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1. Which of the matrices A1, A2, A3, A4 is positive-definite? Justify

A1 =

[
5 6
6 7

]
A2 =

[
−1 −2
−2 −5

]
A3 =

[
1 10
10 100

]
A4 =

[
1 10
10 101

]
(6 marks)

Solution :

Only A4 =

[
1 10
10 101

]
has two positive eigenvalues since 101 > 102.

2. Which classes of matrices does P belong to: invertible, Hermitian, unitary? What are the eigenvalues
of P?

P =

0 i 0
0 0 i
i 0 0

 (3 marks)

Solution :
|P | 6= 0. Hence invertible.
P 6= PH . Hence not Hermitian.
PPH = I. Hence Unitary.

3. Prove that similar matrices A and B, have the same eigen values. (2 marks)

Solution :

The eigenvalue of B is the same λ. The eigenvector has changed to M−1x.

4. Suppose A has orthogonal columns w1, w2, ..., wn of lengths σ1, σ2, ...σn. What are U,Σ, and V in
the SVD? (3 marks)
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Solution :

5. Construct the singular value decomposition (SVD) of A =

[
2 2
−1 1

]
(3 marks)

Solution :
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6. You are given the quadratic polynomial f(x, y, z):

f(x, y, z) = 2x2 − 2xy − 4xz + y2 + 2yz + 3z2 − 2x+ 2z

(a) Write f(x, y, z) in the form f(x, y, z) = xTAx−bTx where x = (x, y, z)T , A is a real symmetric
matrix, and b is some constant vector. Solution :

(b) Find the point (x, y, z) where f(x, y, z) is at an extremum. Solution :

(c) Is this point a minimum, maximum, or a saddle point of some kind? Solution :

(4 marks)

7. Toss a fair coin 3 times. Let H1 = ’heads on first toss’ and A = ’two heads total’. Are H1 and A
independent? (2 marks)

Solution :

8. How many permutations of the letters ABCDEFGH contain the string ABC? (2 marks)

Solution :
Think of the letters ABC as glued together. Thus we really have six objects, namely, the superletter
ABC, and the individual letters D, E, F, G, and H. Because these six objects can occur in any order,
there are 6! = 720 permutations of the letters ABCDEFGH in which ABC occurs as a block.


