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Control of Sample Complexity and Regret in

Bandits using Fractional Moments

Ananda Narayan



Abstract

One key facet of learning through reinforcements is the dilemma between exploration
to find profitable actions and exploitation to act optimal according to the observations
already made. We analyze this explore/exploit situation on Bandit problems in state-
less environments. We propose a family of learning algorithms for bandit problems
based on fractional expectation of rewards acquired. The algorithms can be controlled
to behave optimal with respect to sample complexity or regret, through a single pa-
rameter. The family is theoretically shown to contain algorithms that converge on
an e-optimal arm and achieve O(n) sample complexity, a theoretical minimum. The
family is also shown to include algorithms that achieve the optimal logarithmic regret
O(log(t)) proved by Lai & Robbins (1985), again a theoretical minimum. We also
propose a method to tune for a specific algorithm from the family that can achieve
this optimal regret. Experimental results support these theoretical findings and the
algorithms perform substantially better than state-of-the-art techniques in regret re-

duction like UCB-Revisited and other standard approaches.
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Chapter 1
Introduction

Artificial Intelligence has been one of the promising observatories that the current
world is in lookout for. It takes a leap of advancement for algorithms to move from
solving automation, towards demonstrating intelligence. Intelligent agents not only
should learn from their experiences, but also need to find how such experiences can
be achieved. They have to act in such a way that, the associated experiences that
follow prove noteworthy for improvement of their current learning of the system at
hand. They have to repeatedly interact with the system to learn decision-making on
the system. Reinforcement learning is one approach that provides for ample scope
for such agents. We will now introduce some of the salient aspects of reinforcement

learning and discuss some of its applications.

1.1 Reinforcement Learning

Some of the well known models of machine learning constituting supervised, unsu-
pervised and semi-supervised approaches have been extensively used for classification,
regression, clustering, finding frequenting patterns etc. But these approaches do not
provide avenues for learning to cycle — learn decision-making on a system by repeat-
edly interacting with the same. Reinforcement learning is an approach that allows for

such trial and error based learning.

Reinforcement learning is a learning paradigm that lets an agent to map situations
(as perceived in the environment it acts on), to actions (to take on the environment),
so as to maximize a numerical reward signal (from the environment). Figure 1.1.1

describes a simple outline of a reinforcement learner. A decision-making and learning

4
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Figure 1.1.1: Reinforcement Learning framework

agent perceives states of its environment to perform a decision on a set of actions it can
take on the environment. In deciding and taking an action, the agent receives feedback
about how beneficial the action is for the corresponding state of the environment. This
feedback is regarded as a ‘Reward’ signal, usually stochastic in nature. Higher the
reward, better was the action selected for the perceived state of the environment. And
in taking an action, the environment changes it state, which is again usually stochastic.
The learning task is to find a mapping from states to actions. The optimal mapping
may be stochastic or deterministic depending on the stochasticity in reward and state
transitions on taking actions. In a nutshell, reinforcement learning enables an agent
to perform decision-making on a system (environment), perceiving its state and the

rewards it provides.

Example 1. Consider a stochastic maze environment and an agent that tries to solve
it obtaining rewards at few destinations as in figure 1.1.2 1. When at any of the squares
in the maze (state), the agent has a set of actions to choose from that is always a subset
of the set S = { forward, backward , right, left, idle}. The particular set of actions
available is dependent on the state of the agent in the environment. Taking one of
the actions may not necessarily make the agent move in the same particular direction.
The environment is stochastic in changing the agent’s state (as indicated in the figure)
and the agent may move in any direction, or may remain idle, for taking a particular
action, say moving forward. After an action is taken, the agent receives a reward that
is pertaining to the triple containing the past-state of the agent, action taken by the
agent, and the future-state where the agent ended up due to the action taken. This
reward is that numerical value indicated in the figure for the destination states and

is zero for all other states. Once one of the destination states is reached, the maze

ISource: Dayan & Abbott (2001)
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Figure 1.1.2: A stochastic maze environment

is solved (with a finishing reward that the destination state provides) and learning
stops. Note that the reward for selecting a path towards the optimal destination is
only available at the end of the sequence of action selections. Hence, one need to
adhere every reward to not only the last action taken but to the entire sequence of
actions that led to this reward. So the reward to selecting an action can be delayed. By
performing these action selections, the task is to learn a mapping of states to actions

so as to reach those destination states with the highest numerical reward.

To conclude, reinforcement learning is a framework to learn about a system through
interaction. The learning is about optimal actions to take on the system, and is based
on rewards (and punishments) alone that are fed-back from the system. No detailed
supervision about the correctness of an action is available, as in supervised learning.
The framework is hence a trial and error learning paradigm that may encounter delayed
rewards. Also, a sequence of desirable actions is needed to obtain a desirable reward.
The objective is to perform associative learning with the need to associate the learning
of actions to states where it was taken. So it is about learning a sequence of actions,
sometimes referred to as a policy, rather than learning just actions. The environment
is typically a stochastic world, that may have a deterministic or stochastic optimal

policy that needs to be learnt.



1.2 Multi-arm Bandits

A multi-arm bandit problem requires finding optimal learning strategies for a simplified
version of the reinforcement learning agent described above. The simplification is in
the state space. In the multi-arm bandit problem, the environment is stateless or can
be said to be at the same state at all times. This reduces the complexity in learning
by a large amount due to the absense of state transitions of the environment and the
absense of reward dependence on state-action association. So the rewards are only a
function of the action taken, and there is a set of actions from which an optimal action

needs to be selected.

The multi-arm bandit takes it name from a slot machine (a gambling machine that
rotates reels when a lever or arm is pulled). A traditional slot machine is a one-arm
bandit and a multi-arm bandit has multiple levers or arms that can be pulled. Thus,
there is a set of levers to choose from at all times, and the task is to find that lever

that would give us the maximum return (or reward).

1.3 Problem formulation

An n-arm bandit problem is to learn to preferentially select a particular action (or
pull a particular arm) from a set of n actions (arms) numbered 1,2,3,...,n. Each
pull of an arm results in a random reward corresponding to the arm being pulled. Let
this random reward be distributed according to a random variable R;, with mean u;,
usually stationary. Arms are pulled and rewards acquired until learning, to find the

arm with the highest rewards corresponding to the mean p* = max;{u;}, converges.

1.3.1 Learning Objectives and Optimality

There have been two main objectives defined and analyzed for the multi-arm bandit
problem in the literature. One of them releates to reducing the regret (or loss) while
trying to learn the best arm. Another relates to reducing the number of samples
(or pulls of arms) to be drawn to find an arm close to the optimal arm with a high

probability. We define these quantifications of optimality formally below.



1.3.1.1 Regret Reduction

The traditional objective of the bandit problem is to maximize total reward (or gain)
given a specified number of pulls to be made, hence minimizing regret (or loss). Recall
that an arm corresponding to a mean equal to u* is considered the best arm as it is
expected to give the maximum reward per pull. Let Z; be the total reward acquired
over t successive pulls. Then regret n is defined as the expected loss in total reward
acquired had the best arm been repetitively chosen right from the first pull, that is,
n(t) = tu* — E[Z;]. This quantification is also sometimes referred to as cumulative

regret.

1.3.1.2 Sample Complexity Reduction

We will now introduce a Probably Approximately Correct (PAC) framework and the
associated sample complexity, and an optimality criterion based on sample complexity

reduction. We start with a definition for e-optimality.

Definition 2. An arm j is considered an e-optimal arm if pu; > p* — €, where p* =

max;{f;}.

We define the Probably Approximately Correct (PAC) quantification of optimality

below.

Definition 3. Even-Dar et al. (2006) An algorithm is a (€, §)-PAC algorithm for the
multi arm bandit with sample complexity 7T, if it outputs an e-optimal arm, with
probability at least 1 — §, when it terminates, and the number of time steps the

algorithm performs until it terminates is bounded by T

The number of time steps is also known as the number of samples (pulls of arms).

Hence, the objective is then to reduce T, often referred to as sample complexity.

1.4 Applications

The multi-arm bandit problem has numerous applications in decision theory, evolu-
tionary programming, reinforcement learning, search, recommender systems, and even
in a few interdisciplinary areas like industrial engineering and simulation. We now

describe a very brief collection of examples of such applications.
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Figure 1.4.1: Yahoo Frontpage Today Module

Figure 1.4.1 2 shows the home page of the popular web service provider Yahoo!,
featuring its Frontpage Today Module. The top stories featured in this module uses
a multi-arm bandit formulation to choose the top four articles that are frequently
viewed by users who visit the page. A set of editor-picked stories (sometimes called a
story-bucket) is made available to be the arms to choose from, and a bandit learner
finds the top four optimal arms to display. This learning happens continuously, in
an online manner, with the story-bucket dynamically changing, as and when more
relevant news articles arrive. The algorithm we will propose in chapter 2, is compatible
for implementation with all the requirements mentioned above. For matching news
articles specific to user interests, demography etc., a set of input features specific to
the user is often used in finding the best news stories to be displayed. This introduces
us to a new formulation often called Contextual Bandits, due to the use of contextual

information in finding the best arm.

Figure 1.4.2 3 depicts a typical set of ads chosen for a specific search query by
Google. This problem is many times analyzed using a multi-arm bandit formulation
with millions of ads relating to the set of arms to choose from. Contextual information
is ofcourse used specific to the search query at hand. This is one of the best examples

of multi-arm bandit appications where sample complexity reduction is very important

2Source: www.yahoo.com
3Source: www.google.com
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since the number of arms (or ads, in this case) involved is very high.

A set of recommended films at the online movie database IMDB is seen in figure
1.4.3 14

is extensively researched under the title ‘Recommender Systems’. Multi-arm bandit

This problem of selecting recommended items pertaining to some query

formulations are widely seen in recommender systems as well. Contextual information

from the film names and categories can further improve the recommendations.

But the popular online shopping store Amazon selects recommended articles through
previous user behavior as seen in figure 1.4.4 °. Does this account for a deterministic
solution, with no need for any explore-exploit situation like in multi-arm bandits? No.
The user frequented buckets of articles bought is usually large and the selection of
top three recommended articles does need to be learnt. Thus, the multi-arm bandit

problem relates to applications that have far-reaching significance and value additions.

1.5 Related Work

The multi-arm bandit problem captures general aspects of learning in an unknown
environment [Berry & Fristedt (1985)]. Decision theoretic issues like how to minimize
learning time, and when to stop learning and start exploiting the knowledge acquired
are well embraced in the multi-arm bandit problem. This problem is of useful con-
cern in different areas of artificial intelligence such as reinforcement learning [Sutton

& Barto (1998)] and evolutionary programming [Holland (1992)]. The problem also

4Source: www.imdb.com
5Source: www.amazon.com
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has applications in many fields including industrial engineering, simulation and evo-
lutionary computation. For instance, Kim & Nelson (2001) talk about applications
with regard to ranking, selection and multiple comparison procedures in statistics and

Schmidt et al. (2006) entail applications in evolutionary computation.

The traditional objective of the bandit problem is to maximize total reward given
a specified number of pulls, [, to be made hence minimizing regret. Lai & Robbins
(1985) showed that the regret should grow at least logarithmically and provided policies
that attain the lower bound for specific probability distributions. Agrawal (1995)
provided policies achieving the logarithmic bounds incorporating sample means that
are computationally more efficient and Auer et al. (2005) described policies that achieve
the bounds uniformly over time rather than only asymptotically. Meanwhile, Even-
Dar et al. (2006) provided another quantification of the objective measuring quickness
in determining the best arm. A Probably Approximately Correct (PAC) framework
is incorporated quantifying the identification of an e-optimal arm with probability
1 — 6. The objective is then to minimize the sample complexity [, the number of
samples required for such an arm identification. Even-Dar et al. (2006) describe Median
Elimination Algorithm achieving O(n) sample complexity. This is further extended to
finding m arms that are e-optimal with high probability by Kalyanakrishnan & Stone
(2010).

We propose a family of learning algorithms for the Bandit problem and show the
family contains not only algorithms attaining O(n) sample complexity but also al-
gorithms that achieve the theoretically lowest regret of O(log(t)). In addition, the
algorithm presented allows to control learning to reduce sample complexity or regret,
through a single parameter that it takes as input. To the best of our knowledge, this
is the first work to introduce control on sample complexity or regret while learning.
We address the n-arm bandit problem with generic probability distributions without
any restrictions on the means, variances or any higher moments that the distributions
may possess. Experiments show the proposed algorithms perform substantially better
compared to state-of-the-art algorithms like Median Elimination Algorithm [Even-Dar
et al. (2006)] and UCB-Revisited [Auer & Ortner (2010)]. While Even-Dar et al.
(2006) and Auer & Ortner (2010) provide algorithms that are not parameterized for
tunability, we propose a single-parametric algorithm that is based on fractional mo-

ments® of rewards acquired. To the best of our knowledge ours is the first work” to

6The " moment of a random variable R is defined as E[R’]. Fractional moments occur when the
exponent i is fractional (rational or irrational).
TA part of this work appeared recently in UAI 2011 [Narayan & Ravindran (2011)]

12



use fractional moments in bandit problems, while recently we discovered its usage in
the literature in other contexts. Min & Chrysostomos (1993) describe applications
of such fractional (low order) moments in signal processing. It has been employed in
many areas of signal processing including image processing [Achim et al. (2005)] and
communication systems [Xinyu & Nikias (1996); Liu & Mendel (2001)] mainly with
regard to achieving more stable estimators. We theoretically show that the proposed
algorithms can be controlled to attain O(n) sample complexity in finding an e-optimal
arm or to incur the optimal logarithmic regret, O(log(t)). We also discuss the control-
lability of the algorithm. Experiments support these theoretical findings showing the
algorithms incurring substantially low regrets while learning. A brief overview of what
is presented: chapter 2 describes motivations for the proposed algorithms, followed by
theoretical analysis of optimality and sample complexity in chapter 3. Then we prove
the proposed algorithms incur the theoretical lower bound for regret shown by Lai &
Robbins (1985) in chapter 4. We then provide a detailed analysis of the algorithms
presented with regard to their properties, performance and tunability in chapter 5.
Finally, experimental results and observations are presented in chapter 6 followed by

conclusions and scope for future work.

13



Chapter 2

Proposed Algorithm & Motivation

2.1 Notation

Consider a bandit problem with n arms with action a; denoting choice of pulling the
i'" arm. An experiment involves a finite number of arm-pulls in succession. An event
of selecting action a; results in a reward that is sampled from a random variable R;,
having a bounded support. In a particular such experiment, consider the event of
selecting action a; for the k' time. Let i x be a sample of the reward acquired in this

selection.

2.2 Motivation

When deciding about selecting action a; over any other action a;, we are concerned
about the rewards we would receive. Though estimates of E(R;) and E(R;) are in-
dicative of rewards for the respective actions, estimates of variances F[(R; — u1;)?] and
E[(R; — p1;)?] would give more information in the beginning stages of learning when
the confidence in estimates of expectations would be low. In other words, we wouldn’t

have explored enough for the estimated expectations to reflect true means.

Though mean and variance together provide full knowledge of the stochasticity for
some distributions, for instance Gaussian, we would want to handle generic distribu-
tions hence requiring to consider additional higher moments. It is the distribution
after all, that gives rise to all the moments completely specifying the random variable.

Thus we look at a generic probability distribution to model our policy to pull arms.

14



Consider selection of action a; over action a;. For action a,; to have a higher reward
than action a;, the probability P(R;, > R;) holds, and to compute its estimate we
propose the following discrete approximation: After selecting actions a;, a; for m;, m;

times respectively, we can, in general, compute the probability estimate

P(Ri>Rj)= > {P(Ri =rix) » PR = Tj,k’)}

r; kEN; J
i,k % Tj,k’eLi,k

where sets N; and LZ  are given by,

L';k = {Tj,k” Tk < Tik, 1 S k'/ S m]}

with random estimates P (R; = 1) of the true probability P(R; = r; ;) calculated by

A K origr =1
P(R; =riy) = R rue = ran] (2.2.2)

m;

Note that thus far we are only taking into account the probability, ignoring the
magnitude of rewards. That is, if we have two instances of rewards, r;; and 7,
with P(R; = rj;) = P(Rm = Tm,n), then they contribute equally to the probabilities
P(R; > R;) and P(R; > R,,), though one of the rewards could be much larger than
the other. For fair action selections we need a function monotonically increasing in
rewards, and let us then formulate the preference function for action a; over action a;

as,

A=Y {P(Ri =rig) > (rig—rw)’P(R; = rj,k/)} (2.2.3)

75 L EN; J
i,k i Tj7k16Li7k

where [ determines how far we want to distinguish the preference functions with regard

to magnitude of rewards. This way, for instance, arms constituting a higher variance

are given more preference. For 8 = 1, we would have A;; proportional to,

when the estimates P approach true probabilties. See that we have started with a
simple choice for the monotonic function, the polynomial function, without restricting
the exponent. Now, to find among a set of arms, one single arm to pull, we need

a quantification to compare different arms. With the introduction of the polynomial
15



dependence on the reward magnitudes, A;;’s are no more probabilities. To find a
quantification to base the arm pulls, we propose a preference function to choose a;

over all other actions to be

A = T4 (2.2.4)
JF#i

2.3 The Algorithm

For an n-arm bandit problem, our proposed class of algorithms first choose each arm [
times, in what is called as an initiation phase. After this initiation phase, at all further
action selections, where arm ¢ has been chosen for m,; times, finding a reward r; ;, when

choosing " arm for the k" time, the class of algorithms computes the sets

Ni = {Tzvklgkgm,}

Ly = Arjw irjp <rig, 1 <K <my}

and using

~ k, N ikl — Ti
P(Rl = Ti,k) — |{ r ok r ’k}|
my;

A =11 Ay,

J#i

computes the indices

4, = % {P<Ri=mk> 3 <n,k—m,k/>BP<Rj=rj,kf>}

75 kEN; Tj,k’eLZ,k

to further choose arms.

A new class of Algorithms, based on conditional fractional expectations of rewards
acquired, can now use A; in 2.2.4 to perform action selections. A specific instance that
is greedy after the exploring initiation phase (Algorithm 2.1), henceforth referred to as
Fractional Moments on Bandits (FMB), picks arm i that has the highest A;. All anal-
ysis presented in this work are with reference to the algorithm FMB. A probabilistic
variant, picking arm i with probability A;(normalized) is also proposed, but not ana-
lyzed. We call this probabilistic action selection on the quantities A;, or simply pFMB.

The class of algorithms are based on the set of rewards previously acquired but can

16



Algorithm 2.1 Fractional Moments on Bandits (FMB)

INpUT: [, 3
INITIALIZATION: Choose each arm [ times
DEFINE: 71,4, the reward acquired for k' selection of arm 4, and m;, the number

of selections made for arm ¢, and the sets N; = {r;; : 1 < k < m;}and Lgk =
{’I"mkl : Tj,k:/ < Ti,]ﬁ 1 S k, § m]}
Loor:
~ ~ k', =r; .
L pu = P(Ri = rig) = Pr M for 1 < <y 1 < k< my

2. Aij =30 en, {ﬁz‘k 2or, perd, (Tik = Tj,k/)ﬂﬁjk'} for 1 <i,j<m,i#j

4. Pull arm ¢ that has the highest A;

be incrementally implemented (Results discussed in chapter 6 use an incremental im-
plementation). Also, the algorithms are invariant to the type of reward distributions.
Besides incremental implementations, the algorithms and the associated computations
simplify greatly when the underlying reward is known to follow a discrete probability

distribution.

The family (of algorithms FMB, for various values of [, 3)! is shown to contain
algorithms that achieve a sample complexity of O(n) in chapter 3. The algorithm 2.1
is also shown to incur the asymptotic theoretical lower bound for regret in chapter 4.

Further, the algorithm is analyzed in detail in chapter 5.

!'Note that FMB, pFMB, and any other algorithm that uses A; for action selection constitute a
class of algorithms. FMB for varying input parameters constitute a family of algorithms.

17



Chapter 3
Sample Complexity

In this chapter, we present theoretical analysis of sample complexity on the proposed
algorithms. We show that given € and ¢, a sample complexity, as defined in 3, that is

of the order O(n) exists for the proposed algorithm FMB.

3.1 Algorithm formulation

Our problem formulation considers a set of n bandit arms with R; representing the
random reward on pulling arm . We assume that the reward is binary, R; € {0, r;}Vi.
Since the proposed algorithm assumes a discrete approximation for the reward prob-
ability distributions, an analysis on the bernoulli formulation is easily extendible fur-
ther. This is true even when true reward distributions are continuous, as the algorithm
always functions on the discrete approximation on the rewards it has already experi-

enced. Also, denote p; = P{R; = 1;}, u; = E[R;]=r;p;, and let us have for simplicity,

fy > g > v > . (3.1.1)
Define,
1 ofry>r;
[ij - f J
0 otherwise
and,

T
5y =4 " o
1 otherwise

if ri >
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We then have from 2.2.3, 2.2.2 and 2.2.1,

Aj = Lpip;(ri — Tj)ﬁ +pi(1 —pj)(ri — 0)?
= pip;(r — 6ijri)ﬁ +pi(1l — p})rf
= pr {1+ p;[(1—6;)° — 1]},

The action selection function 2.2.4 becomes,

Ai = )" T+ 6500 = 6:)° = 1]} (3.1.2)
J#i

We now discuss Chernoff bounds and its extension to dependent random variables

before analysis of the proposed algorithm.

3.2 Chernoff Hoeffding Bounds

We start with a brief introduction to the Chernoff Hoeffding bounds on a set of inde-

pendent random variables.

Lemma 4. Hoeffding (1963) Let X, Xs, ... X, be random wvariables with common
range [0,1] and such that E[X,|X1,...,X;-1] = p for 1 <t < n. Let S, = Xt=tXa,
Then for all a > 0 we have the following,

P{S, > p+a} <exp(—2a’n)
P{S, < pu—a}<exp(—2a’n).

3.2.1 Modified Chernoff Hoeffding Bounds

Chernoff Hoeffding bounds on a set of dependent random variables is discussed here for
analysis of the proposed algorithm. We start by introducing Chromatic and Fractional

Chromatic Number of Graphs.

Definition 5. A proper vertex coloring of a graph G(V, F) is assignment of colors to
vertices such that no two vertices connected by an edge have the same color. Chromatic
number x(G) is defined to be the minimum number of distinct colors required for

proper coloring of a graph.
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A k-fold proper vertex coloring of a graph is assignment of k& distinct colors to each
vertex such that no two vertices connected by an edge share any of their assigned colors.
k-fold Chromatic number x(G) is defined to be the minimum number of distinct colors
required for k-fold proper coloring for a graph. The Fractional Chromatic number is
then defined as,

v e Xe(G)
X(G) = lim ’“k .

k—o0

Clearly, ¥'(G) < x(G). We now look at Chernoff Hoeffding Bounds when the

random variables involved are dependent.

Lemma 6. Dubhashi & Panconesi (2009) Let X1, Xs,...X, be random variables,
some of which are independent, have common range [0,1] and mean . Define S, =
% and a graph G(V, E) with V- ={1,2,...,n}. Edges connect vertices i and j,
i # j if and only if X, is dependent on X;. Let x'(G) denote the fractional chromatic
number of graph G. Then for all a > 0 we have the following,

P{S,
P{S,

A%

p+a} < exp(—2a*n/X'(G))
p—a} < exp(—2a°n/x'(G)),

IN

We now discuss bounds on the proposed formulation that incorporates dependent

random variables.

Definition 7. Define an n-tuple set S = {(v1, 12, ...,v,) : 1 <vp < my, my € NV1 <
k < n} and a one to one function f : S — {1,2,...,q : ¢ = [[,_, ms} that finds a
unique index for every element in S. For each e € S, define random variable U; with
i = f(e), so that for e;,es € S, U;, and U;, are dependent if and only if atleast one
dimension of e; — eg is null. Construct a graph G(V, E) on V = {U; : 1 <i < ¢} with

edges connecting every pair of dependent vertices.

Remark 8. Consider n arms where k' arm is sampled for m;, times. Let X% be a
random variable, with mean u®, related to the reward acquired on the u** pull of
k™ arm. Then, for {my, : 1 <k < n}, X x¥ X% are random variables (with

common range within [0, 1], say) such that E[Xq(tk)|X1(k), . ,ch_)l] = 1®VEu 1 <

u < my and X0 s independent of X9 for i # j. Define a random variable Sy(,f,z =

k) 4y xR
Kt tmg capturing the estimate of X*). Define a random variable T' = T[], Sy(,lf,z

mg
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and consequently on expanding this product we will find,

21U
q

with mean pur = E[T] = [], u®), where U; have properties described in Definition 7
with its associated graph G(V, E).

Corollary 9. For a sum of dependent random variables, U;, and an associated graph
G(V, E), as defined in Definition 7, and a random variable

21U
q

we have for all a > 0,

P{T > pr+a} <exp <;/2(Cé;1) =P (;2(22)9)

< ez 2o ()

with mean pp = E[T] = [[, u® and x(G) and x'(G) the chromatic and fractional

chromatic numbers of graph G respectively.

3.3 Bounds on Sample Complexity

Theorem 10. For a n-arm bandit problem and a given € and d, algorithm FMB is an

(€,0)-PAC algorithm, incurring a sample complexity of
1 1\\"
Of(n|— In? ( =
H1 0

pr = min |E[A; — A"

G <p*—e
with A; defined in 2.2.4, 2.2.8, 2.2.2 and 2.2.1, and p*, A* being those values that

correspond to the optimal arm.

3

where

Following constraint 3.1.1 for simplicity, we will now prove the above theorem. To

start with, we will state a few lemmas that would be helpful in proving theorem 10.
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Lemma 11. For a graph G(V, E) constructed on vertices U; pertainining to Definition

7, the chromatic number is bounded as

X(G) <1+ \/n<q— H(mk - 1)>

k

Proof. See that |V | = ¢, and each vertex is connected to ¢ —[], (my —1) other vertices.

Then, the total number of edges in the graph becomes, |E| = in (¢ — [T, (my — 1)).

The number of ways a combination of two colors can be picked is given by, X(¢)C, =
2X(G) (x(G) — 1). For optimal coloring, there must exist at least one edge connecting

any such pair of colors picked, and we have

L@ @ - 1)

2
X(G) (x(G) = 1)

IN

|E]

n(q =] 0mi - 1))-

k

IN

With (x(G) —1)* < x(G) (x(G) — 1), this turns into

(@) 1" < n(g-[Lom-1)

k

x(G) < 1+\/n<q—H(mk—1)>.

k

]

Next, we state a lemma on the boundedness of a function which we will come across

later in proving theorem 10.

Lemma 12. Forn € N, and a function
g(n) = (nin’n)7,
Ing € N such that g(n) is upper bounded ¥n > ny € N.

Proof. This follows from,

In(n1n®n) ~ Inn+2Inlnn

Ing(n) =
n n
1, 1+ & —(nn+2Inlnn)
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Thus, g is a decreasing function for n > ny € N with the limit at infinity governed by

1 2Inl
n—oo n—oo n
. Z(Inn+2Ilnlnn)
= lim 3
n—oo %n
_ <1 2 )
= lim [ —+
n—soco \n  nlnn
= 0
= lim g(n) = 1.
n—oo

Now we prove theorem 10 with the help of the lemmas defined above.

Proof. of theorem 10. Let ¢ # 1 be an arm which is not e-optimal, p; < p; —e. To prove
that FMB is an (e, )-PAC algorithm, we need to bound for all 7, the probability of
selecting a non-e-optimal arm, P(A; > A; : pi; < p11 — €, V), which is in turn bounded
as

P(A; > Aj i < —e,V)) < P(A; > Ay < g —€)

since arm 1 is optimal. In other words, we need to bound the probability of event
Ai > Al

to restrict the policy from choosing non-e-optimal arm 4, with A; given by 3.1.2. See
that A; is in the form of [], Sf,’f,z in remark 8. Defining the random variable T; =
A; — Aq, we expand the products, to have

_ 21U

q

T;

where Uy have properties described in definition 7 with its associated graph G(V, E).
So we have a sum of ¢ = Hj m; dependent random variables Uy, with a true mean
ur, = E[T;] = E[A;] — E[A]. Applying corollary 9 to T}, to bound the probability of
the event T; > 0, we have using the modified Chernoff-Hoeffding Bounds,

P(T; >0) = P(T; > pr, — pr,) < exp(—2p7.q/x(G)).

From definition 7, we then have,

23



—211,9
P(T;>0) < exp (1 T 1))) . (3.3.1)

In a simple case when each arm is sampled [ times, m;, = [ Vk and
—2p7,l"
P <1 +/n(m—(— 1)n)>
—2p7, 0"
o < 2v/nl" )
exp <——,u%l"/2> .
NLD

To get the sample complexity, sample each arm so that

P(T; > 0)

IN

IN

IN

eXI)(_MQTln/2 é
NLD n
n ny\
— | = (—m2 (-)) 3.3.2
where
pr = min |ur (3.3.3)
it < —e

Sample complexity corresponding to all arms is then

nl=n <%ln2 (%))i

We can improve the complexity further through successive elimination method
discussed by Even-Dar et al. (2006). But instead, from lemma 12, we see that 3C' :
g(n) = (nIn®>n)= < CVn > ng € N. With some numerical analysis, we see that
Vn > 5, ¢'(n) < 0, and that ¢ attains a maximum at n = 5, with g(n) = 1.669. A plot

of g versus n is shown in Figure 1. So g(n) < 1.67 ¥n € N and hence we have
O(n(nln®n)w) = O(n).

Hence FMB finds e-optimal arms with probability 1 — ¢ incurring a sample complexity
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Sample Complexity per Arm
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Figure 3.3.1: g(n) versus n

]

Thus, sample complexity dependence on n, of the proposed algorithms is essentially

O(n) since O(nc'/™) = O(n) for any constant c. The sample complexity depends on ¢
through pg and this is discussed in detail in 5.1.
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Chapter 4
Regret Analysis

In this chapter, we show that FMB (Algorithm 2.1) incurs a regret of O(log(t)), a
theoretical lower bound shown by Lai & Robbins (1985). We will start with the
definition of regret and then state and prove the regret bounds of FMB.

4.1 Definition of Regret

Define random variable F;(t) to be the number of times arm i was chosen in ¢ plays.

The expected regret, n is then given by

n(t) = (n— E[F(O)m — Y wBEF(1)]

o
which is,
nt) = m ; E[F;(t)] — ;mE[Fi(t)]
= Zl(/u — i)E [Fi(lt)]
= f: AE[F(t), (4.1.1)
o
say.
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4.2 Bounds on Regret

We will now state and prove the boundedness of regret incurred by FMB.

Theorem 13. The total expected regret n(t), for t trials in an n-arm bandit problem,

wncurred by algorithm FMB is upper bounded by
> A0 (1+1og(t))
i#1

where | is an input parameter concerning the initiation phase of the algorithm.

To prove theorem 13, we will now state a few lemmas that would be helpful. To start

with, we restate some of the definitions that were used in chapter 3 for convenience.

Definition 14. For an n-arm bandit problem where arm ¢ has been chosen for m;
times (including the choice of each arm [ times in the initiation phase), finding a

reward r;; when choosing i’ arm for the £ time, FMB computes the sets

Ni = {Tl7k1§k§ml}
Lik = {Tj,k’ Tk < Ti,k71 < 54 < mj}

and using

A k, N i 5 = i
PR, = 1yy) = Tk = T
my;

computes the indices

JF

Ay = ) {p(Rz’ =rix) Y, (rin—riw)’ P(R; er,k/)}

r; N; J
i,k €N rj,k’szgk

to further choose arms. While doing this to find an e-optimal arm with probability

1 — 9, FMB incurs a sample complexity of
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where

pr o= min g,
iy <pt—e€

HT; = E[TZ]

T, = A-A

with p*and A* being those values that correspond to the optimal arm.

Corollary 15. For a learning experiment completing T — 1 plays on an n-arm bandit
problem, with arm © being chosen m; times, the probability that applying algorithm
FMB for the ™" play would result in choice of a non-e-optimal arm is given by 3.3.1.
Note that m; is a function of T in itself and 3.3.1 presumes knowledge of m;(7) is made
available. See that m;(T) for a particular such experiment is a sample from the random
variable Fy(T). For the purpose of the regret analysis, denote A; computed for the Tt

play by A;(T) and the corresponding m; by m;(7) and T; by T;(T). Rewrite 3.5.1 as

—24i,q(T)
P(Ti(1) > 0jmy(1)) < exp (1 PRy YTy R co 1))) (4.2.1)

where ¢(7) = [ [, mx(7) and pr, conforms to definition 14.

Lemma 16. Given the event F;(t — 1) =y, the probability that FMB selects arm i at

t"" play is bounded as,

P{arm i selected at t|F;(t — 1)y} < exp (

— 13yt —y —1—1(n —2))i"2
\/ﬁ

where [, pr, conform to definition 14.

Proof. See that

P{arm i selected at t} = P{A;(t) > A;(t)Vj}
< P{A(t) > Ai(D)}

Given any partial information about F;(7) for some 7 < ¢ and some i, this probability

can be further bounded. Given that the event F;(t — 1) = y is known to have occured,
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this bound improves as

P{arm i selected at t|F;y(t — 1) =y} = P{A;(t) > A;(t)Vj|Fi(t — 1) =y}
< P{A(H) > AO]F((E-1) =y}
< P{T(t) = As(t) = Au(t) > O] E5(t = 1) =y}
< P{Ti(t) > 0|m;(t) € S} (4.2.2)

with set Sy, ;) given by
Sy = {(ma(t),ma(t), ... mu(t), ..., my (1)) |mi(t) =y, ka =t—1}.

So we further bound,

P{A(t) > A\(t)|Fi(t — 1) = y} < max{P(T}(t) > 0)}. (4.2.3)

m(t)

Now, the upper bound of P(T;(t) > 0) would be maximum when [, m; is minimum.
This is observed from (3.3.1) as

P(Ti(t) > 0)

IA
@
><

_2NT‘] )
L+ /n (g =1 (ma(t) — 1))

AN
D
"
o
|
[\
=
s
()
N—

ex _M%"\/a
< o ()
= exp <_M2Ti \l;{mk(t)) : (4.2.4)

The minimum that [], mx(t) would take for a given ), my(t) =t — 1 is when m;(?)
are most unevenly distributed. When each arm is chosen [ times in the initiation phase

of the algorithm, we would have
Hmk ) >yt —1—1(n—2) —y). "2 (4.2.5)
which occurs when all the instances of arm choices (other than m;(t) = y and the

initiation phase) correspond to a single particular arm other than i, say j. From
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(4.2.2), (4.2.3), (4.2.4) and (4.2.5), we would have

P{arm i selected at t|F;(t — 1)y} < P{A;(t) > A(O)|F;(t — 1) =y}

Y if k=1
< PTi() >0[me(t) =t —1—1l(n—2)—y if k=
[ otherwise
_ 2 _ _ _ _ n—2
- eXp( 13 /y(t —y \/1_ I(n—2))I ) |
n
O]

Lemma 17. For a,b € N, the sum of square roots of consequtive numbers is lower
bounded as

b
2
> Vhz I - (a- 1)),
h=a
Proof. The proof uses bounds on integrals as,

Zb:\/ﬁ > /Gil\/adv

2

3<b3/2 i (a . 1)3/2)'

Using the above stated lemmas, we now prove theorem 135.

Proof. of Theorem 15. From (4.1.1), we see that to bound the expected regret is to

bound E[F;(t)] for all i # 1. Then the event {arm i selected at t} is {A;(t) > A;(t)Vj}
of course with j # ¢. Consider

E[F®)] = E[EFE@F({-1) =yl
= Elly+1) P{A() > A; (V]| E( = 1) = y}
Hy(L = P{Ai(t) > A;(0)Vi[E(E = 1) = y})]
< Elly+VP{AW) > AOVIFE—1) =y} +y).  (4.2:6)
where the first step uses law of total (or iterated) expectations. Choose € such that

there exists only one e-optimal arm, then the summation in (4.1.1) goes through
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only non-e-optimal arms and for all such i, we can use the bounds on P(T;(t) >
0|m;(t)) from corollary 15 and lemma 16. Hence bounding the probability of the event
P{arm i selected at t|F;(t — 1) =y}, (4.2.6) turns into,

E[F(t)] <FE

(v + 1) exp (—M%\/y(t—y— 1—1(n— 2))5”‘2) Ly

vn

2

Denoting M—\/Tﬁ as a positive constant \; and using Ely] = E[F;(t — 1)], we have the

relation

EIF(8) < EIFi(t = )]+ Elly + D exp(-Av/y(t — y — 1= (n — 2)["2)],

Unrolling the above recurrence gives

t

E[Fi(t)] < E[Fi(nl)] + Z E[(yw + 1) exp(—=Niv/ Yo (w — 3 — 1 — I(n — 2))I"=2)]

w=nl+1

< I+ Y Bl + D) exp(=Aiy/yu(w =y — 1= U(n — 2))I"2)]

w=nl+1

where 1, corresponds to number of times the arm under consideration was chosen in

w — 1 plays. Defining

Gi(w) = Bllyw +1) exp(=Xiv/yu(w — o — 1 = I(n — 2))I"2)]

we see the regret bounded as,

n(t) <> A+ Y Gi(w). (4.2.7)

i#1 w=nl+1

Gi(w) = Y [(d+1)exp(=\y/d(w—d—1—1(n—2)"2) .
d=l
P{||T:A(r) > Aj(r)Vj,nl+1<7<w-—1|| =d—1}]4.238)

where the probability is that which corresponds to arm ¢ being selected d — [ times
between nl + 1" and w — 1'" plays, inclusive of the ends, with ||S| denoting the

cardinality of set S. Denoting the plays (or epochs) in which arm i could have been
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selected by the indicator variable I(7), we have

Ir) = 1 Ai(r) > Aj(T)Vy |

0 otherwise

w—nl—1
d—l
1th

Hence, there are ( ) possible ways of selecting arm ¢ for a total number of d — [
times between nl + 1" and w — 1™ plays. Define the set of possible values that I(7)
can take by Sy = {I(7) :nl+1 <7 <w-1, > I(1) =d—1}. Call as event &,
the event {||7: A;(7) > A;(7)Vj,nl +1 <7 <w-—1| =d—1}. We now bound the

probability of event £ in (4.2.8) as

P(E) = Y PEINPI

IeSy

> PEN)

1€Sy

<
< ||SI||TI%3S?I<P(5|I)'

IA

Defining

P = max P(E|I),
IeSy

Iaw = arg I}éas}f P(8|I)
we see that P(€) is bounded by

PE) < <“’_dfll_ 1)pm (4.2.9)

with

Praz = H P{A( ) ( )vjumax}'

TiImaz(T)=
11 P{A() Aj(7) for some jllnae}
T:Imaz(7)=0
< II  Pla® > 40 e} (4.2.10)
TImaz(T)=1

where P{A;(7) > A;j(T)Vj|Lna} = P(Ti(1) > 0) can be bounded using (4.2.4) as
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follows. Also,

II PlAE > A0Vl < [T PLAIGT) > Al e}

T: Imaz(T)—l T:Imax (T)—l

S D N 1T
T:Imaz (T)=1

A maximum upper bound would require [[, m(7) to be at its minimum for all 7.
This would occur as I, (7) = 1V7 :nl+ 1 <7 < nl+ (d — 1), when arm i is chosen
repeatedly in the first d — [ turns just after the initiation phase. Then, [[, my(7) for
T i I;mae(7) = 1 are given by,

Hmk =(+7—n)"'Vrinl+1<7<nl+(d-1).
So,
nl+(d—1)
I PlA@) > A0Willne) < exp [ =X | S VU+7 i
Tlmacc )—1 T=nl+1

< exp (—Ai <l"51 > x/E)) (4.2.11)

which can be refined further using lemma 17. Using (4.2.9), (4.2.10), (4.2.11) and
lemma 17, we bound G;(w) in (4.2.8) as

w—1—1(n—1)

Gi(w) < Z (d+1) (w _d?ill_ 1) exp(—\(Vd(w —d — 1 —1(n — 2))In~ 2_|_3l (d3/2 B/2))).
d=1

(4.2.12)
Back to the original problem, if we show that E|[F;(t)] grows slower than log(t) asymp-
totically, for all ¢, then it is sufficient to prove the regret is O(log(t)). For this, see

that
¢

EFt) <1+ Y Gi(w)) =g(t),

w=nl+1

say. Then for regret to grow slower than logarithmically in ¢, it is sufficient to show that
the derivative of the upper bound g¢(t) grows slower than 1/t. Seeing that g(t) — g(t —
1) = G;(t), it is enough to show that G;(t) is bounded by 1/¢ asymptotically. Consider
Ty = (d+1) (" "1 exp(=N(y/d(w —d — 1 — I(n — 2)) "2+ 205 (2 —1%/2))). 3d* -
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[y > T'yVd # d*, and so we bound

Gi(w) < (w —In)lys.

Now
i(t )
lim GT() = lim tG;(t)
t—o0 : t—o0

. t(t — ) (d* +1)(" )
T t—ooo exp()\l(\/d*(t —d*—1- l(n — 2))ln—2 + %l%(d*3/2 - l3/2)))

Since each term in the numerator is bounded by a polynomial while the exponential

in the denominator is not,
. Gy(t)
lim ——=

t—o00

=0.

~+ |

Since growth of E[F;(t)] is bounded by O(log(t)) for all 7, we see the proposed algorithm
FMB has an optimal regret as characterized by Lai & Robbins (1985), with the total

incurred regret till time ¢t given by

> A0 (1 +1og(t)).

i#1
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Chapter 5

Analysis of the Algorithm FMB

In this chapter, we analyze the proposed algorithm FMB, with regard to its properties,

performance and tunability.

5.1 Sample Complexity dependence on ¢

We now look at the sample complexity incurred for every arm by FMB in 3.3.2 and its
dependance on €. Unlike MEA, this dependence of sample complexity is quite different
for FMB, and is illustrated in Figure 5.1.1. A decrease in epsilon would lead to increase
in complexity only when the set {i : u; < p; — €} in 3.3.3 changes due to the decrease
in €. The set of arms that determine the complexity is related to the true means in the
original problem. We also note that this should be the case ideally, in that a decrease
in € that does not lead to any decrease in the number of e-optimal arms, should not
increase the sample complexity. This is because the algorithm still performs to select

exactly the same e-optimal arms, as was the case before the decrease in e.

5.2 Simple Vs. Cumulative Regrets

While cumulative regret, referred to regret in general, is defined in the expected sense,

n(t) = tu* — E[Z]
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Sample Complexity for finding a PAC arm with probability 1-delta
T T T T T

Sample Complexity

\
= b-g 0-0 -0-0-0- -0 O-0 4 -

Epsilon

Figure 5.1.1: Comparison of FMB with MEA on the functional dependence of Sample
Complexity on €

where Z; is the total reward acquired for ¢ pulls and pu* = max; u;, there exists another
quantification for regret that is related to the sample complexity in some sense. Bubeck
et al. (2009) discuss links between cumulative regrets and this new quantification,

called simple regret, defined as

¢(t) = :u* — Hapy

where juy, = >, b, with ¢, the probability of choosing arm i as ouput by the
policy learning algorithm for the ¢ + 1" pull. Essentially, 1/, is the policy learnt by the
algorithm after ¢ pulls. Note that ¢(t) after an €, 5-PAC guaranteeing exploration is

essentially related to €, in the sense that
6(t) < (1 — 8) + 3(u* — min ).

Bubeck et al. (2009) find dependencies between ¢(t) and 7(t) and state that the smaller
¢(t) can get, the larger n(t) would have to be. We now analyze how FMB attains this

relation.

Consider improving the policy learning algorithm with respect to ¢(t). This could
be achieved by keeping 3 constant, and increasing [. This may either reduce pr as seen
from (3.3.2) and hence € as seen from (3.3.3), or simply reduce ¢ as seen from (3.3.2),
both ways improving the simple regret. On the other hand, regret n(t), otherwise
specifically called cumulative regret, directly depends on [ as seen from (4.2.7). For
a constant number of pulls, ¢, the summation of G;(w) in (4.2.7) runs over lesser
number of terms for an increasing [. As cumulative regret is dominated by regret

incurred during the initiation phase, it is seen evidently that, by increasing [ we find
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worse bounds on regret. Thus, we evidence a Simple vs. Cumulative Regret trade-off

in the proposed algorithm FMB.

5.3 Control of Complexity or Regret with

From (3.3.2), consider the sample complexity,

nl=n <u£4 In? (%)) (5.3.1)

T

3=

where pp is given by

pr = min |
Vi <k —€
with
pr, = E[A;— A4
n— - Hj
= I U = 1) = 1))
ji ik
n— - Hj
—py H[T'f L (L =) - )l
i#1 R
Consider
ElA] = w0 + 2 i — ) = o))
i#i ik
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where (; ; are constants given the problem at hand, essentially p; and 7; for all 7. This

can be further written as

Bal=co Y [ (@)}

(91,92,93):2j 9]':71—1

exhibiting monotonicity on 3. Hence we see that p, can be broken down into a finite

summation,

_ B B
Hr, = E (’fi,l,l"ﬂ‘z,z - “i,&l’fi,z;,l)
1

37



where r; j; are constants given the problem at hand. Thus, by tuning beta, we can
control i, and hence pp. For a better sample complexity, a lower [, we need a higher
pr. This can be achieved by increasing (8 since pur is monotonic in 5. But there
is a definite restriction on variation of the paramter 5. Correctness of the algorithm
requires E[A;] > E[A;] for every u; > p;. Let us call the set adhering to this restriction,

Bs. Since F[A;] is monotonic in [, we see fs must be an interval on the real line.

Now consider the bounds on regret, given together by (4.2.7) and (4.2.12). Given

sample complexity, or equivalently given [, regret can still be improved as it depends
2
7% that the algorithm has control on, through 5. So, [ can be increased

to improve the bounds on regret through an increase in \;, keeping [ constant. But

on )\z:

with increase in \; or equivalently |ur|, pr is expected to increase as well. In this
respect, we believe 8 for the best regret, given an [, would be fractional, and be that
value which when increased by the smallest amount will result in a decrease in sample
complexity [ by 1. While it has been observed experimentally that the best regret
occurs for a fractional value of 5, we cannot be sure whether ‘The 3’ for the best

regret was indeed achieved.

To summarize, we can control the algorithm FMB with regard to sample complexity
or regret. But this tuning will inevitably have trade-offs between simple and cumulative
regrets, ¢(t) and 7(t) respectively, consistent with the findings of Bubeck et al. (2009).
Nevertheless, there is a definite interval of restriction g, defined by the problem at

hand, on the tuning of 5.

5.4 How low can [ get

Is it possible to get [ as low as 1, and still get a Complexity or Regret achieving
algorithm so as to reduce the cumulative regret incurred in the initiation phase? While
this was accomplished experimentally, we see from a theoretical perspective of when

this would be possible. We have

For [ = 1, we would have



For § < 1, we require

exp(ur/vn) > n

mr > 4/ \/ﬁlnn.

Thus, if some § € fg could achieve ur > /y/nlnn, then we would have an

algorithm achieving O(n) sample complexity for [ = 1.
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Chapter 6
Experiment & Results

A 10-arm bandit test bed with rewards formulated as Gaussian (with varying means
and variances) or Bernoulli was developed for the experiments. Probabilistic and
Greedy action selections (pFMB and FMB respectively) were performed on the quan-
tities Aj;.

6.1 Comparison with Traditional approaches

Here we describe comparisons of FMB and pFMB with traditional approaches that do
not necessarily guarantee sample complexity or regret bounds. A 10-arm bandit test
bed with rewards formulated as Gaussian with varying means and a variance of 1 was
developed for the experiments. Figure 6.1.1 shows Average rewards and Cumulative
Optimal Selections with plays averaged over 2000 tasks on the test bed. Greedy A;
and Exploring A; are the curves corresponding to performances of FMB and pFMB

Average Reward with plays Optimal Selections with plays
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Figure 6.1.1: Two variants of the proposed algorithm, Greedy and Probabilistic action
selections on A;, are compared against the SoftMax algorithm
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Figure 6.1.2: Asymptotic performance showing low Regret

respectively. [ = 0.85 was empirically chosen without complete parameter optimiza-
tion (though 4 trials of different § were made). The temperature of the SoftMax
algorithm, 7 = 0.24 was observed to be best among the 13 different temperatures that
were attempted for parameter-optimization of the SoftMax procedure. This tempera-
ture value was also seen to better e-greedy action selection with e = 0.1. To see a more
asymptotic performance, the number of plays was further increased to 5000 with Gaus-
sian rewards incorporating varying means as well as variances and the corresponding
plots are shown in Figure 6.1.2. As can be seen, though the proposed algorithms could
not keep up in optimal selections, but yet are reaping higher cumulative rewards even

3000 turns after e-greedy finds better optimal selections (at around 1500 turn).

6.2 Comparison with State-of-the-art approaches

We now compare FMB with state-of-the-art algorithms that guarantee either sample
complexity or regret. Comparisons of FMB with UCB-Revisited, henceforth called
UCB-Rev, that was shown to incur low regrets [Auer & Ortner (2010)] are depicted
in Figure 6.2.1. The experiments were conducted on the 10-arm bandit test bed with
specific random seeds (Guassian or Bernoulli) and the results were averaged over 200
different tasks or trials. Note that UCB-Rev was provided with the knowledge of the
horizon, the number of plays 7', which aids in its optimal performance. Furthermore, no
parameter optimization was performed for FMB and the experiments were conducted
with 8 = 0.85. We see that FMB performs substantially better in terms of cumulative
regret and its growth, even with the knowledge of horizon provided to UCB-Rev.
Comparisons of FMB with Median Elimination Algorithm (MEA) [Even-Dar et al.
(2006)] which was also shown to achieve O(n) sample complexity is shown in Figure

6.2.2. Here we compare the performances of the two algorithms for incurring the same
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Figure 6.2.1: Comparison of FMB with UCB-Rev [Auer & Ortner (2010)] on Bernoulli
and Gaussian rewards, respectively
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Figure 6.2.2: Comparison of FMB with Median Elimination Algorithm (MEA) [Even-
Dar et al. (2006)] on Bernoulli and Gaussian rewards, respectively

sample complexity. The parameters for MEA’s performances depicted (¢ = 0.95,5 =
0.95) performed best with respect to regret among 34 different uniformly changing
instances tested, while no parameter optimization for FMB was performed. To achieve
O(n) guarantees at ¢ = 0.95,9 = 0.95, it was observed that [ = 2 and [ = 3 were
respectively required as arm-picks at the start of FMB for the Bernoulli and Gaussian
experiments. Though this may not be a fair comparison as appropriate values of [
were computed empirically to attain the e,d confidences, we observe relatively very

low values of [ are sufficient to ensure O(n) sample complexity.

We conclude that the proposed class of algorithms, in addition to substantially
reducing regrets while learning, seem to perform well with respect to sample complexity

as well.
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Chapter 7
Conclusions & Future Work

The proposed class of algorithms are the first to use fractional moments in bandit
literature to the best of our knowledge. Specifically, the class is shown to possess algo-
rithms that provide PAC guarantees with O(n) complexity in finding an e-optimal arm
in addition to algorithms incurring the theoretical lowest regret of O(log(t)). Experi-
mental results support this, showing the algorithm achieves substantially lower regrets
not only when compared with parameter-optimized e-greedy and SoftMax methods
but also with state-of-the art algorithms like MEA [Even-Dar et al. (2006)| (when
compared in achieving the same sample complexity) and UCB-Rev [Auer & Ortner
(2010)]. Minimizing regret has been a crucial factor in various applications. For in-
stance Agarwal et al. (2008) describe relevance to content publishing systems that
select articles to serve hundreds of millions of user visits per day. In this regard, FMB
performs 20 times faster (empirically) compared to UCB-Rev. In addition to perfor-
mance improvements, FMB provides a neat way of controlling sample complexity and
regret with the help of a single parameter. To the best of our knowledge, this is the

first work to introduce control in sample complexity and regret while learning bandits.

We note that as the reward distributions are relaxed from R; € {0,7;} to contin-
uous probability distributions, the sample complexity in (3.3.2) is further improved.
To see this, consider a gradual blurring of the bernoulli distribution to a continuous
distribution. The probabilities P{A; > A;} would increase due to the inclusion of
new reward-possibilities in the event space. So we expect even lower sample complex-
ities (in terms of the constants involved) with continuous reward distributions. But
the trade off is really in the computations involved. The algorithm presented can be
implemented incrementally, but requires that the set of rewards observed till then be
stored. On the other hand the algorithm simplifies computationally to a much faster
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approach in case of Bernoulli distributions', as the mean estimates can be used directly.
As the cardinality of the reward set increases, so will the complexity in computation.
Since most rewards are encoded manually specific to the problem at hand, we expect
low cardinal reward supports where the low sample complexity achieved would greatly

help without major increase in computations.

The theoretical analysis assumes greedy action selections on the quantities A; and
hence any further exploration other than the initiation phase (for instance, the ex-
ploration as performed by the algorithm pFMB) is unrealizable. Bounds for the ex-
ploratory algorithm pFMB on the sample complexity or regret would help in better
understanding of the explore-exploit situation so as to whether a greedy FMB could
beat an exploratory FMB. While FMB incurs a sample complexity of O(n), determi-
nation of an appropriate [ given € and ¢ is another direction to pursue. In addition,
note from (3.3.2) and (3.3.3) that we sample all arms with the worst /;, where [; is
the necessary number of pulls for arm ¢ to ensure PAC guarantees with O(n). We
could reduce the sample complexity further if we formulate the initiation phase with
l; pulls of arm ¢, which requires further theoretical footing on the determination of
appropriate values for [. The method of tuning parameter 3, and the estimation of
Bs are aspects to pursue for better use of the algorithm in unknown environments
with no knowledge of reward support. A further variant of the algorithms proposed,
allowing change of 8 while learning could be an interesting possibility to look at.
Extensions to the multi-slot framework, applications to contextual bandits and exten-
sions to the complete Reinforcement Learning problem would be some useful avenues

to pursue.

!Essential requirement is rather a low cardinal Reward support
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