58.69
RSQN-Unbiased 57.10 58.70
GS 55.94 56.69
1SPSA 55.87 56.54
2SPSA 55.87 56.61
1RDSA-Perm-DP 55.90 56.69
2RSDA-Perm-DP 56.10 56.69
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4.7.3 Multimodal Function

In our second experiment, we consider the following multimodal objective function F,

studied in (Miller and Shaw, [1996} Xu et al.| 2010):

-6 )
Fy(z;) = w, 0 < z; <100,
92(“55)
and define the function F'(x, &) as
d
F(z.§) ==Y Fy(z)+d+¢, (4.61)

1=1

where F'(z,€) is the sample observation of the objective function corrupted with
zero mean noise &. In particular, the noise is [z7, 1€, where € is a multivariate Gaussian
distribution with mean zero and covariance 6°Z41). A similar noise structure has been

used earlier in the study of SP methods (cf.(Prashanth ez al., 2020} [Spall, 2000)).

100 y 0 ( 100
Figure 4.5: A plot of the Multimodal function @.61)), d = 2.

We set 0 = 0.3 and use an 1.1.d. sample of size 7' = 10000, to estimate the SNG
at x g for this experiment. The initial point x; is set to [7, ..., 7] and the optimal point
x* is [10,...,10], with f(2*) = E¢[F(2*,&)] = 0. Figure [4.5) shows a plot of the
multimodal function in two dimensions, and it is apparent that this objective has several

widely spaced local minima.

Figure [4.6] presents the SNG at z for the ZRSG algorithm with unbiased and bi-
ased gradients for d = 5 and d = 10. As in the case of the non-convex SVM objective

function, ZRSG algorithm with unbiased gradients outperforms the other algorithms.
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Figure 4.6: Evolution of the SNG as the iteration limit is varied, for the ZRSG algorithm
under the Multimodal function @61) with 2 = [7,...,7]".

Among the biased gradient methods, GS performed best, and 1RDSA-Perm-DP per-

formed on par with GS, when d = 5 as well as d = 10.

4.8 Summary

We studied gradient-based algorithms for solving stochastic convex and non-convex
optimization problems when only zeroth-order information is available. In the non-
convex case, we derived non-asymptotic bounds for randomized stochastic gradient
and quasi-Newton algorithms in a setting where biased gradient information is made
available. We also proposed and studied a variant of the biased gradient oracle, where
the function measurements include estimation errors. For this oracle, we derived non-
asymptotic bounds, which exhibit rates that match the oracle without estimation errors.
In the convex case, we derived non-asymptotic bounds that hold in expectation for
the last iterate of stochastic gradient descent algorithm, when gradient estimates with
a controllable bias are provided. Our rate for the Gaussian smoothing-based oracle

matches the rate obtained with unbiased gradient information.
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CHAPTER 5

Conclusions and Future Work

In this thesis, we studied two problems in the context of zeroth-order stochastic op-
timization. In the first problem, we incorporated two novel deterministic perturba-
tion (DP) schemes into the random directions stochastic approximation (RDSA) class
of simultaneous perturbation algorithms. We proposed two new DP variants of the
first-order and second-order algorithms. We have shown that the gradient and/or
Hessian estimates are asymptotically unbiased, thus resulting in provably convergent
IRDSA/2RDSA variants. We also derived convergence rates to establish the superi-
ority of the first-order and second-order algorithms, for the special case of a convex
and a quadratic optimization problem, respectively. Finally, we performed numerical

experiments to validate the theoretical findings.

In the second problem, we studied gradient-based algorithms for solving stochas-
tic convex and non-convex optimization problems when given access to a stochastic
zeroth-order oracle, via two techniques: simultaneous perturbation (SP), and Gaussian
smoothing (GS). We also proposed an optimization oracle to capture a setting where the
function measurements have an estimation error that can be controlled. We derived non-
asymptotic bounds for the randomized stochastic gradient and quasi-Newton algorithms
in the non-convex setting and for the last iterate of stochastic gradient descent algorithm
in the convex setting, when gradient/Hessian estimates with a controllable bias are pro-
vided. In both convex and non-convex optimization setting, our bound matches the
state-of-the-art complexity bounds in the literature, further, we provide a guideline for
choosing the batch size for estimation, so that the overall bound matches with the one
obtained when there is no estimation error. Our rate for the GS-based oracle matches
the rate obtained with unbiased gradient information. Finally, we performed simula-
tion experiments on synthetic as well as real-world datasets, and the empirical results

validate the theoretical findings.

As future work, it would be interesting to derive non-asymptotic bounds for the ran-

domized stochastic quasi-Newton algorithm with a GS-based biased gradient/Hessian



oracle. An orthogonal direction of future work is to perform an empirical investiga-
tion of stochastic gradient/Hessian schemes, with parameters chosen according to the
bounds we derived in Chapter ] on a reinforcement learning benchmark. A related
empirical task is to try the deterministic perturbation variants of RDSA in sophisticated

real-world applications, e.g., in transportation, networks, and service systems.
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