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Preface

In parallel to the much-quoted enduring increase of processing power, we can
notice that that the effectiveness of the computer vision algorithms themselves is
enhanced steadily. As a consequence, more and more real-world problems can be
tackled by computer vision. Apart from their traditional utilization in industrial
applications, progress in the field of object recognition and tracking, 3D scene
reconstruction, biometrics, etc. leads to a wide-spread usage of computer vision
algorithms in applications such as access control, surveillance systems, advanced
driver assistance systems, or virtual reality systems, just to name a few.

If someone wants to study this exciting and rapidly developing field of computer
vision, he or she probably will observe that many publications primarily focus on
the vision algorithms themselves, i.e. their main ideas, their derivation, their
performance compared to alternative approaches, and so on.

Compared to that, many contributions place less weight on the rather “technical”
issue of the methods of optimization these algorithms employ. However, this does
not come up to the actual importance optimization plays in the field of computer
vision. First, the vast majority of computer vision algorithms utilize some form of
optimization scheme as the task often is to find a solution which is “best” in some
respect. Second, the choice of the optimization method seriously affects the perfor-
mance of the overall method, in terms of accuracy/quality of the solution as well as
in terms of runtime. Reason enough for taking a closer look at the field of
optimization.

This book is intended for persons being about to familiarize themselves with the
field of computer vision as well as for practitioners seeking for knowledge how to
implement a certain method. With existing literature, I feel that there are the
following shortcomings for those groups of persons:

» The original articles of the computer vision algorithms themselves often don’t
spend much room on the kind of optimization scheme they employ (as it is
assumed that readers already are familiar with it) and often confine themselves at
reporting the impact of optimization on the performance.
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viii Preface

* General-purpose optimization books give a good overview, but of course lack in
relation to computer vision and its specific requirements.

¢ Dedicated literature dealing with optimization methods used in computer vision
often focusses on a specific topic, like graph cuts, etc.

In contrast to that, this book aims at

» Giving a comprehensive overview of a large variety of topics of relevance in
computer vision-related optimization. The included material ranges from classi-
cal iterative multidimensional optimization to up-to-date topics like graph cuts
or GPU-suited total variation-based optimization.

» Bridging the gap between the computer vision applications and the optimization
methods being employed.

» Facilitating understanding by focusing on the main ideas and giving (hopefully)
clearly written and easy to follow explanations.

* Supplying detailed information how to implement a certain method, such as
pseudocode implementations, which are included for most of the methods.

As the main purpose of this book is to introduce into the field of optimization, the
content is roughly structured according to a classification of optimization methods
(i.e. continuous, variational, and discrete optimization). In order to intensify the
understanding of these methods, one or more important example applications in
computer vision are presented directly after the corresponding optimization
method, such that the reader can immediately learn more about the utilization of
the optimization method at hand in computer vision. As a side effect, the reader is
introduced into many methods and concepts commonly used in computer vision
as well.

Besides hopefully giving easy to follow explanations, the understanding is
intended to be facilitated by regarding each method from multiple points of view.
Flowcharts should help to get an overview of the proceeding at a coarse level,
whereas pseudocode implementations ought to give more detailed insights. Please
note, however, that both of them might slightly deviate from the actual implemen-
tation of a method in some details for clarity reasons.

To my best knowledge, there does not exist an alternative publication which
unifies all of these points. With this material at hand, the interested reader hopefully
finds easy to follow information in order to enlarge his knowledge and develop a
solid basis of understanding of the field.

Dachau Marco Alexander Treiber
March 2013
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Chapter 1
Introduction

Abstract The vast majority of computer vision algorithms use some form of
optimization, as they intend to find some solution which is “best” according to
some criterion. Consequently, the field of optimization is worth studying for
everyone being seriously interested in computer vision. In this chapter, some
expressions being of widespread use in literature dealing with optimization are
clarified first. Furthermore, a classification framework is presented, which intends
to categorize optimization methods into the four categories continuous, discrete,
combinatorial, and variational, according to the nature of the set from which they
select their solution. This categorization helps to obtain an overview of the topic
and serves as a basis for the structure of the remaining chapters at the same time.
Additionally, some concepts being quite common in optimization and therefore
being used in diverse applications are presented. Especially to mention are
so-called energy functionals measuring the quality of a particular solution by
calculating a quantity called “energy”, graphs, and last but not least Markov
Random Fields.

1.1 Characteristics of Optimization Problems

Optimization plays an important role in computer vision, because many computer
vision algorithms employ an optimization step at some point of their proceeding.
Before taking a closer look at the diverse optimization methods and their utilization
in computer vision, let’s first clarify the concept of optimization. Intuitively, in
optimization we have to find a solution for a given problem which is “best” in the
sense of a certain criterion.

Consider a satnav system, for example: here the satnav has to find the “best”
route to a destination location. In order to rate alternative solutions and eventually
find out which solution is “best,” a suitable criterion has to be applied. A reasonable
criterion could be the length of the routes. We then would expect the optimization
algorithm to select the route of shortest length as a solution. Observe, however, that

M.A. Treiber, Optimization for Computer Vision: An Introduction to Core Concepts 1
and Methods, Advances in Computer Vision and Pattern Recognition,
DOI 10.1007/978-1-4471-5283-5_1, © Springer-Verlag London 2013



2 1 Introduction

other criteria are possible, which might lead to different “optimal” solutions, e.g.,
the time it takes to travel the route leading to the fastest route as a solution.

Mathematically speaking, optimization can be described as follows: Given a
function f : S — R which is called the objective function, find the argument x*
which minimizes f:

X" = arg minf(x) (1.1)

xes

S defines the so-called solution set, which is the set of all possible solutions for
our optimization problem. Sometimes, the unknown(s) x are referred to design
variables. The function f describes the optimization criterion, i.e., enables us to
calculate a quantity which indicates the “goodness” of a particular x.

In the satnav example, S is composed of the roads, streets, motorways, etc.,
stored in the database of the system, x* is the route the system has to find, and the
optimization criterion f(x) (which measures the optimality of a possible solution)
could calculate the travel time or distance to the destination (or a combination of
both), depending on our preferences.

Sometimes there also exist one or more additional constraints which the solution
x* has to satisfy. In that case we talk about constrained optimization (opposed to
unconstrained optimization if no such constraint exists). Referring to the satnav
example, constraints could be that the route has to pass through a certain location or
that we don’t want to use toll roads.

As a summary, an optimization problem has the following “components’:

e One or more design variables x for which a solution has to be found
» An objective function f(x) describing the optimization criterion

e A solution set S specifying the set of possible solutions x

« (optional) One or more constraints on x

In order to be of practical use, an optimization algorithm has to find a solution in
a reasonable amount of time with reasonable accuracy. Apart from the performance
of the algorithm employed, this also depends on the problem at hand itself. If we
can hope for a numerical solution, we say that the problem is well-posed. For
assessing whether an optimization problem can be solved numerically with reason-
able accuracy, the French mathematician Hadamard established several conditions
which have to be fulfilled for well-posed problems:

1. A solution exists.

2. There is only one solution to the problem, i.e., the solution is unique.

3. The relationship between the solution and the initial conditions is such that small
perturbations of the initial conditions result in only small variations of x*.

If one or more of these conditions is not fulfilled, the problem is said to be
ill-posed. If condition (3) is not fulfilled, we also speak of ill-conditioned problems.
Observe that in computer vision, we often have to solve so-called inverse
problems. Consider the relationship y = T'(x), for example. Given some kind of
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observed data y, the inverse problem would be the task to infer a different data
representation x from y. The two representations are related via some kind of
transformation 7. In order to infer x from y directly, we need to know the inverse of
T, which explains the name. Please note that this inverse might not exist or could be
ambiguous. Hence, inverse problems often are ill-posed problems.

An example of an inverse problem in computer vision is the task of image
restoration. Usually, the observed image / is corrupted by noise, defocus, or motion
blur. I(x,y) is related to the uncorrupted data R by I = T(R) + n, where T could
represent some kind of blur (e.g., defocus or motion) and n denotes an additive noise
term. Image restoration tries to calculate an estimate of R (termed R in the following)
from the sensed image /.

A way out of the dilemma of ill-posedness here is to turn the ill-posed problem
into a well-posed optimization problem. This can be done by the definition of a
so-called energy E, which measures the “goodness” of R being an estimation of R.
Obviously, E should measure the data fidelity of R to I and should be small if R
doesn’t deviate much from /, because usually R is closely related to I. Additional
(a priori) knowledge helps to ensure that the optimization problem is well-posed,
e.g., we can suppose that the variance of R should be as small as possible (because
many images contain rather large regions of uniform or slowly varying bright-
ness/color).

In general, the usage of optimization methods in computer vision offers a variety
of advantages; among others there are in particular to mention:

¢ Optimization provides a suitable way of dealing with noise and other sources of
corruption.

* The optimization framework enables us to clearly separate between problem
formulation (design of the objective function) and finding the solution
(employing a suitable algorithm for finding the minimum of the objective
function).

¢ The design of the objective function provides a natural way to incorporate
multiple source of information, e.g., by adding multiple terms to the energy
function E, each of them capturing a different aspect of the problem.

1.2 Categorization of Optimization Problems

Optimization methods are widely used in numerous computer vision applications of
quite diverse nature. As a consequence, the optimization methods which are best
suited for a certain application are of quite different nature themselves. However,
the optimization methods can be categorized according to their properties. One
popular categorization is according to the nature of the solution set S (see e.g. [7]),
which will be detailed below.
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Fig. 1.1 Depicting a set of data points (blue squares) and the linear regression line (bold red line)
minimizing the total sum of squared errors

1.2.1 Continuous Optimization

We talk about continuous optimization if the solution set S is a continuous subset of
R". Typically, this can be a bounded region of R”, such as a subpixel position [x, y] in
a camera image (which is bounded by the image width W and height H: [x,y]
€l0,...,W—1] x[0,...,H — 1]) or an m-dimensional subspace of R" where m
(e.g., a two-dimensional surface of a three-dimensional space — the surface of an
object). Here, the bounds or the subspace concept acts as constraints, and these are
two examples why continuous optimization methods often have to consider
constraints.

A representative application of continuous optimization is regression, where
observed data shall be approximated by functional relationship. Consider the
problem of finding a line that fits to some measured data points [x;,y;] in a
two-dimensional space (see Fig. 1.1). The line / to be found can be expressed
through the functional relationship / : y = mx + ¢. Hence, the problem is to find the
parameters m and ¢ of the function. A criterion for the goodness of a particular fit is
how close the measured data points are located with respect to the line. Hence, a
natural choice for the objective function is a measure of the overall squared
distance:

fitx) = 32 b= o+ 1)

Continuous optimization methods directly operate on the objective function and
intend to find its minimum numerically. Typically, the objective function f(x) is
multidimensional where x € R” with n > 1. As a consequence, the methods often
are of iterative nature, where a one-dimensional minimum search along a certain
search direction is performed iteratively: starting at an initial solutionx;_1, each step
i first determines the search direction a; and then performs a one-dimensional
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optimization of f(x) along a; yielding an updated solution x;. The next step repeats
this proceeding until convergence is achieved.

A further categorization of continuous optimization methods can be done
according to the knowledge of f(x) which is taken into account during optimization:
some methods only use knowledge of f(x), some additionally utilize knowledge of
its first derivative Vf(x) (gradient), and some also make use of its second derivative,
i.e., the Hessian matrix H(f(x), x).

1.2.2 Discrete Optimization

Discrete optimization deals with problems where the elements of the solution set S
take discrete values, e.g., S C Z" = {i,i2,...,in}; Iy € Z.

Usually, discrete optimization problems are NP-hard to solve, which, informally
speaking, in essence states that there is no known algorithm which finds the correct
solution in polynomial time. Therefore, execution times soon become infeasible as
the size of the problem (the number of unknowns) grows.

As a consequence, many discrete optimization methods aim at finding approximate
solutions, which can often be proven to be located within some reasonable bounds to
the “true” optimum. These methods are often compared in terms of the quality of the
solution they provide, i.e., how close the approximate solution gets to the “true”
optimal solution. This is in contrast to continuous optimization problems, which aim
at optimizing their rate of convergence to local minima of the objective function.

In practice it turns out that the fact that the solution can only take discrete values,
which acts as an additional constraint, often complicates matters when we effi-
ciently want to find a solution. Therefore, a technique called relaxation can be
applied, where the discrete problem is transformed into its continuous version: The
objective function remains unchanged, but now the solution can take continuous
values, e.g., by replacing Sg C Z" with S. C R", i.e., the (additional) constraint that
the solution has to take discrete values is dropped. The continuous representation
can be solved with an appropriate continuous optimization technique. A simple way
of deriving the discrete solution xj from the thus obtained continuous one x is to
choose that element of the discrete solution set Sq which is closest to x7. Please note
that there is no guarantee that x} is the optimal solution of the discrete problem, but
under reasonable conditions it should be sufficiently close to it.

1.2.3 Combinatorial Optimization

In combinatorial optimization, the solution set S has a finite number of elements,
too. Therefore, any combinatorial optimization problem is also a discrete problem.
Additionally, however, for many problems it is impractical to build S as an explicit
enumeration of all possible solutions. Instead, a (combinatorial) solution can be
expressed as a combination of some other representation of the data.
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To make things clear, consider to the satnav example again. Here, S is usually not
represented by a simple enumeration of all possible routes from the start to a
destination location. Instead, the data consists of a map of the roads, streets,
motorways, etc., and each route can be obtained by combining these entities
(or parts of them). Observe that this allows a much more compact representation
of the solution set.

This representation leads to an obvious solution strategy for optimization problems:
we “just” have to try all possible combinations and find out which one yields the
minimum value of the objective function. Unfortunately, this is infeasible due to the
exponential growth of the number of possible solutions when the number of elements
to combine increases (a fact which is sometimes called combinatorial explosion).

An example of combinatorial optimization methods used in computer vision are
the so-called graph cuts, which can, e.g., be utilized in segmentation problems:
consider an image showing an object in front of some kind of background. Now we
want to obtain a reasonable segmentation of the foreground object from the
background. Here, the image can be represented by a graph G = (V,E), where
each pixel i is represented by a vertex v; € V, which is connected to all of its
neighbors via an edge e;; € E (where pixels i and j are adjacent pixels; typically a
4-neighborhood is considered).

A solution s of the segmentation problem which separates the object region from
the background consists of a set of edges (where each of these edges connects a
pixel located at the border of the object to a background pixel) and can be called a
cut of the graph. In order to find the best solution, a cost ¢;; can be assigned to each
edge e;;, which can be derived from the intensity difference between pixeliand j: the
higher the intensity difference, the higher c;;. Hence, the solution of the problem is
equal to find the cut which minimizes the overall cost along the cut. As each cut
defines a combination of edges, graph cuts can be used to solve combinatorial
optimization problems. This combinatorial strategy clearly is superior to enumerate
all possible segmentations and seek the solution by examination of every element of
the enumeration.

1.2.4 Variational Optimization

In variational optimization, the solution set S denotes a subspace of functions
(instead of values in “normal” optimization), i.e., the goal is to find a function
which best models some data.

A typical example in computer vision is image restoration, where we want to
infer an “original” image R(x,y) without perturbations based on a noisy or blurry
observation /(x, y) of that image. Hence, the task is to recover the function R(x,y)
which models the original image. Consequently, restoration is an example of an
inverse problem.

Observe that this problem is ill-posed by nature, mainly because the number of
unknowns is larger than the number of observations and therefore many solutions
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can be aligned with the observation. Typically, we have to estimate W x H pixel in
R and, additionally, some other quantities which model the perturbations like noise
variance or a blur kernel, but we have only W x H observations in /.

Fortunately, such problems can often be converted into a well-posed optimiza-
tion problem by additionally considering prior knowledge. Based on general
considerations, we can often state that some solutions are more likely than others.
In this context, the usage of the so-called smoothness assumption is quite common.
This means that solutions which are “smooth,” i.e., take constant or slowly varying
values, are to be favored and considered more likely.

A natural way to consider such a priori information about the solution is the usage
of a so-called energy functional E as objective function (a more detailed description is
given below in the next section). E measures the “energy” of a particular explanation
R of the observed data /. If E has low values, R should be a good explanation of /.
Hence, seeking the minimum of E solves the optimization problem.

In practice E is composed of multiple terms. At first, the so-called external

energy models the fidelity of a solution R to the observed data I. Obviously, Risa
good solution if it is close to /. In order to resolve the discrepancy between the
number of observed data and unknowns, additional prior knowledge is introduced
in E. This term is called internal energy. In our example, most natural images
contain large areas of uniform or smoothly varying brightness, so a reasonable
choice for the internal energy is to integrate all gradients observed in /. As a
consequence, the internal energy acts as a regularization term which favors
solutions which are in accordance with the smoothness assumption.

To sum it up, the introduction of the internal energy ensures the well-posedness
of variational optimization problems. A smoothness constraint is quite common in
this context.

Another example are so-called active contours, e.g., “snakes,” where the course of
a parametric curve has to be estimated. Imagine an image showing an object with
intensity distinct from background intensity, but some parts of its boundary cannot be
clearly separated from the background. The sought curve should pass along the
borders of this object. Accordingly, its external energy is measured by local intensity
gradients along the curve. At the same time, object boundaries typically are smooth.
Therefore, the internal energy is based on first- and second-order derivatives. These
constraints help to fully describe the object boundary by the curve, even at positions
where, locally, the object cannot be clearly separated from the background.

A graphical summarization of the four different types of solution sets can be seen
in Fig. 1.2.

1.3 Common Optimization Concepts in Computer Vision

Before taking a closer look at the diverse optimization methods, let’s first introduce
some concepts which are of relevance to optimization and, additionally, in
widespread use in computer vision.
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Fig. 1.2 Illustrating the different types of solution sets: continuous (blue two-dimensional region,
upper left), discrete (grid, upper right), combinatorial (combinations of four color squares,
lower left), and variational (space of functions, lower right)

With the help of energy functions, for example, it is possible to evaluate and
compare different solutions and thus use this measure to find the optimal solution.
The well-known MAP estimator, which finds the best solution by estimating the
“most likely” one, given some observed data, can be considered as one form of
energy minimization.

Markov Random Fields (MRFs) are a very useful model if the “state” of each
pixel (e.g., a label or intensity value) is related to the states of its neighbors, which
makes MRFs suitable for restoration (e.g., denoising), segmentation, or stereo-
matching tasks, just to name a few.

Last but not least, many computer vision tasks rely on establishing correspondences
between two entities. Consider, for example, an object which is represented by a set of
characteristic points and their relative position. If such an object has to be detected in a
query image, a common proceeding is to extract characteristic points for this image as
well and, subsequently, try to match them to the model points, ie., to establish
correspondences between model and query image points.

In addition to this brief explanation, the concepts of energy functions, graphs,
and Markov Random Fields are described in more detail in the following sections.

1.3.1 Energy Minimization

The concept of so-called energy functions is a widespread approach in computer
vision. In order to find the “best” solution, one reasonable way is to quantify how
“good” a particular solution is, because such a measure enables us to compare
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different solutions and select the “best”. Energy functions E are widely used in this
context (see, e.g., [6]).

Generally speaking, the “energy” is a measure how plausible a solution is. High
energies indicate bad solutions, whereas a low energy signalizes that a particular
solution is suitable for explaining some observed data. Some energies are so-called
functionals. The term “functional” is used for operators which map a functional
relationship to a scalar value (which is the energy here), i.e., take a function as
argument (which can, e.g., be discretely represented by a vector of values) and
derive a scalar value from this. Functionals are needed in variational optimization,
for example.

With the help of such a function, a specific energy can be assigned to each
element of the solution space. In this context, optimization amounts to finding the
argument which minimizes the function:

X" = argmin E(x) (1.2)

xes

As already mentioned in the previous section, E typically consists of two
components:

1. A data-driven or external energy E.x:, which measures how “good” a solution
explains the observed data. In restoration tasks, for example, E.y, depends on the
fidelity of the reconstructed signal R to the observed data /.

2. Aninternal energy Ej,, which exclusively depends on the proposed solution (i.e.,
is independent on the observed data) and quantifies its plausibility. This is the
point where a priori knowledge is considered: based on general considerations,
we can consider some solutions to be more likely than others and therefore
assign a low internal energy to them. In this context it is often assumed that the
solution should be “smooth” in a certain sense. In restoration, for example, the
proposed solution should contain large areas with uniform or very smoothly
varying intensity, and therefore Ej, depends on some norm of the sum of the
gradients between adjacent pixels.

Overall, we can write:
E =FE¢+ A Eint (13)

where the parameter A specifies the relative weighting between external and
internal energy. High values of 1 tend to produce smoothly varying optimization
results (if E;,; measures the smoothness of the solution), whereas low values of A
favor results being close to the observed values.

Please observe that the so-called MAP (maximum a posteriori) estimation,
which is widely used, too, is closely related to energy minimization. MAP estima-
tion tries to maximize the probability p(M|D) of some model M, given some
observed data D (p(M|D) is called the posterior probability, because it denotes a
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probability after observing the data). However, it is difficult to quantify p(M|D) in
practice. A way out is to apply Bayes’ rule:

p(DIM) - p(M)

p(m|p) = P2

(1.4)

where p(D|M) is called the likelihood of the data and p(M) the prior, which
measures how probable a certain model is.

If we are only interested in finding the most likely model M* (and not in the
absolute value of the posterior at this position M*), we can drop p(D) and,
additionally, take the logarithm of both sides of (1.4). As a common way to
model the probabilities are Gaussian distributions, taking the logarithm simplifies
calculations considerably, because it eliminates the exponentials. If we take the
negative logarithm, we have:

M" = arg min(— log[p(D|M)] — log[p(M)]) (1.5)

If we set Eex = —log[p(D|M)] and Ei = —log[p(M)], we can see that the
structure of (1.5) is the same as we encountered in (1.2).

However, please note that MAP estimation is not completely equivalent to
energy-based optimization in every case, as there are many possibilities how to
model the terms of the energy functional, and the derivation from MAP estimation
is just one kind, albeit a very principled one. Because of this principled proceeding,
Bayesian modeling has several potential advantages over user-defined energy
functionals, such as:

e The parameters of probability distributions can be learned from a set of
examples, which in general is more accurate than just estimating or manually
setting weights of the energy functional, at least if a suitable training base is
available.

« It is possible to estimate complete probability distributions over the unknowns
instead of determining one single value for each of them at the optimum.

e There exist techniques for optimizing unordered variables (e.g., the labels
assigned to different regions in image segmentation tasks) with MAP
estimations, whereas unordered variables pose a serious problem when they
have to be compared in an energy function.

1.3.2 Graphs

The concept of graphs can be found in various vision applications. In the context of
optimization, graphs can be used to model the problem at hand. An optimization
procedure being based on a graph model can then utilize specific characteristics of
the graph — such as a special structure — in order to get a fast result. In the following,
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Fig. 1.3 Exemplifying a graph consisting of nodes (circles), which are linked by edges (/ines)
(left). In the graph shown in the middle, the blue nodes form a path, which are connected by the red
edges. Right: example of a cycle (blue nodes, green edges)

some definitions concerning graphs and their properties are introduced (a more
detailed introduction can be found in, e.g., [4]).

A graph G = {N,E} is a set of nodes N = {ny,na,...,n.}, which are also
called vertices. The nodes are connected by edges, where the edges model the
relationship between the nodes: Two nodes n; and n; are connected by an edge ¢;;
if they have a special relationship. All edges are pooled in the edge set E = {e,»j}
(see the left of Fig. 1.3 with circles as nodes and lines as edges for an example).

Graphs are suitable for modeling a wide variety of computer vision problems.
Typically, the nodes model individual pixels or features derived from the image,
such as interest points. The edges model the relationship between the pixels and
features. For example, an edge e;; indicates that the pixels i and j influence each
other. In many cases this influence is limited to a rather small local neighborhood or
adjacent pixels. Consequently, edges are confined to nearby or, even more restric-
tive, adjoining pixels.

Additionally, an edge can feature a direction, i.e., the edge e; can point from
node n; to node 7;, .g., because pixel i influences pixel j, but not vice versa. In that
case, we talk about a directed graph (otherwise the graph is called undirected).

Moreover, a weight w;; can be associated to an edge e;;. The weights serve as a
measure how strongly two nodes are connected.

A path in a graph from node #; to node n; denotes a sequence of nodes starting at
n; and ending at nz, where two consecutive nodes are connected by an edge at a time
(see blue nodes/red edges in the middle part of Fig. 1.3). If n; is equal to ny, i.e., start
node and termination node are the same, the path is termed a cycle (right part of
Fig. 1.3). The length of the path is the sum of the weights of all edges along the path.

An important special case of graphs are trees. A graph is said to be a tree if it is
undirected, contains no cycles, and, additionally, is connected, which means that
there is a path between any two nodes of the graph (see left of Fig. 1.4). In a tree,
one node can be arbitrarily picked as root node (light red node in right tree of
Fig. 1.4). All other nodes have a certain depth from the root, which is related to the
number of edges along the path between them and the root (as depth increases, color
saturation of the circles decreases in the right part of Fig. 1.4).

Another subclass of graphs are bipartite graphs. A graph is said to be bipartite if
its nodes can be split into two disjoint subsets A and B such that any edge of the
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Fig. 1.4 Showing a tree example (left). Right: same tree, with specification of a root node

(light red). Depending on their depth, the nodes get increasingly darker

Fig. 1.5 Tllustrating a bipartite graph (/eft), where the edges split the nodes into the two blue and
green subsets (separated by dashed red line). Right: the same bipartite graph, with a matching
example (red edges)

graph connects one node of A to one node of B. This means that for any edge,
exactly one of the nodes it connects is an element of A and exactly one is an element
of B (see left part of Fig. 1.5, where the nodes are split by the edges into the blue
and the green subset). Bipartite graphs can be useful for so-called assignment
problems, where a set of features has to be matched to another feature set, i.e.,
for each feature of one set, the “best corresponding” feature of the other set has to
be found.

Last but not least, we talk about a matching M, if M is a subset of the edge set E
with the property that each node of the bipartite graph belongs to at most one
edge of M (see right part of Fig. 1.5). If each node is connected by exactly one
edge € M, M is said to be a perfect matching. Observe that the red edge set of
the right graph of Fig. 1.5 is not a perfect matching, because some nodes are not
connected to any of the red edges.

1.3.3 Markov Random Fields

One example of graphs are so-called Markov Random Fields (or MRF's), which are
two-dimensional lattices of variables and were introduced for vision applications by
[3]. Over the years, they found widespread use in computer vision (see, e.g., [1] for
an overview).

In computer vision tasks, it is natural to regard each of those variables as
one pixel of an image. Each variable can be interpreted as one node n; of a graph
G = {N, E} consisting of a set of nodes N, which are connected by a set of edges E,
as described in the previous section. The value each pixel takes is referred to the
state of the corresponding node.



1.3 Common Optimization Concepts in Computer Vision 13

In practice, the state of each node (pixel) is influenced by other nodes (pixels).
This influence is represented in the MRF through edges: if two nodes n; and n;
influence each other, they are connected by an edge e;. Without giving the exact
mathematical definition here, we note that the nature of MRFs defines that:

» Each node #; is influenced only by a well-defined neighborhood S(#;) around it,
e.g., 4-neighborhood.

o If nj € S(n;), the relation n; € S(nj) is also true, i.e., if n; is within the local
neighborhood of #;, then the same observation holds vice versa: n; is located
within the neighborhood of ;.

A weight s; can be assigned to each edge ¢;;. The s;; determines how strong
neighboring nodes influence each other and are called pairwise interaction
potentials. Another characteristic of Markovian models is that a future state of a
node depends only on the current states of the nodes in the neighborhood. In other
words, there is no direct dependency (on past states of them).

Normally, the nodes N represent “hidden” variables, which cannot be measured
directly. However, each n; can be related to a variable o; which is observable. Each
(nji, 0;) pair is connected by an edge, too. A weight w; can be assigned to each of
these edges as well, and each w; defines how strong the state of #; is influenced by o;.

Markov Random Fields are well suited for Bayesian-modeled energy functionals
as introduced in the previous section and in particular for reconstruction or restora-
tion problems: Given a measured image I, which is corrupted by noise, blur, etc.,
consider the task to reconstruct its uncorrupted version R. In order to represent this
problem with an MRF, we make the following assignments:

¢ Each node (hidden variable) represents one unknown of the optimization prob-
lem, i.e., the state of a particular node n; represents the (unknown) value R(x;, ;)
of the pixel [x;, y;] of the image to be reconstructed.

» EachR(x;,y;)is related to the measured value at this position/(x;, y;), i.e., each o;
is assigned to one observed value I(x;, y;).

» The weight w(x;, y;) models how strong R(x;, y;) is influenced by the observation
I(x;,y;i). Therefore, high values of w ensure a high fidelity of the R to the
measured image data. This corresponds to the relative weighting of the external
energy (see parameter A in (1.3)).

+ The edges e¢; between the hidden variables can be considered as a way of
modeling the influence of the prior probability. One way to do this is to compare
the values of neighboring hidden variables (cf. the smoothness assumption,
where low intensity differences between adjacent pixels are considered more
likely than high differences). In doing so, the weights s; determine which
neighbors influence a particular hidden variable and how strong they do this.
Due to its simplicity, it is tempting to use a 4-neighborhood. In many cases, this
simple neighborhood proves to be sufficient enough for modeling reality, which
makes it the method of choice for many applications.

If we assume a 4-neighborhood, we can model the MRF graphically as
demonstrated in Fig. 1.6. The grid of hidden variables, where each variable represents
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Fig. 1.6 Showing a graphical illustration of a Markov Random Field (/eft) and a more detailed
illustration of a part of it (right)

a pixel, is shown on the left side of the figure. The right side of the figure illustrates a
(zoomed) part of the MRF (red) in more detail. The hidden variables are illustrated
via white circles. Each hidden variable is connected to its four neighbors via edges
with weights s, and s, (symbolized by white squares). An observed data value (gray
circles) is associated to each hidden variable with weight w (gray square). It is
possible to utilize spatially varying weights s, (x, y),s,(x,y), andw(x, y), if desired, but
in many cases it is sufficient to use weights being constant over the entire MRF.

If the MRF models an energy functional, the following relationships are
frequently used: The external or data-driven energy Eey(x,y) of each pixel
depends on the difference between the state of the hidden variable and the
observed value:

Eext(%,y) = w(X,) * pexe (R(x,¥) — 1(x,)) (1.6)

The energy being based on the prior follows a smoothness assumption and
therefore penalizes adjacent hidden variables of highly differing states:

Eim(x7y) :sx(x,y) 'pim(l(xvy) - I(x+ 17)’)) +sy(an)' (1.7)
PinI(x,y) = 1(x,y + 1)) '

In both (1.6) and (1.7), p denotes a monotonically increasing function, e.g., a
linear (total variation) penalty p(d) = |d| or a quadratic penalty p(d) = |d \2. In the
case of quadratic penalties, we talk about Gaussian Markov Random Fields
(GMREFs), because quadratic penalties are best suited when the corruption of the
observed signal is assumed to be of Gaussian nature.

However, in many cases, a significant fraction of measurements is disturbed by
outliers with gross errors, and a quadratic weighting puts too much emphasis on the
influence of these outliers. Therefore, hyper-Laplacian penalties of the type p(d) =
|d|’; p < 1 are also common.
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Fig. 1.7 Illustrating the
structure of a so-called
conditional random field.
The influence of the observed
data values on the pairwise
interaction weights to
neighboring nodes is
indicated by red lines

The total energy associated to the current state of an MRF equals the sum of the
external as well as internal energy terms over all pixels:

Exge = Y Em(%,y) + > Eeu(x,Y) (1.8)

Xy Xy

Minimization of these types of MRF-based energies used to be performed by a
method called simulated annealing (cf. [S]) when MRFs were introduced to the
vision community (see [3]). Simulated annealing is an iterative scheme which, at
each iteration, randomly picks a variable which is to be changed in this iteration. In
later stages, the algorithm is rather “greedy,” which means that it has a strong bias
toward changes which reduce the energy. In early stages, however, a larger fraction
of changes which does not immediately lead to lower energies is allowed. The
justification for this is that the possibility to allow changes which increase the
energy helps to avoid being “trapped” in a local minimum of the energy functional.

In the meantime, however, it was shown that another class of algorithm called
graph cuts is better suited for optimization and outperforms simulated annealing in
most vision applications (see, e.g., [2]). Here, the algorithm works on the graph
representation of the MRF and intends to find a “cut” which separates the graph into
two parts where the total sum of the weights of edges to be cut attains a minimum.

MRFs have become popular to model problems where a reasonable prior is to
assume that the function to be found varies smoothly. Therefore, it can be
hypothesized that each pixel has a high probability to take values identical or
very similar to its neighbors, and this can be modeled very well with an MRF.
Apart from the already mentioned restoration task, MRFs are also suited for
segmentation, because it is unlikely that the segmentation label (all pixels belong-
ing to the same region are “labeled” with identical value) changes frequently
between neighboring pixels, which would result in a very fragmented image. The
same fact applies for stereo matching tasks, where the disparity between associated
pixels, which is a measure of depth of the scene, should vary slowly spatially.

A variant of MRFs are so-called conditional random fields (CRF), which differ
from standard MRFs in the influence of the observed data values: More specifically,
the weights of the pairwise interaction potentials can be affected by the observed
values of the neighboring pixels (see Fig. 1.7). In that case, the prior depends not
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only on the hidden variables but additionally on the sensed data in the vicinity of
each pixel.

The answer to the question whether an MRF or CRF is better depends on the
application. For some applications, the additional connections between observed
data values and the prior (which for MRFs do not exist) are advantageous. For
example, we can observe that the smoothness assumption of MRFs has a bias
toward slowly varying states of the hidden variables, which is not desirable in the
presence of edges, because then they are smoothed, too. If, however, the smooth-
ness weights s.(x,y) and s,(x,y) are reduced for pixels where a strong edge is
present in the observed data, these edges are more likely to be preserved. Hence,
CRFs are one means of attenuating this bias.
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Chapter 2
Continuous Optimization

Abstract A very general approach to optimization are local search methods, where
one or, more typically, multiple variables to be optimized are allowed to take
continuous values. There exist numerous approaches aiming at finding the set of
values which optimize (i.e., minimize or maximize) a certain objective function. The
most straightforward way is possible if the objective function is a quadratic form,
because then taking its first derivative and setting it to zero leads to a linear system of
equations, which can be solved in one step. This proceeding is employed in linear
least squares regression, e.g., where observed data is to be approximated by a
function being linear in the design variables. More general functions can be tackled
by iterative schemes, where the two steps of first specifying a promising search
direction and subsequently performing a one-dimensional optimization along this
direction are repeated iteratively until convergence. These methods can be
categorized according to the extent of information about the derivatives of the
objective function they utilize into zero-order, first-order, and second-order methods.
Schemes for both steps of the general proceeding are treated in this chapter.

In continuous optimization problems, the solution set S is a continuous subset of R”.
Usually we have n > 1, and, therefore, we talk about multidimensional optimiza-
tion. The nature of this kind of optimization problem is well understood, and there
exist numerous methods for solving this task (see, e.g., [3] for a comprehensive
overview). In order to find the most appropriate technique for a given problem, it is
advisable (as always in optimization) to consider as much knowledge about the
specific nature of the problem at hand as possible, because this specific knowledge
usually leads to (sometimes dramatically) faster as well as more accurate solutions.

Hence, the techniques presented in the following are structured according to
their specific characteristics. Starting with the special case of regression, where the
problem leads to a quadratic form, we move on to more general techniques which
perform an iterative local search. They differ in the knowledge available about first-
and second-order derivatives of the objective function. Clearly, additional
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knowledge about derivatives helps in speeding up the process in terms of iterations
needed, but may not be available or time-consuming to calculate.

2.1 Regression

2.1.1 General Concept

A special case of objective functions f(x) are quadratic forms, where the maximum
order in the design variables is two. In multidimensional optimization, a quadratic
objective function can be written as

fx)=1x""H-x-a" x+¢ 2.1)
The minimum of such an objective function can be found analytically by setting
its first derivative 9f (x)/0x to zero. This leads to a system of linear equations

H x =a 2.2)

with x* being the desired minimizer of f(x). x* can be obtained by solving the linear
equation system (2.2) using standard techniques. Please observe that 9f (x)/9x = 0
is just a necessary condition that £ (x) takes a minimal value at x* (e.g., a point with
zero derivative could also be a maximum or a saddle point). However, by design of
f(x) it is usually assured that f(x) has a unique minimum.

Obtaining a proper (unique) solution of (2.2) is possible if the so-called pseudo-
inverse H' exists. This is fulfilled if the columns of H are linearly independent. We
will come back to this point later when we see how H is built during regression.

Now let’s turn to regression. The goal of regression is to approximate observed
data by some function. The kind/structure of the function is usually specified in
advance (e.g., a polynomial of order up to seven), and hence, the remaining task is
to determine the coefficients of the function such that it fits best to the data.

As we will see shortly, regression problems can be turned into quadratic optimi-
zation problems if the function is linear in the coefficients to be found. A typical
example is an approximation of observed data g(x) by a polynomial p(x) = ¢o + ¢;-
x+cy x>+ 4 ¢, - X", which is performed quite often in practice. Clearly, this
function is linear in its coefficients. A generalization to the multidimensional case
where x is a vector is straightforward.

Now the task of polynomial regression is to determine the coefficients such that
the discrepancy between the function and the observed data becomes minimal.
A common measure of the error is the sum of the squared differences (SSD)
between the observed data g(x;) and the values p(c,x;) of the approximation
function (which is a polynomial in our case) at these positions x;. Consequently,
this sum of squared differences is to be minimized. Therefore, we talk about least



2.1 Regression 19

squares regression. Under certain reasonable assumptions about the error being
introduced when observing the data (e.g., noise), the least squares solution
minimizes the variance of the errors while keeping the mean error at zero at the
same time (unbiased error). Altogether, the objective function in polynomial least
squares regression can be formulated as

N
fale) = 3| ple,x) — g’ (2.3)

where g(x;) is a measured data value at position x; and N denotes the number of data
values available. As can easily be seen, fz(c) is a quadratic form in ¢ (as it is a
summation of terms containing powers of the ¢;’s up to order two), and, therefore,
its minimizer ¢* can be determined by the solution of a suitable system of linear
equations.

2.1.2 Example: Shading Correction

In order to show how this works in detail, let’s consider an image processing
example named shading correction: Due to inhomogeneous illumination as well
as optical effects, the observed intensity values often decrease at image borders,
even if the camera image depicts a target of uniform reflectivity which should
appear uniformly bright all over the image. This undesirable effect can be
compensated by determining the intensity decline at the image borders (shading)
with the help of a uniformly bright target. To this end, the decline is approximated
by a polynomial function ps(c, x). Based on this polynomial, a correction function
Is(x) can be derived such that pg(c,x)-Is(x) =1 for every pixel position x.
Subsequently, /5(x) can be used in order to compensate the influence of shading.

The first question to be answered is what kind of polynomial pg(c, X) we choose.
This function should be simple, but approximate the expected shading well at the
same time. Typically, shading is symmetrical to the center of the camera image.
Therefore, it suffices to include terms of even order only in ps(c, x) if x specifies the
position with respect to the camera center. Next, in order to limit the number of
coefficients ¢, it is assumed that a maximum order of four is sufficient for ps(c, x)
being a good approximation to observed shading. Hence, we can define pg(c, X) as
follows:

2 2 ) 4
ps(e,x) =co+cp-u"+cy-vi+cez-u vi+cegu+

(2.4)
+ 5 v 4 ¢ - ut 2 AR

-v2+6'7-u -v4+cg-u Y
where u = |x — x.| y and v = |y — y.| denote the pixel distances to the image center
[xc, Y] in x- and y -directions. Altogether, we have nine parameters ¢y to cg, whose
numerical values are to be determined during regression. Consequently, ¢ to cg act
as design variables in the optimization step.
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In order to generate data values to which we can fit pg(c, x), we take an image of
a special target with well-defined and uniform brightness and surface properties
(which should appear with uniform intensity in the camera image if shading was not
present). As we want to be independent of the absolute intensity level, we take the
observed intensity values /(x) normalized with respect to the maximum observed
intensity:

Our goal is to find a parameter setting ¢ such that pg(c,x) approximates the

normalized intensities well. Hence, we can write /(x) = ps(c, X) + e or, equivalently,

(1 v W] =10 +e (2.5)

where e denotes the error to be minimized. If we compare observed data values and
the polynomial at different locations x;;7 € [1...N], we can build one equation
according to (2.5) for each data point i and stack them into a system of N equations:

1 M12 V12 M12V12 M14 V14 M14V12 M12V14 M14V14 Co I(Xl)
1 M22 V22 M24\/24 M24 V24 M24V22 M22V24 M24V24 &) I(Xz)
Loy ww? uon? uy® oot vt ouont o uyton? s I(xy)

orX-c~d
(2.6)

where the matrix X summarizes the position information and the data vector d is

composed of the normalized observed intensity values /.
The goal of regression in this case is to find some coefficients ¢* such that the

sum of squared distances between the observed I and their approximation X - ¢* is
minimized:

¢ =argmin X - ¢ —d| 2.7)

This minimizer ¢* of this quadratic form can be found by setting the derivative
d||X - ¢ — d||*/8c to zero, which leads to

X" X-¢"=X"-d (2.8)
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Fig. 2.1 Top row: camera image of a uniformly bright object showing considerable shading at
image borders in grayscale and in pseudo-color (/eft) and corrected camera image of the same
object in grayscale and in pseudo-color (right). Clearly, the shading has efficiently been removed.
Bottom row: camera image of a PCB (left) and corrected image (right). The correction coefficients
have been estimated with the calibration part shown in the upper row

which is called the normal equation of the least squares problem. A solution is
possible if X7 - Xis non-singular, i.e., X" - X has linearly independent columns. This
constraint can be fulfilled by a proper choice of the positions [, v]. In that case, the
pseudo-inverse exists and the solution is unique.

The system of normal equations can be solved by performing either a LR or QR
decomposition of X'. X (e.g., see [6]). The former has the advantage of being
faster, whereas the latter is usually numerically more stable, especially if the matrix
XT . X is almost singular. Another way to find ¢* is to calculate the pseudo-inverse
(XT . X)+ by performing a singular value decomposition (SVD) of X - X [6].

The performance of the method is illustrated in Fig. 2.1, where the upper row
shows real camera pictures of a uniform calibration target featuring shading (left),
especially in x-direction. After estimating the regression coefficients as described
and applying a brightness correction according to them, the target appears with
uniform intensity in the corrected image (right). A 3D plot of the shading function
estimated with this target can be seen in Fig. 2.2.

In order to make clear that shading is mainly attributed to the camera (and not to
the object being depicted in the camera images), the bottom row shows a PCB as a
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Fig. 2.2 Plot of the
estimated shading function
based on regression of the
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highly structured object, where shading is clearly visible. The right image shows the
same PCB after correction according to the coefficients calculated through the
usage of the calibration target. Observe that the background of the PCB appears
uniformly bright after correction, so the results obtained with the calibration target
can be transferred to other objects as well.

The matrix X is of dimensionality M x N, which means that we have M
unknowns (the coefficients of the polynomial) and N equations. Hence, X" - X is of
dimensionality N x N. In order to get a unique solution, it has to be ensured that we
have at least as much equations than unknowns, i.e., N > M. Usually however, there
are so many data points available such that N >> M, which would mean that
the system of normal equations to be solved would become extremely large. Consider
the shading example: if we took every pixel as a separate data value, N would be in the
order of hundreds of thousands or millions. In order to get to manageable data sizes,
the image can be partitioned into horizontal as well as vertical tiles. For each tile,
a mean intensity value can be calculated, which serves as input for (2.6). The tile
position is assumed to be the center position of the tile. Taking just the mean value of
the tiles significantly reduces N and also reduces the noise influence drastically.

2.2 Iterative Multidimensional Optimization:
General Proceeding

The techniques presented in this chapter are universally applicable, because they:

« Directly operate on the energy function f (x).
» Do not rely on a special structure of f(x).

The broadest possible applicability can be achieved if only information about the
values of f(x) themselves is required.



2.2 TIterative Multidimensional Optimization: General Proceeding 23

The other side of the coin is that these methods are usually rather slow.
Therefore, some of the methods of the following sections additionally utilize
knowledge about the first- and second-order derivatives f'(x) and f”(x). This
restricts their applicability a bit in exchange for an acceleration of the solution
calculation. As was already stated earlier, it usually is best to make use of as much
specific knowledge about the optimization problem at hand as possible. The usage
of this knowledge will typically lead to faster algorithms.

Furthermore, as the methods of this chapter typically perform a local search,
there is no guarantee that the global optimum is found. In order to avoid to get stuck
in a local minimum, a reasonably good first estimate x of the minimal position x* is
required for those methods.

The general proceeding of most of the methods presented in this chapter is
a two-stage iterative approach. Usually, the function f(x) is vector valued, i.e., X
consists of multiple (say N) elements. Hence, the optimization procedure has to find N
values simultaneously. Starting at an initial solution x*, this can be done by an iterated
application of the following two steps:

1. Calculation of a so-called search direction s* along which the minimal position is
to be searched.

2. Update the solution by finding a x**! which reduces f (xk“) (compared to f (xk ))
by performing a one-dimensional search along the direction s*. Because s
remains fixed during one iteration, this step is also called a line search.

Mathematically, this can be written as
X =xk 4 oh sk (2.9)

where, in the most simple case, o is a fixed step size or — more sophisticated — is
estimated during the one-dimensional search such that x**! minimizes the objective
function along the search direction s*. The repeated procedure stops either if
convergence is achieved, i.e., f (xk“) is sufficiently close to f (xk) and hence we
assume that no more progress is possible, or if the number of iterations exceeds an
upper threshold K,.x. This iterative process is visualized in Fig. 2.3 with the help of
a rather simple example objective function.

As should have become apparent, this proceeding basically involves performing
alocal search, meaning that there is no guarantee that the global minimum of f(x)is
found. However, in most cases of course, the global optimum would be the desired
solution. In order to be sure that a local minimum also is the global one, the function
has to be convex, i.e., the following inequality has to hold for every x;,x, € R" and
0<i<l

£ X+ (1=2) %) < 2-F(x1) + (1= 2) - £ (%) (2.10)

For most problems, convexity is only ensured in a limited area of the solution
space, which is called the area of convergence. As a consequence, the iterative local
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Fig. 2.3 Visualizing the iterative proceeding in multidimensional optimization when performing
a local search: starting from some position (black dot in left image), the search direction is
calculated first (red arrow in middle image), and then a one-dimensional optimization is performed
in this direction (result: red dot in right image). The new position serves as a starting point for the
next iteration until convergence is achieved

search methods presented below rely on a sufficiently “good” initial solution x°,

which is located within the area of convergence of the global optimum. This also
means that despite being applicable to arbitrary objective functions f(x), local
search methods are typically not suited to optimize highly non-convex functions,
because then the area of convergence is very small and, as a result, there is a large
risk that the local search gets stuck in a local minimum being arbitrarily far away
from the desired global optimum.

In order to overcome this restriction, the local iterative search can be performed
at multiple starting points x),/ € [1,2,...,L]. However, there still is no guarantee
that the global minimum is found. But the probability that the found solution is
sufficiently close to the true optimum is increased significantly. Of course the cost
of such a proceeding is that the total runtime of the algorithm is increased
significantly.

Methods for both parts of the iterative local search (estimation of s* and the
one-dimensional search along s*) shall be presented in more detail below. Observe
that some methods (like Newton’s method) slightly deviate from the general
proceeding just outlined, because they don’t perform a one-dimensional optimiza-
tion along the search direction, but take a step of fixed, predefined, or estimated size
in that direction instead.

Pseudocode

function optimizeContinuousMultidim (in Image [ , in

objective function f(x), in initial solution x°, in conver-

gence criterion g, out refined solution x*)
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Fig. 2.4 Flowchart of the golden section method

\ 4

k+—20
// main optimization loop
repeat

calculate search direction s*

(see section2.2.2)

find one-dimensional minimum along direction s (see (2.9)

and section 2.2.1) OR take one step of a fixed predefined
or estimated size in the search direction, yielding xft!
k—k+1
f(xk)_f(xk+l)

T < € OR K& > Kinax

until

x* ka

2.2.1 One-Dimensional Optimization Along
a Search Direction

In this section, step two of the general iterative procedure is discussed in more
detail. The outline of the proceeding of this step is to first bound the solution and
subsequently iteratively narrow down the bounds until it is possible to interpolate
the solution with good accuracy. In more detail, the one-dimensional optimization
comprises the following steps (see also flowchart of Fig. 2.4):

1. Determine upper and lower bounds x! = x* 4 a2 - sk and x§ = x* 4 a? - s* which
bound the current solution x* (a and ) have opposite signs).

2. Recalculate the upper and lower bounds x! and x/ in an iterative scheme, i.e.,
decrease the distance betweenx! and x} as the iteration proceeds. Please note that,
for a better understanding, the superscript k indicating the index of the multidi-
mensional iteration is dropped and replaced by the index i of the current
one-dimensional iteration. One possibility to update the bounds is the so-called
golden section method, which will be presented below. As the distance between
the bounds is reduced by a fixed fraction at each iteration there, we can set the
number of iterations necessary to a fixed value N.
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Fig. 2.5 Illustrating the refinement of the bounds of the solution. The blue points indicate current
lower and upper bounds, whereas the red color of a point indicates that the point becomes a new
bound. Left: as x; (red) takes a higher function value than x, (green), X, is a new lower bound.
Right: as x, (red) takes a higher function value than x; (green), X, is a new upper bound

3. Refine the solution by applying a polynomial interpolation to the data found in
step 2, where the refined bounds x/ and x!as well as two intermediate points were
found (see below). Hence, we have four data points and can perform a cubic
interpolation based on these four points.

At the end of step 3, we have determined an estimate of o such that the update of
the multidimensional solution can be calculated according to (2.9). Hence, the task
of one-dimensional optimization here is to find an appropriate a*. For the moment,
let’s start with a closer look at step 2 and assume that some upper as well as lower
bounds ag and a? are already determined by step 1.

An important point to mention is that it is assumed that the function to be
minimized is unimodal between x* and x¥. This means that it is convex and has
only one minimum in between those two points. As we already know that the
desired optimal position has to be located within the bounds xg and x?, the task
of step two can be interpreted as an iterative refinement of the upper and lower
bounds until the distance between those two points is sufficiently small. To this
end, the function is evaluated at two intermediate points X! = x* + a? - s and x9 =
x* + a9 - s*. a? and af are chosen such that o) < a) < af < @, and, therefore, it
is guaranteed that x? and xJ are both located within the current bounds. Furthermore,
x(l) is closer to x? than xg is ’x? — x?| < ‘Xg — x?|. In other words, it is ensured that
the four points x?, x{, x3, and x? are strictly ordered.

Now consider the valuesf(x}) and f(x9) of the objective at the two intermediate
positions: because of the unimodality constraint, we can conclude that either f (x?)
will form a new lower bound or f (xg) will form a new upper bound of the solution.
If £(x?) < f(x9), then xJ will become a new upper bound of the solution, i.e.,
x, = x9. If (x9) > f(x9), however, then x{ will form a new lower bound of the
solution, i.e., x} = x(l) (see Fig. 2.5 for both of the two cases). Hence, at each
iteration step either the lower or the upper bound is replaced by one of the two
intermediate points. A repeated application of this proceeding leads to narrower
bounds at each step. Eventually, they are so close that convergence is achieved.
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Please note that if the unimodality constraint is violated, this proceeding might get
stuck in a local minimum.

What remains to be answered is the question of where to place the intermediate
points. (From now on, we replace the superscript O of the above equations by the
index i, as we consider the iterated scheme now and the basic principle remains
the same for all iteration steps.) Obviously, X} and x} have to be positioned such that
the average performance of the method is optimized. To this end, the following two
criteria must hold:

+ The positions x; and x, should be placed symmetric about the center of the
interval between the upper and lower bound, i.e., @ — &), = @} — a}. This is in
accordance with intuition that convergence is on average achieved fastest if the
distance between the two bounds is reduced by a fixed fraction, regardless of
whether the upper or the lower bound is altered.

» Additionally, it is desirable to minimize the number of function evaluations as
much as possible. Therefore, it is advisable to reuse the data calculated in previous
iteration steps. More specifically, if, e.g., X| becomes the new lower bound, then it
would be good if we could setx;"! = x5 (or, equivalently, " = a3). In turn, if x}
becomes the new upper bound, we must aim to set x?’l = x| (or, equivalently,
a5™ = al). In order to achieve this as well, the following relation must hold:

i i
oo a—a

i _of T o —o
ay, {l, a, (l]

This leads to the following rules:

a
a

“D-dir-o 3—+5
(I-1) 0‘;+T 0‘3 with T:Jm0.38197 (2.11)
(I1-7)-ad +7-a 2

[

The ratio defined by 7 is called the golden section number, and therefore, this
one-dimensional search method is called golden section algorithm.

In order to identify convergence, a suitable convergence criterion has to be
defined. A reasonable choice is to reduce the size of the interval between upper
and lower bound to a fixed small fraction of the size of the starting interval. By
definition of 7 it is ensured that the interval is reduced by a fixed fraction at each
iteration step. Accordingly, convergence is achieved after a fixed number N of
iteration steps are performed. Taking the above value of 7 into account, N can be
calculated as follows:

N~ —2.078-Ine + 3 2.12)

where ¢ defines the fraction of the original interval size to be fallen below. For
example, if it is requested that convergence is achieved when the interval size is
below 0.1 % of the original size (i.e., € = 0.001), we have to perform N = 18
iteration steps.

After the iteration has terminated, the values a), &}, @), and o, are available. Thus,
we can use these for values for an interpolation with a cubic polynomial, as the four
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Fig. 2.6 Showing three

different situations in the

calculation of the initial

lower and upper bounds,

starting from the current ~N
solution (green dots). The

search direction is indicated

by gray arrows. See text for

details

coefficients of the cubic polynomial can be calculated straightforward from af, a’i, aé,
and ! as well as their function values (step three of the one-dimensional method). The
final result of one-dimensional optimization a* can be set according to that one of the
possibly two real roots of the cubic polynomial which is located in between o and &,.

Now let’s come back to step one of our one-dimensional optimization scheme, the
search for the initial bounds of the one-dimensional solution. The first estimate of the
bounds can be done by taking a fixed step in the direction of s* and another one with
opposite sign, both starting from the current estimate of the minimum x*. As the step
size is somehow arbitrary, we can simply take x! = x* — s* and x? = x* + s*. If both
f(x?) and £ (x0) are larger than f (x*), we’re finished and the bounds are found. This
situation can be seen in the left part of Fig. 2.6: The function values of the left bound
estimate (blue, opposite to current search direction) as well as the right bound
estimate (light blue, in current search direction) are both larger than at the current
solution. Therefore, the two points can be taken as new lower and upper bounds,
respectively.

If not, the exact search direction can be defined by comparing f (x?) and f (xg). If
F(x?) > £(x?), the function has a negative slope in the direction of s* at x* (middle
picture in Fig. 2.6), which is usually the case if s* was chosen properly (because we
want to find a minimum, it should be expected that the slope in the search direction
is negative). We can also observe that the step size was taken too small and
therefore x? and x? don’t bracket the solution yet.

Therefore, we have to update x? iteratively. To this end, set x? as a new
intermediate point x; = x? and update x? according to

14+45

X =(04a) ¥, —a-x, with a= 5

(2.13)

This choice of the step size a ensures that x’l x1, and X/, can be taken directly as
starting values x(,), x!, and xg of the golden section method. Furthermore, it also
ensures that the steps increase in size from iteration to iteration such that a valid
bracketing of the minimum is achieved in reasonable time if the (arbitrary) starting
step size chosen was far too small.
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The iteration stops if f (x],™') > f(x;), because then the negative slope atx{ in the
direction of x? has turned into a positive one when going further in this direction and
eventually arriving at /"' If f(x/"!) < f(x;), then set x)"! = x; (because the slope
is still negative when moving from x; to xf;rl) and apply (2.13) again. Take a look at
the middle part of Fig. 2.6: here, the function value of the right bound estimate is
lower than the value at the current solution. Therefore, we have to search further in
this direction until the function value becomes larger than at the current solution
(red point).

Iff (x?) <f (Xk) <f (xg) , in fact we have to search the minimum in direction
opposite to s¥, because now the slope in the direction of s* is positive. This can be
achieved by interchanging x? and x? and then applying the iterative bounds search
just described with the interchanged positions. Observe the right picture of Fig. 2.6:
here, we have the same situation as in the middle part, except that the current search
direction has the wrong sign (shown by dotted arrow and indicated by the fact that
the border estimate in search direction (light blue) takes a higher function value
compared to the value at the green position but in the opposite direction the function
value is lower (blue)). Therefore, the search direction is turned around (solid arrow)
and the iteration proceeds until a proper bound is found (red).

Pseudocode

function optimizeContinuousOnedim (in Image/, in objective

k in searchdirectionsf

/<+1)

functionf(x), in current solutionx
convergence criterion &, out refined solution X

,in

// step 1: estimate initial lower and upper bounds Xf‘ and x’;
calculate x! = xf — s and x? = x* +¢¢
if f(x)) <f(x*) <f(x)) then // right picture of Figure 2.6
k // invert search direction
interchange x(,) and xg
end if
iff(xg) < f(xk) then // middle picture of Figure 2.6
// iterative searchuntil a “valid” upper bound is found
repeat
j<=0

sk— —s

X| — X,
calculate x{;” according to (2.13)
Je=j+1
untilf(x{{) >f(x")
end if

// iterative refinement of the bounds (golden sectionmethod)
calculate N according to (2.12)

calculate o’ and ag, based on x, X/, and st

u’
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calculatex! (if not known already) andx) by determininga?and
a) according to (2.11)
fori=0toN -1
if f(x}) <f(x}) then
// new upper bound found

X
e |
calculate xi"! by determining @' according to (2.11)
else
// new lower bound found
g
lex |
calculatex?lbydetermininga?laccordingto(2.11)
end if
next

// final refinement of solution by cubic interpolation
calculatex‘*!based on cubic interpolation at the four points

iy i
X;, X1, X3, and X,

2.2.2 Calculation of the Search Direction

The choice of the search direction is very important for the runtime performance of
the entire optimization method, because the total number of one-dimensional
optimization steps is to a large extent influenced by this choice. Hence, a proper
choice of the search direction plays an important role in the algorithm design.
Having this in mind, some algorithms are designed such that they try to make use
of the performance of the past steps when the search direction of the current
optimization step is estimated. Apart from that, it is advisable to incorporate as
much knowledge about the objective function f(x) as possible. One way to do this is
to make use of the derivatives of f(x). In fact, optimization methods can be
categorized according to the maximum order of the derivatives they make use of:

+ Zero-order methods: The search directions s* are calculated solely based on f(x)

itself; no derivative information is taken into account.
* First-order methods: The gradient Vf(x) is also considered in the calculations of s*.
 Second-order methods: Here the matrix H(x) consisting of the second-order
derivatives (also called Hessian matrix) influences the search direction s, too.

The gradient Vf(x) is defined as

T
IO A A

= . 2.14
8)(] ’8)(2 ’ ,8)61\/ ( )
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where N denotes the number of elements of the vector x. The Hessian matrix H(x)
can be written as

& .. 9
Ox10x1 Ox10xy
H(x) = : : (2.15)
oL oy
a\'[\/ ox 1 é)xN X, N

As can easily be seen, H(x) is symmetric.

Clearly, the more derivative information is taken into account, the fewer itera-
tion steps should be needed. Bear in mind, however, that the additional calculation/
estimation of the derivatives itself takes time, too. Apart from that, it might not be
possible to calculate the derivatives analytically in some cases, or their numerical
estimation might be error-prone. Therefore, methods of all three categories men-
tioned above have its justification and some representatives of each category will be
presented in the following sections.

2.3 Second-Order Optimization

2.3.1 Newton’s Method

Newton’s method is a classical example of second-order continuous optimization
(see, e.g., [2] for a more detailed description). Here, the function f(x) is

approximated by a second-order Taylor expansion T at the current solution x*:

F(x) = T(x) =f(x') + Vf(x') - dx + %6xT -H(x!) - 8x (2.16)

with 8x being the difference x — x*. As long as 8x remains sufficiently small, we can
be quite sure that the second-order Taylor expansion T(8x) is a sufficiently good
approximation of f(x).

As f(x) is approximated by a quadratic form, a candidate of its minimum can be
found analytically in a single step by setting the derivative of the quadratic form to
zero. This yields a linear system of equations which can be solved with standard
techniques (see also Sect. 2.1). Because the Taylor expansion is just an approxima-
tion of f(x), its minimization at a single position is usually not sufficient for finding
the desired solution. Hence, finding a local minimum of f(x) involves an iterative
application of the following two steps:

1. Approximate f(x) by a second-order Taylor expansion T(6x) (see (2.16)).
2. Calculate the minimizing argument 8x* of this approximation 7'(x) by setting its
first derivative to zero: VT (8x) = 0
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In order for 8x* to be a local minimum of T(8x), the following two conditions
must hold:

1. VT (8x*) = 0.
2. H(xk) is positive, i.e.,d” - H(Xk) -d > Ofor every vector d. This is equivalent to
the statement that all eigenvalues of H(xk) are positive real numbers. This

condition corresponds to the fact that for one-dimensional functions, their
second derivative has to be positive at a local minimum.

Now let’s see how the two steps of Newton’s method can be implemented in
practice. First, a differentiation of T(8x) with respect to dx yields:

Vf(x) = VT(8x) = V£ (x) + H(x*) - 8x (2.17)
Setting (2.17) to zero leads to the following linear system of equations:
H(x") - 8x = —Vf(x") (2.18)

The minimizer 8x* of (2.18) can be found by, e.g., a QR or LR decomposition of
the matrix of the normal equation of (2.18) or directly via a singular value
decomposition of H(xk) (see, e.g., [6]). Now that dx* is found, the solution can
be updated as follows:

X = xk 4 §x* (2.19)

In the notion of (2.9), we can alternatively formulate the following update rule
for Newton’s method:

XA = xk — H(xkyl V(') e s = —H(xk)7l - VF (xY) (2.20)

As far as implementation is concerned, (2.20), which involves explicitly calcu-

lating the inverse H (x") 71, is not applied. The linear equation system (2.18) is solved
instead. Note also that no separate one-dimensional optimization is performed in this
method. Instead, the direction as well as the step size are estimated together in one
step, as can be seen in (2.20). The whole process is summarized in Fig. 2.7.

Please observe that Newton’s method has only a limited area of convergence,
i.e., the initial solution x° has to be sufficiently close to the true minimum of f(x*),
because T(6x) is a sufficiently good approximation of f(x) in just a limited local
neighborhood around the optimum. This also relates to the fact that the second of
the above-mentioned conditions has to be fulfilled (positivity of the Hessian): if we
are too far away from the minimum, the Hessian might not be positive any longer.
Please note that this condition is not checked explicitly in the method, and
consequently, if the condition is violated, the method will have poor performance.
On the other hand, the convergence of Newton’s method is very fast. Therefore, it is
well suited for a fast and accurate refinement of a sufficiently “good” initial
solution.
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Fig. 2.7 Flowchart of Newton’s method

Pseudocode

function optimizeMultidimNewton (in Image I/, in objective

function f(x), in initial solution x°, in convergence crite-
rion €, out final solution x*)

// main search loop (each pass is one iteration)

k—0

repeat
approximate f(x) by a second-order Taylor expansion
around xf according to (2.16), i.e. calculate H(xk) and
VI (x*)
build linear system of equations according to (2.18)
solve this linear equation system, e.g. by QR decomposi-
tion, yielding 6x*
X xk 4 gx*
k—k+1

until convergence: [f(xk’l) —f(xk)| <e- ([f(xk’lﬂ + [f(xk)})

x* xk

2.3.2 Gauss-Newton and Levenberg-Marquardt Algorithm

2.3.2.1 Basic Principles

A special case occurs if the objective functionf(x) is composed of a sum of squared
values:

Fx)=> ri(x)? .21)

i=1
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Such a specific structure of the objective can be encountered, e.g., in least squares
problems, where the r;(x) are deviations from the values of a regression function to
observed data values (so-called residuals). There are numerous vision applications
where we want to calculate some coefficients x such that the regression function fits
“best” to the sensed data in a least squares sense.

If the residuals are linear in X, we can apply the linear regression method already
presented in Sect. 2.1. Nonlinear r;(x), however, are a generalization of this
regression problem and need a different proceeding to be solved.

Please bear in mind that in order to obtain a powerful method, we always should
utilize knowledge about the specialties of the problem at hand if existent. The
Gauss-Newton algorithm (see, e.g., [1]) takes advantage of the special structure of
f(x) (.e., f(x) is composed of a sum of residuals) by approximating the second-
order derivative by first-order information.

To understand this, let’s examine how the derivatives used in Newton’s method
can be written for squared residuals. Applying the chain rule, the elements of the
gradient Vf(x) can be written as

N
i=1 ]

where the Jjj(x) are the elements of the so-called Jacobi matrix J;(x), which pools
first-order derivative information of the residuals. With the help of the product rule,
the Hessian H can be derived from Vf(x) as follows:

(X N ri(x ; X
Hi =R =2 (aa—fq)‘f,-,(x) +r(x) 2 )>

(2.23)

N 21" X
=23 (50 a0+ ) 5 ) )
i=1 ]

If we drop the second term of the summands, which contains the second-order
derivatives, the Hessian can be approximated by first-order information only:

H(x) ~2- J,(x)" - Jo(x) (2.24)

In this case we obtain the following update rule for Newton’s method (according
to (2.22), the gradient is obtained by Vf(x) =2 - J.(x)" - r):

X =xk 165 with s* = f(Jr(x)T : Jr(x))71 Jex) o (2.25)

-1
Usually, the inverse (Jr(x)T ~Jr(x)) is not calculated explicitly. Instead, the

normal equations are solved, e.g., by a QR decomposition of J;(x). Observe that N
has to be at least equal to the number of elements of x (the number of unknowns;
otherwise, the inverse doesn’t exist.
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However, there is no guarantee that in general the method converges (or even
that an iteration step improves the solution). However, we can expect convergence
if the approximation of (2.24) holds, i.e., if we can ignore the second-order terms of
(2.23). This is usually the case in either of the two following cases:

» The residuals r;(x) are small, which is usually fulfilled if we are near the
optimum.
» The second-order terms are small, i.e., f(x) can be approximated well by a

linear function, at least near the current position xk,

Then we can expect the Gauss-Newton method to converge (almost) as fast as
Newton’s method. Compared to Newton’s method, though, each iteration can be
calculated much quicker, because we don’t have to calculate second-order
derivatives. However, the method usually relies on a quite well initial solution x°.

In order to overcome this problem, Levenberg [10] suggested to combine the
Gauss-Newton method with gradient descent, where the search direction points to
the negative gradient: s* = —Vf (x") (a more detailed presentation of gradient
descent methods will be given later on). Roughly speaking, gradient descent is very
likely to improve the solution but has a poor convergence rate, at least in some
situations.

Consequently, the search direction at each step of the iterative optimization is a

combination of (2.25) and the direction of the negative gradient — Vf (x):

X = xf 1 sf with 8¢ = —(Jr(x)T Je(X) 42 1)71 3T r (226

where I is the identity matrix and the parameter A controls the relative weight
between the Gauss-Newton update and gradient descent. For small values of 4, the
method is close to the Gauss-Newton method, whereas for large A1, the large
influence of the gradient steers the method to behave similar to the gradient descent
approach.

The performance of the method is largely influenced by a suitable choice of 4,
which will be described below in more detail. For the moment, let’s just state that in
early iterations, large values of A ensure that the situation improves (because the
search direction is dominated by gradient descent for large 1). As the method
proceeds, A can be reduced successively such that later iterations benefit from the
fast convergence of the Gauss-Newton method near the optimum.

Please note the method of Levenberg (2.26) has the drawback that for large
values of A, second-order approximations via the Jacobi matrix are not used at all.
However, exploiting information of estimated curvature could be useful in early
steps of the iteration, too. Imagine a situation where the gradient in the direction of a
specific element of x is small but curvature in that direction is quite high. This leads
to a poor convergence rate, because the small gradient involves small steps in that
direction, whereas the high curvature suggests it would be promising to take larger
steps. Therefore, Marquardt [12] suggested to modify the method of Levenberg
such that each component of the gradient is scaled according to the curvature
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(which is estimated based on Jr(x)T-Jr(x) ). This leads to the well-known
Levenberg-Marquardt algorithm:

1 = xkF 4 §¢ with

= 10 Je(x) + 2 diag (3 (3)" Jr(x))Tl 3T e (227)

where, compared to (2.26), the identity matrix is replaced by a diagonal matrix,
whose elements are based on the Jacobian.

For the choice of the A parameter, [12] suggests an adjustment of A at each
iteration step as follows: Starting with a rather large 4 = 49 and a factor v > 1,
(2.27) is performed twice at each iteration, once with A and another time with 1/,
yielding f (x)ﬁ+1 andf (X)ﬁﬁl. Then we have to decide whether to update A according
to the following cases:

o f (x)lzﬁl < f(x)": Reducing A improves the situation. Consequently, set Ay = /2.

o f (x)ﬁ+1 <f(x)Fandf (x)ﬁﬁl > f(x)*: Only the safer method with more emphasis
on gradient descent improves the situation. Consequently, leave 1 unchanged.

o fX)FT'>F(x)* and f(x)’;;ryl > f(x)* : Both current steps don’t improve the
situation. Therefore, it is better to modify A such that the safer steps of gradient
decent are favored. Consequently, increase A by multiplying it withz: Apew = 4 - .
Repeat the multiplication with v until the situation improves, i.e.,f (x)lﬁ1 <f(x)~

Convergence is indicated if:

» The reduction of the objective after appropriate update of 1 becomes sufficiently
small or
e a suitable update of 1 cannot be found in reasonable amount of time, i.e.,

a repeated increase of A being performed L,y times still results in f(x)ﬁ“>

F) and £(x);,1> F(x)".
A schematic overview of the proceeding is given in the flowchart of Fig. 2.8,
whereas a more detailed insight is given in the pseudocode implementation below.

Pseudocode

function optimizeLevenbergMarquardt (in Image /I, in objec-

N
tive function f(x)=>.r(x)?, in initial solution x°, in

i=1

parameters 4y and v, in convergence criterion &, out final
solution x*)

// main iterativemultidimensional search loop

k—0

repeat
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. Calculate two so- Joint update
Calculate Jacobi . . .
S . & |—p] lution candidates:|_,} of solution
27| matrix J(x") & P > P
x; and xj ,, x“"and 4

no

Convergence?

Fig. 2.8 Flowchart of the Levenberg-Marquardt method

calculate the Jacobi matrixJ, (Xk) at the current positionxt

update the solution according to (2.27) twice: with 1

yielding x;™! andf(x)’fH , andwith /v yielding Xﬁ;rl andf(x)];;;l

v
// update weighting of the components (lambda parameter)
iff(x)lj/tl<f(x)k then
A=Ay
k1l Xl;ﬁl
else
iff(x)l;+1<f(x)k then
X xk*1 s/ 1ambda remains unchanged
else
// successive update of lambda
[0
repeat
A—A-v
calculate xt*! and f(x); 1!
kL X/ﬁl

if /> L, then // convergence
k

X

X* «— X
return
end if
[—1+1
until f(x);" < F(x)*
end if
end if
k—k+1
until convergence: V(Xk’l) —f(xk)| <eg- (V(Xk’lﬂ + lf(xk)})

x* <—Xk
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2.3.2.2 Example: Shape Registration

Nonlinear parametric regression, where the coefficients of some nonlinear function
have to be estimated, is applied in various vision tasks. One example is nonlinear
shape registration: suppose we have knowledge about a reference shape, the
so-called template. The aim of registration is to find the parameters of a transform
aligning this template to some observed shape. Many transforms are linear, but
some important transformations like the planar homography or transformations
allowing for local distortions are nonlinear in its coefficients. Hence, one means
of estimating their coefficients is nonlinear regression, which can be performed
with the help of the Levenberg-Marquardt algorithm.

Domokos et al. [5] suggest a scheme for nonlinear shape registration for binary
shapes which applies the Levenberg-Marquardt algorithm. Unlike classical registra-
tion methods — where the shapes to be registered are represented by a set of landmark
points and the transformation can be estimated by detecting corresponding points
between template and observation (see Chap. 5) — the algorithm of [5] is not based on
correspondences. The authors argue that some types of objects contain no or at least
very little texture (e.g., prints or traffic signs). Textural information, however, is
utilized in many correspondence-based methods in order to find correct corres-
pondences between template and observation.

In the following, just the outline of the method of [5] is presented. Our main goal
is not to explain the mode of operation in detail, instead it shall be demonstrated that
although introduced many decades ago, nonlinear regression with the Levenberg-
Marquardt algorithm still is used in state-of-the-art methods of computer vision.

Letx denote a position in the (2D) template coordinate frame, and y its transformed
position in the observed frame, respectively. If the transformation is represented by
@(+), we can write y = ¢(x). Please note that the method presented here provides just
a framework, which can be applied to various kinds of aligning transforms, like
perspective transformation, thin plate splines (TPS), etc. If an appropriate ¢ is chosen
for an application at hand, the goal is to estimate the parameters of ¢.

To this end, Domokos et al. make use of the observation that, if template shape
and observation belong to the same object class and the aligning transform is
represented by a particular ¢, the center of mass of the shapes (y., and Xc;,

respectively) can also be converted by the same aligning transform:

yc7o = go(XC.I) (2'28)
If we have a binary representation of a shape, the center of mass can easily be

calculated by summing the positions of all foreground pixels: x. = (1/N) > x
xeF

(where F denotes the foreground region and N denotes the number of foreground
pixels). If we replace each center of mass in (2.28) with this sum, we can write:

D ov=Y 0K - |,x) (2.29)

yeF, xeF
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where |/,(x)| is the determinant of the Jacobi matrix of ¢(x) consisting of the
partial derivatives of ¢ with respect to the components of x. The multiplication
with ‘Jq,(x)| is necessary, because otherwise a bias would be introduced due to
the differing areas covered by one pixel in the two different coordinate spaces of
x and y.

If we want to evaluate the suitability of a particular ¢ for characterizing the
aligning transform between template and observation, we can evaluate the
squared difference between both sides of (2.29). As x and y are 2D variables,
(2.29) actually is a system of two equations. Consequently, the squared error E is
given by

2 2
+ L 2= Y o) [J,(x)||  (230)
2€F,

Xy EFy

E= LZ = ) [Jx)|

1 €F, xi1€F,

(2.30) is of the form of (2.21); hence, one might think that the solution ¢* can be
calculated by utilization of the Levenberg-Marquardt algorithm. Unfortunately,
though, most ¢ contain more than two coefficients (say the number of coefficients
is K), i.e., unknowns. Consequently, the matrix inverse used in the calculation of
the search direction (see (2.25)) does not exist and a direct application of the
Levenberg-Marquardt algorithm is not possible. Therefore, the authors of [5]
suggest the following trick: they create additional equations by transforming the
x and y with the help of some nonlinear function @; on both sides of (2.29). This
leads to

S wiy) = wilpX)]- [J,x)]; i=1[0,1,2,...,L] (2.31)

yeF, xeF

If we extend (2.30) accordingly, it consists of L summands. If L > K, there should
be enough information in order to derive the K coefficients. Observe that the new
functions do not provide any new information; they act as additional constraints
instead. Geometrically, (2.31) compares the volumes over the shapes, where the
“height” is modulated by the w; (see Fig. 2.9).

In principle, the algorithm of Domokos et al. tries to find the transformation
coefficients by applying the Levenberg-Marquardt with as many residuals as
necessary. However, in order to compensate the weighting inherently introduced
with the utilization of the @;, some normalization of each squared error has to be
done. Moreover, the method can be sped up if ¢ as well as all w; are polynomials (if
@ is not in polynomial form, a Taylor approximation can be used). The interested
reader is referred to [5] for details.

The aligning performance of the method can be shown in Fig. 2.10, where some
images containing traffic signs are to be registered. As can be seen, the algorithm
performs quite well.
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Fig. 2.9 Exemplifying the height modulation of a shape with three different w; (3D views in
bottom row) (© 2012 IEEE. Reprinted, with permission, from Domokos et al. [5])

Fig. 2.10 Illustrating the aligning performance for some traffic signs. Top row: template shapes.
Bottom row: matched templates in some query images visible as yellow overlays (© 2012 IEEE.
Reprinted, with permission, from Domokos et al. [5])

2.4 Zero-Order Optimization: Powell’s Method

For some problems, gradient and/or second-order derivative information aboutf(x)
might not be available, e.g., because f(x) is not continuously differentiable or
because it is difficult to derive H(x) analytically and/or very costly to estimate it
numerically. In those cases, zero-order methods like the method proposed by
Powell can be applied. In the following, the method itself is presented in detail
first before an example application is provided.

2.4.1 General Proceeding

An obvious and simple proceeding for doing zero-order search is to perform an iterative
one-dimensional search along the standard base vectors ¢; = [0, ...,0,1;,0,... ,O]T
where only the ith element is unequal to zero. For N-dimensional optimization, we can
perform N such steps with i varying from 1 to N. The sequence of these N steps can be
repeated until convergence is achieved. This proceeding is sometimes referred to the
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Fig. 2.11 Illustrating the
poor performance of a simple
search along the standard
base vectors (see text for
details)

taxi-cab method (because taxis in cities like Manhattan can only move along a
rectangular grid structure).

While being simple, the taxi-cab method clearly is inefficient, even for simple
functions. The example of Fig. 2.11 shows that, depending on the objective,
there are much better search directions than the standard base vectors, which
achieve much faster convergence. Figure 2.11 depicts the contour plot of a simple
two-dimensional function, where the isobars are shown in different colors
according to the value at these positions (blue-cyan-green-yellow-red, in ascending
order). Starting from the position indicated by the black dot, one iteration of the
taxi-cab optimization (red) clearly does not improve the situation as much as a
single step along the negative gradient (green).

The central idea of Powell’s method is to utilize information of past
one-dimensional optimization steps in order to accelerate the search. More mathe-
matically, the scheme tries to estimate and iteratively update the Hessian matrix
H(x), based on the experience of past steps. For an N-dimensional optimization
problem, one step of Powell’s method consists of N one-dimensional searches.
Powell’s method consists of the following proceeding:

Starting at the initial solution x0, the method first performs N one-dimensional
searches along the standard base vectors e;. As no information about optimization
performance is available yet, this is the best we can do at this point. After this, we
reach point x". From each of these N one-dimensional searches, we know its step
size o (because the local one-dimensional optimum was found at offset o - e; to the
respective starting point). This information can be used to initialize a first estimate

-0 . .
H of the Hessian matrix:

H = . (2.32)
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Furthermore, a combined search direction can be calculated from the N steps by
N
. ; L . ~0
setting sV*! = 3" a'e;, which is equivalent to the sum of the columns of H . For
i=1
most kinds of functions f(x), s¥™! should be a much better search direction

compared to the e;. Consequently, we perform a one-dimensional search along
S . ~0 .
direction s¥*!, thus reaching x"*'. Furthermore, we update H by replacing one

. . ol
column by sM*!, yielding H .
Now we can repeat N one-dimensional searches in the directions of the columns

. . Sl . .
of the current Hessian estimate H , i.e., each of the N one-dimensional search

o =1 . .
directions equals one column of H . As a result, the position x2N+1 s reached. After
this, we can again calculate a combined search direction sV 2, do a single search in

this direction, and update a' (reaching x*V*2 and obtaining I:I2). This process can be

repeated until convergence is achieved. The entire proceeding can be summarized
in the following steps:

1. Initialization with a first successive search: Perform N one-dimensional searches
along the standard base vectors e; and estimate g’ according to (2.32) yielding
the current solution estimate x". Set k = 0.

2. Search integration: Calculate s**1)V+1) \where each element is the sum over all

columns of i (ﬁfl denotes the element in the jth row and /th column of ﬁk):
(k+1)-(N+1) ~k
5; = Z h; (2.33)
/

3. Combined search: Perform a single one-dimensional optimization in the direc-

k+1)-(N+1)

tion of s! yielding the current solution estimate x(+1)-(N+1)

4. Update: Build gt by replacing one column of B with sk+D V),

5. Convergence check: Stop when the iteration slows down, e.g., when
x (kD) (N+1) k(N +1>} < ¢; otherwise, increment k and go on with step 6.

6. Successive search: Perform N one-dimensional searches along the column

— X

. . Sk . .
vectors of the current Hessian estimate H (yielding the current solution estimate

xD-WN+D=1y and go on with step 2.

One remaining question is which column of ﬁk is to be replaced by the average
search direction s+ W+1) i step 4. In the standard method, the first row of I:Ik is
replaced in each iteration step. A better choice, however, is to replace the column
ﬁ;‘n - (with column index /.« ), Which specifies the search direction along which the
greatest decrease of f(x) (denoted by Afin.x) occurred. This proceeding, which is
employed in the enhanced Powell method, is justified by the fact that column /,,x has
a major influence when calculating the average search direction s*+D-W+1) and
therefore shouldn’t be considered twice.
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This alleviates the drawback that, after a few iterations, the columns of ﬁk tend to
become parallel and thus some directions are “lost,” as we cannot move toward these
directions any longer. As a consequence, the scheme might not converge anymore.
When replacing the direction being the most significant part of s**1)"™+1) the trend
to linear dependency between the columns of H" will become less likely.

In addition to that, two checks are introduced after step 2 in the enhanced Powell

method. The combined search of step 3 is only performed if both checks are
positive. These two checks can be described as follows:

¢ The first check evaluates whether a further processing along the average search
direction s+ ™+ will actually be likely to improve the result. This is
considered to be true if the following condition holds:

f(x(kH)'(N“)’l 2. S(k+1)»(N+l)) <f(x(k+l)-(N+l)—l) (2.34)

In detail, (2.34) evaluates whether the values of the function after considering
the extended average search direction (it is taken twice) are lower compared to the
function value at the current solution. If this is not the case, the assumption that the
average search direction represents a good direction for continuing the search is
supposed to be not true and, consequently, the method proceeds directly with step 6.

e The second check helps ensuring that the columns of i will be less likely to
become linear dependent. If the search direction ﬁfmx, 1.e., the direction in which
the greatest decrease Afp.x occurred during the last successive search, actually
contributes a major part to the total decrease of this last successive search, we

should replace ﬂ;‘mx by the combined search direction in order to avoid linear

dependency (otherwise, this simply is not necessary). This can be considered to
be true if the following condition holds:

2 (fotart = 2 - fu + i) - (Forant = fiv = Dimax)” < Aimas - (Foran — f)* with
e :f(x(kH)-(NH)fl ey S(k+1)-(N+1))

v :f(x(k-H)-(NH)—l)

Sstan =f (Xk-(NH))
(2.35)

Otherwise the method proceeds directly with step 6 (without performing the

average search and update of ig ). An overview of the method is given in the
flowchart of Fig. 2.12.

Some implementations of the method re-initialize the proceeding if no improve-
ment can be achieved in any direction employed in the successive search of step 6:

If none of the search directions ﬁf»‘, i €[1,2,...,N]yields a decrease of the function
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Fig. 2.12 Flowchart of the enhanced Powell method

f(x), His re-initialized with the standard base vectors e; and the method restarts with
step 1. Please note, however, that this case could also be a sign of convergence: if
we are sufficiently close to the minimum, no improvement can be made either.
Therefore, the algorithm has to deal with this as well.

Convergence criteria can be based on the displacement between solutions of
successive iteration steps (as stated above) or on the relative change of the function
values at these positions. In the second case, convergence is achieved if the
following inequality holds:

lfStart _fN| <e- (lfStartI + lfND (2.36)

To sum it up, Powell’s method does not rely on an extensive analytical knowl-
edge of f(x). Instead, it tries to improve its performance by incorporating knowl-
edge gathered in past optimization steps. Typically, this works well for problems up
to moderate dimension as well as for problems where there is not much coupling
between the individual variables to be minimized. In this case, the Hessian H is near
diagonal.

In cases of several thousands of variables or if there is a strong coupling between
the variables (i.e., H has many off-diagonal terms significantly differing from zero),
higher-order optimization methods usually perform better, i.e., need significantly
less function evaluations until convergence is achieved. However, please have in
mind that each function evaluation could be much more costly if the derivatives are
to be calculated as well. Consequently, Powell’s method could be an alternative if
the calculation and/or estimation of derivative information about f(x) is very time-
consuming.



2.4 Zero-Order Optimization: Powell’s Method 45

Pseudocode

function optimizeMultidimPowell (in Image I/, in objective
functionf(x),ininitial solutionx’
e, out final solution x*)

, in convergence criterion

// initialization

fori=1toN // N denotes the number of dimensions
Perform one-dimensional search along the standard base
vector ¢;, yielding X and o

next

. ~0 . .
estimate H according to (2.32) based on the search steps o
found during the N one-dimensional optimizations

// iterative search loop

k—0

repeat

if k>0 then
// successive search (not for first step, because it was
done already during initialization)
fori=1toN
Perform onedimensional search along the column

vectors of ﬁk
next
// current solution estimate is xk+D)W+)-1
end if

// search integration

calculate sé*D ™+ sum over all columns of H' (2.33)
// check if a search along s¢*DW+l) jmproves the solution
if (2.34) and (2.35) are true then
// perform combined search
perform a single one-dimensional optimization in the
direction of s*tDW+D i e1ding x*+1)-(V+1)
// update hessian estimate
build H by replacing column /y. of A with sk
end if
k—k+1
until convergence: |fsur —/N| < € ([fsur] + [fn]) (2.36)
X — Xk

2.4.2 Application Example: Camera Calibration

Many vision applications require accurate measurements of position, size, or
dimensional conformance of objects. In this context, camera calibration is indis-
pensable if accurate measurements are required, because only then it is possible to
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accurately infer metric values from pixel positions. In this section one example of
camera calibration, which utilizes Powell’s method, is presented. Observe that there
exist numerous applications requiring calibration of one or multiple cameras. The
book of Hartley and Zisserman [8] gives a good overview of this topic.

In many industrial applications, e.g., when inspecting manufactured objects, the
geometric setting of the camera relative to the objects to be measured can be chosen
such that simple conversions between metric and pixel values are possible. In a
frequently used setup, the camera axis is orthogonal to the object plane and the
distance between object and camera is fixed. Hence, if the sensor scale is known, it
should be possible to convert positions/sizes measured by the vision algorithm in
pixels into metric values in a simple fashion.

However, in practical applications, some imperfections usually occur. For
example, the optical properties of the lens usually include some imperfections.
Furthermore, it cannot be assured that the camera axis is perfectly orthogonal to the
object plane. Both effects reduce the accuracy of the system. Therefore, the
influence of these effects has to be quantified, which makes a correction of these
errors possible. This is done by modeling a transformation T between ideal and real
setup. Once T is known, we can apply T~' for correction. To this end, camera
calibration has to estimate the coefficients of this transformation.

This is usually done by inspecting a calibration target, which is assured to be
manufactured very accurately and contains structures with known geometry, e.g.,
aregular grid of points with known pitch of the points (see, e.g., the upper right image
of Fig. 2.15, which depicts a camera image of a regular grid of points on a glass
calibration target). The coefficients are estimated by comparing measured positions
[i1;, ;] of the points to their nominal position [x;, y;], where the transformation [u, v]
= T([x,y]) should be chosen such that the deviation (squared distance) E between
transformed and measured position becomes minimal (the vector t summarizes all
transformation coefficients):

t" = arg mtin (E) = arg mtin Z [di, ;] — T([x:, yi) t)\2 (2.37)

This is the point where optimization comes into play: optimization reveals the
desired parameters t*, which can be utilized for correction. In this example of
camera calibration, two effects are modeled:

o Perspective distortion: Here, rectangular structures are transformed into general
quadrangles, i.e., the angle between lines is not preserved (see Fig. 2.13). Such a
transformation is able to model out-of-plane rotation of the sensor chip of the
camera and hence the deviations between optical axis and object plane normal in
our case. Through the usage of so-called homogeneous coordinates (where the
2D positions are augmented by a third coordinate), this nonlinear relationship
can be modeled by a linear transform (see Fig. 2.13).
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weu| |ay ap aps||x

s WV |=\dy dyp Ay Y
w ay ayp 1|1

Fig. 2.13 Illustrating the effects of perspective transformation: generally, a rectangle is mapped
to a quadrangle (left). Using homogeneous coordinates, the transformation can be described by a
linear relationship (right)
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Fig. 2.14 Illustrating the effects of radial distortion: here, circles are mapped to circles of different
diameter (/eft). The relationship between original and mapped diameter is stated in the middle. The
effect of radial distortion can be visualized with the help of rectangular point grids: the grid is
distorted especially in the image borders (right, with pincushion distortion)

* Radial distortion: Typical lens imperfections result in a nonideal projection of
concentric circles. Each circle is projected to a circle again, but the diameter is
altered depending on the position of the circle with respect to the image center
(see equation in Fig. 2.14): the diameter of circles in the outer areas of the image
is mapped either too small (barrel distortion) or too large (pincushion distortion;
see Fig. 2.14).

If we combine both effects, each position [x;, y;] is mapped to [u;, v;] as follows
(where [xc, y.] is the center of the radial distortion):

0(©) = cos artan (22400 ) |- () -+,

vi(t) = sin {arctan (Z?_E:m ) e

Pl,i(t)2 +P2,i(t)2

di(t) = with (2.38)
Lk (pra(®) + pai(t))
pui(t) = anXi +apyi +az )
’ azx; +any; + 1
_anXx; +axyi+axn
p2,i(t) - — e

azx; +azny; +1

The task of optimization here is to find a parameter vector parameter vector
t= [a11,a12, a13,d21, a2, a23,A31, 32, K, X, Y] such that the sum of squared
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le.i\meim deviation [pxl] uncorrected: 0.359922 .

mean deviation [pxl] corrected: 0.034577
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Fig. 2.15 Depicting some aspects of camera calibration (combination of perspective and radial
distortion) with Powell’s method: calibration target (upper left), calibration results (upper right),
optimization details (lower left), and error analysis (lower right). See text for details

deviations between measured and expected positions is minimized. This is a
classical nonlinear regression problem, where the Levenberg-Marquardt algorithm
could be used. However, to this end, derivative information of the transformation T’
with respect to the parameter vectort = [ay1, d12, d13, 21, @22, 423, A31, d32, K,y Xc, Ve
would be required. If we look at (2.38), it should be clear that this information is
difficult to be obtained. Therefore, Powell’s method seems suitable for a numerical
solution of (2.37).

The results of applying Powell’s method to this optimization can be seen in
Fig. 2.15: the upper left part depicts a camera image of the calibration target used,
which consists of aregular 11 x 11 grid of dark points. Usually the geometry of the
calibration target (particularly the spacing of the points) as well as the (mean)
sensor scale are known. Consequently, we can derive the expected pixel position
[u;, v;] for each grid point from its corresponding position in metric coordinates
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[xi,yi]- A scheme detecting the dark circles reveals the actual positions [i;, ;] in the
camera image. Hence, all input data needed for an application of Powell’s method
in order to reveal the transformation coefficients t is known.

The overlaid circles shown in the upper right part of Fig. 2.15 illustrate the
optimization result: the green circles indicate the nominal position of each point,
whereas the red circles indicate the measured position (sometimes barely visible).
The blue circles show the estimated perspective part of the transformation, whereas
the orange circles indicate the entire transformation estimation (perspective+radial
distortion combined). Deviations of red, blue, and orange circles are magnified by a
constant factor for better visibility.

Ideally, the red and orange circles should coincide, if the estimated transforma-
tion parameters were able to perfectly model the distortion. As clearly can be seen,
the actual conditions come very close to this: most red circles are at least partly
shadowed by the orange ones (which relate to the estimated model), because their
positions are very close to each other.

This can also be seen in the lower right part of Fig. 2.15, where the deviation
between measured and nominal position of the points can be seen (y-axis),
depending on the distance of the point to the image center (x-axis) before (red)
and after correction (green). Before correction, distortion is largest at positions far
away from the image center. After correction, the error at each point is virtually
independent from the distance and can be reduced by approximately one order of
magnitude here. These residual errors are mainly due to measurement accuracy
when estimating the actual position of each point, e.g., because of camera noise.

The course of a few parameters as optimization proceeds can be seen in the
upper left part of Fig. 2.15: here, the value of the objective function (red), the center
of radial distortion x. (green), and y. (blue) as well as the value of k (yellow) are
shown for each calculation of (2.37). In total there are about 6,000 evaluations of
the objective function, with quite accurate results obtained after approximately
1,000 evaluations.

As far as performance is concerned, typical runtime of the optimization is about
200 ms on a notebook with a 2.2 GHz Intel Core i7 CPU (only one core is used).

2.5 First-Order Optimization

The methods presented so far utilize second-order derivatives of the objective
function (either explicitly or at least approximations) or no derivative information
at all. Instead of completely ignoring derivatives, there is something better we can
do, even if second-order information sometimes is difficult or impossible to be
obtained: we can take account of first-order information. The most simple way to
exploit first-order information is to take the negative gradient as search direction,
i.e., we can set s = —Vf (xk). This simple proceeding, which is also known as
steepest descent method, is locally the best which can be done, because the negative
gradient indicates the direction in which the function decreases fastest at the current
position. However, the actual rate of convergence can be quite poor in some
situations. In case of high curvature, e.g., the direction of fastest decrease might
change quite quickly if we move away from the current position.
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Nevertheless, the steepest descent is often used as initialization step of more
sophisticated methods. One of them, which is termed conjugate gradient method, is
presented in the following.

2.5.1 Conjugate Gradient Method

The conjugate gradient method (see, e.g., [13, 14]) picks search directions which
are conjugate to the search directions of the previous step. Two search directions s;
and s; are conjugate with respect to each other if the following relationship holds for
symmetric, positive definite matrices H:

ss H-s;=0 (2.39)

Why is picking conjugate search directions a good idea? In order to clarify this,
let’s assume that the objective function is an N-dimensional convex quadratic form,
e.g..f(x) =4-x"-H-x —a’ -x + ¢ (where the N x N matrix H is symmetric and
positive definite). Now it can be shown that the minimum of this objective can be
found by successively performing line searches along the elements of a set of at
most N linearly independent search directions, which are mutually conjugate as
defined in (2.39). In other words, if we utilize ‘“suitable” conjugate search
directions, we are able to find the minimum of a convex quadratic form in at
most N one-dimensional searches.

If we want to take gradient information into account, the best start is to perform a
steepest descent search, i.e., sets” = —Vf(x"). Subsequent iterations now can try to
make use of the nice convergence properties of conjugate searches by searching
along directions which are conjugate with respect to the previous search direction.
The search direction of step k is calculated as follows:

Sk _vf (Xk) + ﬂkSk71
V()P 240
[Vf ()P

pr =

Clearly, the current search direction s* is a combination of the direction of
steepest descent and the search direction of the last step. This utilization of
information about previous steps helps in improving the rate of convergence
(compared to steepest descent). As already said, this method is guaranteed to
converge in at most N steps for the special case of convex quadratic functions of
dimensionality N. For non-quadratic functions, however, of course more iterations
are necessary, but the expectation is that for those more general situations, the rate
of convergence is improved, too, at least as long the objective can be locally
approximated by a quadratic form sufficiently well.
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Fig. 2.16 Flowchart of the conjugate gradient method

The choice of ¢ as given in (2.40) ensures that s and s*~! are conjugate. It
was first proposed by Fletcher and Reeves, and that’s why the update rule in the
form of (2.40) is also known as Fletcher-Reeves method. Over the last decades,
many alternative rules for updating the g aiming at increasing convergence
properties for non-quadratic objectives have been proposed (see, e.g., [7] for an
overview).

Observe, however, that the repeated application of (2.40) might result in numer-
ical ill-conditioning in some cases. In order to resolve numerical ill-conditioning,
two criteria can be applied. If one of them is fulfilled, the method can be restarted
with a steepest descent step. The resulting general proceeding can be seen in the
flowchart of Fig. 2.16.

In detail, these criteria are:

1. The one-dimensional search doesn’t improve the solution, i.e., f (x*) > f(x*~1).
Please observe that this fact could also indicate that convergence is achieved.
Therefore, if a subsequent one-dimensional search in the direction of the steepest
descent doesn’t improve the search direction either, it is assumed that the
method has converged.

2. The slope of f with respect to the step size a of the general proceeding (see

Sect. 2.2) is positive: g—a = <Vf (x")7 s > > 0 (where (-) denotes the dot product

operator). This indicates numerical ill-conditioning. Consequently, the method
is restarted with steepest descent.

In general, this rather small modification compared to steepest descent results in
quite good rates of convergence. In particular, the conjugate gradient method is able
to follow “narrow valleys” of the objective rather quickly, whereas steepest descent
searches slow down in these situations.

Nevertheless, there exist other first-order methods trying to do better. For
example, in the so-called variable metric methods, information of previous steps
isn’t considered via a simple scalar £, but via an n-dimensional array, which is
capable of transporting more detailed information, of course. Examples of variable
metric methods are the Davidson-Fletcher-Powell algorithm (DFP) [14] or the
Broydon-Fletcher-Goldfarb-Shanno method (BFGS) [14].
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Pseudocode

function optimizeMultidimConjugateGradient (in Image/, in
objective function f(x), in initial solution x’, in conver-

gence criterion g, out final solution x*)

// initializazion

k—0

bSteepestDescent «+ true // calculate search direction
according to steepest descent in the next iteration

// iterative main search loop

repeat
if bSteepestDescent == true then
// set search direction to steepest descent
st — — Vf(xh)
bSteepestDescent « false
else

// search direction is based on conjugate gradient
set searchdirectionsf conjugate to the searchdirection
of the last iteration according to (2.40)
end if
perform one-dimensional search along sf yielding x
// check for ill-conditioning
if f(x5) > F(xY) || (Vf(xF),s") > 0 then
// 1ll-conditioning — restart with steepest descent
bSteepestDescent « true
if f(x5) > f(x!) & f(x*') > f(x*7?) then
// no improvement could be made in two successive
iterations — convergence 1is achieved
X* Xk
return
end if
end if
k—k+1
until convergence: V(Xk) —f(x"_l)| <e- (f(x"))

X*(_Xk

2.5.2 Application Example: Ball Inspection

Certain, mainly industrial, applications involve the usage of metal balls, e.g., ball
bearings, ball pens, or ball valves. In order to ensure proper functionality, it has to
be ensured that the ball shape is undamaged. Normally, this is done via dedicated
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Fig. 2.17 Illustrating the reflectance properties of mostly shiny reflections (/eft), where the main
part of the light from the object surface is a direct reflection of the incoming light. Consequently,
ball-shaped objects appear as bright rings with slanted illumination, as the reflected light hits the
sensor only if the surface patch has a specific normal angle (right, sensor in blue)

3D inspection systems (e.g., based on laser triangulation or structured light),
allowing for accurate 3D measurements. However, inspection with limited accu-
racy can also be performed with “conventional” 2D intensity images. If the position
of the balls has to be determined anyway, e.g., for gripping them during production,
a “conventional” camera system might already be in place. Inspection of the shape
can then be done without additional hardware.

Consider a scenario where the camera axis is perpendicular to the object plane
and the images of the ball(s) to be inspected are taken with slanted illumination. As
the mostly shiny surface of the metal balls leads to mainly direct reflections of the
incident light, the balls appear as bright rings in the grayscale camera image, where
the ring diameter depends on the slant angle.

This is illustrated in Fig. 2.17. The left part illustrates the reflectance model of
mostly shiny surfaces like polished metal. For those materials direct reflections
dominate (the dashed lines indicate reflected light and the thickness indicates
illumination strength). Applied to ball-shaped objects (right picture of Fig. 2.17),
we can see that only a small range of surface orientations leads to reflections into
the sensor chip (blue), in case the ball is illuminated from the side (indicated by
solid lines). Due to the ball shape, the surface patches with “correct” orientation are
arranged as a ring. Consequently, the ball appears as a bright ring with slanted
illumination, where the diameter depends on the slant angle.

Inspection can then be fulfilled by designing a parametric model for the bright-
ness appearance of a ball in the camera image (which should take the shape of a
ring) and then fitting this model to the camera image showing a particular ball to
inspect. This fitting represents an optimization task, which can be accomplished
with the method just presented above, as we will see shortly. During optimization,
the parameters of the model are optimized such that they best represent the image.
Subsequently, the optimization result can be used twofold for inspection:

¢ First, it can be checked whether the estimated model parameters are within the
expected range.

* Second, the difference between the optimized model and the ball appearance in
the camera image (which is the value of the objective function after convergence
of the optimization algorithm) has to remain below a certain threshold; other-
wise, the ball features a deformation which is too large.
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Fig. 2.18 Depicting a 3D
plot of the circular ring
brightness model of (2.41)
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An appropriate model M of a bright ring is a radially shifted two-dimensional
Gaussian, which can be expressed in Cartesian coordinates by

Jo—P+o-sr -\

a

M(x,y) =0+ m-exp (2.41)

where [x, y] represents the pixel coordinate, [x, y.] the center of the ring, r and a its
radius and width, o the brightness offset, and m the intensity magnitude of the ring
(see Fig. 2.18).

The objective function can be defined as the sum of the squared differences
between observed image data and the model in a local neighborhood & where the
ball is expected:

F(X) = Z [I()C7y) —M(x,y,x)]2 (242)

x,yeN

where I(x,y) denotes the intensity of the camera image at position [x, y], & defines
the neighborhood for which camera image and model are to be compared, and
x= [x¢, ye, F,a,m, O]T is the vector containing the design variables of the model to
be optimized. Hence, we end up with a six-dimensional continuous optimization
problem.

In order to improve convergence, we can also consider derivative information
during the optimization process. By repeatedly applying the chain rule, the partial
derivatives of F(x) with respect to the model parameters are (for convenience, let’s

introduce d = \/(x —x) + (v —vyo) and k = —((d — r)/a)*):
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When regarding the first derivatives of (2.43), it is evident that it would be very
cumbersome to derive second-order information analytically (apart from the compu-
tational effort to calculate the Hessian numerically in each iteration step). Conse-
quently, only first-order derivative information shall be considered during
optimization and the conjugate gradient method is chosen in order to minimize F(x).

Now each ball can be checked individually for deformations. Figure 2.19 shows
two example balls where the images were taken with flat illumination: a good ball
(top row) and a bad ball (bottom row). In the top row the model approximates the
image region very well (small differences for all pixels; see right column). Com-
pared to that, the bottom row reveals that the ring diameter is larger (r too large), its
thickness is slightly smaller (small a), and, additionally, there are more pixels with
significant brightness difference between optimized model and camera image,
especially in the right region of the ring as well as within the region composed of
the ball center (right column: similar brightness is indicated by gray pixels).

This inspection can be performed for multiple slant angles, where each slant
angle could reveal ball deformations on different parts of the ball surface. Clearly,
this method is not as powerful as dedicated 3D surface inspection, but it is
economical and quite capable of detecting major deformations.

2.5.3 Stochastic Steepest Descent and Simulated Annealing

2.5.3.1 General Proceeding

A special case of objective functions which can be found quite often in practice is
characterized by the fact that the objective function can be written as a sum of N
elements:
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Fig 2.19 Showing the inspection results for two examples of a ball: a good ball (fop row) and a
bad ball (bottom row). Each row depicts the camera image of the ball (left, with overlaid red circles
indicating the optimization result), the optimized model (middle), as well as the difference
between camera image and optimized model (right, again with overlaid optimization result).
White pixels indicate that the image is brighter than the model, whereas dark pixels indicate that
the image is darker than the model. Similar brightness is indicated by gray pixels

N
F0) = fulx) (2.44)

This splitting of f(x) into N summands can be observed, e.g., for MRF-based
energy functions. This structure is similar to (2.21), but in contrast to (2.21), the
summands are not restricted to be square terms.

If we want to apply gradient-based optimization, even simple methods like
steepest descent would involve a calculation of df,(x)/Jx for all N components
in every iteration, which could be infeasible as far as time demand is
concerned.

An alternative approach is to perform an iterative optimization which considers
only one of the summands of (2.44) at each iteration. Clearly, now more iterations
are necessary, but at the same time, each iteration can be performed much faster,
which should overcompensate for the increase in the number of iterations. The
proceeding suggested here comprises the following steps:

1. Pick one f,(x) at random.
2. Try to reduce f(x) by optimizing f,(x) with steepest descent, i.e., calculate
Of,(x)/0x and perform a one-dimensional optimization in this direction.
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Now, the derivative calculation should be rather simple at each step. The
procedure is repeated until convergence, e.g., the reduction of f(x) is sufficiently
small. This proceeding is called stochastic steepest descent (or stochastic gradient
descent) and is an example of a so-called greedy algorithm, as each iteration seeks
to maximize the reduction of f(x).

The main drawback of this proceeding (like any local method presented in this
chapter) is its susceptibility to get trapped in a local minimum if the objective
function is not convex. A method to overcome this problem is to allow for updates
of the solution which actually increase to objective function with a certain proba-
bility. Then it should be possible to escape local minima.

Rather than minimizing f,(x) at each step, we can select a certain state x with
probability p(x) o exp[—f,(x)/T]. For most of the time, x is modified such thatf, (x)
is reduced (because then p(x) takes a rather high value, which makes x more likely
to be selected), but sometimes states are chosen where the f,(x) is actually
increased, enabling the algorithm to get away from a local minimum. High values
of T lead to rather random updates, whereas low values of T effect in a quick decline
in p(x) for high energy states and therefore strongly bias updates which reduce the
objective.

In an approach called simulated annealing, stochastic gradient descent is
performed with high T at start, and T is gradually lowered (“‘annealed”) as iteration
proceeds (see [9]). Simulated annealing was the method of choice for a long time
for applications where local minima trapping is an issue. In the meantime, however,
more powerful methods, which have proven to outperform simulated annealing in
many situations, emerged. Especially to mention here are so-called graph cuts,
which will be presented in Chap. 7.

2.5.3.2 Example: Classified Training for Object Class Recognition

Vijnhoven et al. [15] showed how stochastic gradient descent optimization can be
successfully applied to the task of training a decision function for object detection.
They considered the application of detecting instances of a certain object category,
e.g., “cars” or “pedestrians,” in an image, which can be solved by the approach
suggested in [4].

Dalal et al. derive a feature vector d (a so-called descriptor) which they call
“Histograms of Oriented Gradients” (HOG) from a subregion of the image and,
based ond, run a classifier which decides whether an instance of the object category
to be searched is present at this particular position or not. The classifier has a binary
output: -1 for “object not present” and 1 for “object present.” In order to scan the
image, they propose a so-called sliding window approach, where the region for
calculating the descriptor is shifted pixel by pixel over the entire image, with a
subsequent classification at every position. Finally, they obtain a position vector
where each element reveals the position of a detected instance of the searched
object category.
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The classifier has to be trained prior to recognition in an off-line teaching phase
with the help of example images. A Support Vector Machine (SVM) for classifica-
tion is used in [4], whereas the authors of [15] suggest to employ SGD in the
classifier training step. Through the usage of SGD, they showed to reduce training
times by a factor of 100-1,000 with similar recognition performance.

Before we describe in detail how SGD is utilized in training, let’s first take a closer
look at some different aspects of the proceeding of [4] (HOG descriptor, sliding
window, and classifier design) in order to get a better understanding of the method.

HOG Descriptor

Similar to the well-known SIFT descriptor (see [11]), the HOG descriptor proposed
by Dalal et al. accumulates intensity gradient orientations into histograms. To this
end, the area of interest is partitioned into small “cells,” e.g., of 8 x 8 pixel in size
(see Fig. 2.20). Now, within each cell, a histogram of gradient orientation is
calculated, i.e., the range of possible orientations (0°-360° if we want to consider
gradient sign) is partitioned into a certain number of bins (typically 10-20 bins are
used), and each pixel votes for the bin which corresponds to its gradient orientation
(see Fig. 2.20). The vote can be provided with a weight, e.g., according to gradient
magnitude and/or distance between the pixel and a block center (see below).

This proceeding leads to a considerable invariance of the resulting descriptor
with respect to typical variations occurring when acquiring images of different
instances of the object class to be detected, such as varying illumination, small
deformations, and viewpoint change. The usage of gradient orientations makes the
descriptor robust with respect to illumination changes, whereas the rather loose
spatial pooling of pixels into cells increases the invariance with respect to spatial
variations, like local deformations and viewpoint change.

Additionally, neighboring cells can be combined to one so-called block, e.g.,
2 x 2 cells form one block. Within each block, a local contrast normalization is
performed in order to compensate for illumination variance or effects like
shadowing. To this end, the block descriptor vector is normalized with respect to
some vector norm. In [4] it was reported that histogram sizes of 18 bins give good
results; therefore, a block consisting of 2 x 2 cells results in a descriptor of size 72.

This process of computing normalized descriptors for a block is repeated for all
blocks of the area of interest. Note that recognition performs best if overlapping
blocks are used. To this end, neighboring blocks are shifted by only one cell with
respect to each other, i.e., they share some cells (cf. Fig. 2.20). The descriptors of all
blocks being part of the area of interest are concatenated into one common
descriptor vector d, which now is a robust representation of the area of interest.
The overlapped calculation may seem to be redundant, but Dalal et al. showed that
accurate local contrast normalization is crucial for good performance and
overlapping helps to achieve this.
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Fig. 2.20 Indicating the flow of the calculation of a HOG descriptor: after gradient calculation,
the detection window is partitioned into cells, and within each cell a 1D histogram of gradient
orientations is calculated. Several cells are pooled into a block, and a local normalization step is
performed for all cells of the block. The final feature vector consists of the information of all
blocks in the detection window, whereas the blocks spatially overlap (From Dalal and Triggs [4],
with kind permission)

Sliding Window

During recognition, a “dense” calculation of the HOG descriptor is performed,
i.e., the window of pixels which contribute to the descriptor is shifted densely, e.g.,
by just one pixel, and after each shift a new descriptor is calculated. Each
HOG descriptor can be used as input for a binary classification, which outputs
“object present” or “no object present” for a particular descriptor/position. This
dense evaluation is in contrast to other descriptor-based approaches for object
detection (like the usage of SIFT descriptors as proposed in [11]), which
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concentrate on interest points and therefore are “sparse.” A dense calculation is
more time-consuming but at the same time considers more information, which
increases recognition performance.

Classification

For the classification being performed at each position of the dense sampling grid,
a linear classifier is used, i.e., the decision function ¢(d) is a weighted sum of the
elements of the feature vector d:

cd)=w'-d+»b (2.45)

where w is a vector of weights and b is a bias. Values of ¢(d) > 0 indicate the
presence of an object instance. The weights w and b are to be trained in a training
phase, which is performed “off-line” prior to recognition based on a database of
training images showing the object class to be detected.

The goal of the training step is to determine the weights w* and bias »* which
yields best classification performance if applied to the set of training samples,
which consists of N images. Optimal parameters w* and b* can now be found
with a stochastic gradient descent method, as shown in [15].

To this end, a HOG descriptor d,;n € {1,2,3,...,N} is calculated for each
training image. We need a supervised training here, which means that a label /,
€ {—1, 1} is assigned to each training image by a supervisor, depending on whether
the image contains an instance of the object class to be searched or not.

For each training image, we can apply the linear classifier to its HOG descriptor.
As a result, we get an estimation fn for its label: lAn =w! -d, + b. The difference
between the user annotation /,, and its estimation lAn can be used to define a loss
function E,, which should be small if there is a small discrepancy between l; and [,

and large if I, differs significantly from /,
E, =max{0;1 -1, (w'd, +b)} (2.46)

The performance of a particular classifier can be measured by the total loss for
the entire training set, which is based on a sum of the losses of each individual
training sample:

E:i-||w||2+l§N:E (I, 1) (2.47)
2 N n nstn .

n=1

where ||w|| is a regularization term and A determines the relative weighting between
the regularization term and the correctness of classification. Without using a
regularizer there would be the danger that the optimization gives extremely high
weights to just a small fraction of the examples which can easily be classified
correctly and therefore ignores poor classification performance of a possibly large
number of examples with small weights.
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With the help of a minimization of the energy function defined in (2.47), we can
determine the weight vector w* and bias b* which yield the best partitioning of the
training set (into “object” or “no object” classes).

Standard gradient descent now would require to compute all partial derivatives
OE, /Ow with respect to w and optimize the entire sum of (2.47) taking all training
examples into account at each one-dimensional step. Typically, this joint
one-dimensional optimization of E is computationally expensive or even infeasible
even for training sets of moderate size.

At this point, stochastic gradient descent comes into play. Here, wis also updated
iteratively, but now the update is performed based on just one training sample at
each iteration. Taking just one OF,/Ow into account yields the following update
formula:

Wi —w 1. OEn
+1 = W; t ow,
OE,(L,(wid, +b i
= (i PG i =t e
t

where the parameters 4 and ¢y have to be chosen by the user. At each iteration step ¢,
one training sample 7 is picked at random, until all training images are used. In [15]
training is performed in just one sweep (i.e., the optimization with respect to each
training sample is performed exactly once), but it is also conceivable to do multiple
sweeps.

Experimental results provided in [15] for the object class “car” indicate that,
compared to the standard SVM implementation of the HOG scheme, SGD has the
following advantages:

¢ Training can be sped up by two to three orders of magnitude, depending on the
particular SVM implementation.

¢ A slight increase in recognition performance can be reported for some object
classes. In order to get an impression about the performance of the scheme,
Fig. 2.21 shows detection results for several challenging scenes for the object
class “car”. Red frames indicate wrong detections and green frames correct ones
(with a significantly large overlap between detected area and ground truth).

¢ The nature of the training algorithm admits online training, because we can do an
extra iteration of the SGD training step at any time, e.g., when some new
samples (which should help to improve classification performance) become
available.

2.6 Constrained Optimization

For the methods presented up to now, the only criterion when calculating the
solution x* is to minimize the objective f(x). In many applications, however, x*
has to fulfill additional requirements. More specifically, the range of values each
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Fig. 2.21 Illustrating the recognition performance of a HOG detector for cars when trained with
stochastic gradient descent. Correct detections are boxed by a green rectangle and false
classifications by a red one. As clearly can be seen, the algorithm shows good performance,
even if the appearance of the cars varies significantly (© 2010 IEEE. Reprinted, with permission,
from Vijnhoven and de Width [15])

element of X* can take might be constrained. In other words, the solution space S is
constrained to some subspace of R". For example, when calibrating a camera as
proposed in Sect. 2.4.2, a reasonable assumption is that the center of the radial
distortion is located within the image.

Of course, such constraints (if existent) have to be considered when calculating
the solution. The field dealing with these additional requirements is called
constrained optimization. Due to space reasons, we don’t give an exhaustive
treatment of this topic and just present some important ideas on how to consider
additional constraints. The interested reader is referred to, e.g., [3] for a more
detailed introduction.

First, we have to note that there are two types of constraints. The first type is
called equality constraint, because here some function of the elements of x* has to
be exactly equal to some constant value. Mathematically, this can be expressed by

gm(x) =0 with m € [1,2,...,M] (2.49)
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Fig. 2.22 Tllustrating the different types of constraints for a two-dimensional example: in the left
figure, the solution space is restricted to a circle with radius r (equality constraint), whereas in the
right figure the interior of the circle is part of the solution space, too (inequality constraint)

where each g,, describes a separate constraint. Another type of constraints are the
so-called inequality constraints, where some function #,(x) is restricted to take
values which are constrained by an upper bound:

hy(x) <0 withn e [1,2,...,N] (2.50)

A simple example for both types of constraints is given in Fig. 2.22 in the case of a
two-dimensional solution space, where in the left illustration the solution is
constrained to be located on a circle of radius r (i.e.,x% + x% = r), which is an equality
constraint. The right image depicts a situation where the solution has to be located
inside some circle (i.e., x% + x% < r), which is an example of an inequality constraint.

In the following, some ideas on how to consider these constraints are given. In
the following, the schemes dealing with constraints are categorized into three
categories:

* Projection methods
« Penalty methods
» Barrier methods

The main idea of so-called projection methods is to first calculate the solution
update with some iterative method as described previously as in the unconstrained
case and then project back this update to a “valid” position which meets the
constraints. This back-projection is done at the end of each iteration.

A particularly simple proceeding can be performed if each element of x is
constrained to be within a certain range of values, i.e., x;; < x; < x;,. Then we can
simply set xf? to x; ; if it is below this threshold, and, respectively, to x; , if is larger
than x;,. After this correction step, the iteration can proceed analogously to the
unconstrained case.

The back-projection can be integrated very well into iterative the methods
presented in the previous chapters. The only modification compared to the uncon-
strained case is to perform the additional back-projection step at the end of each
iteration.

Different from this, penalty methods aim at modifying the objective f(x) such
that solutions located far away from the constrained solution space are penalized
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and therefore avoided by the optimization algorithm. To this end, a penalty term is
introduced in the objective:

M N
P00 =F(x) ¢ | D gn(x)? + D max(0,h,(x)°) @51

m=1

The modified objective p(x) can now be optimized with any unconstrained
optimization method. However, please note that there is no guarantee that all
constraints are actually met by the found solution, violations of the constraints
just become less likely. Therefore, the whole process is performed iteratively,
where in each iteration /, the weight ¢; of the influence of the penalty term is
increased successively in order to be sure that the constraints are met at finish.
Observe that here one iteration comprises the application of the complete proceed-
ing of an unconstrained optimization method.

Similar to that, the so-called barrier methods (also termed interior methods)
modify the objective function through the introduction of a penalty term, too.
Additionally, they assume that the optimization starts within the constrained
solution space and hence can only be applied to problems with inequality
constraints. The penalty term should introduce costs getting larger when we
approach the border of the constrained solution space. This can be formulated as

b(x) =f(x) —c- Y ; ! (2.52)

n=1 "(X)

As each £,(x) < 0, this actually introduces costs. These additional costs aim at
ensuring that the constrained solution space is never left. Observe that the 4, can
always be designed to take nonpositive values by multiplication with —1, if
necessary.

Again, b(x) can be optimized through the iterative application of an uncon-
strained optimization method. This time, however, the ¢; is successively reduced,
which means that the constraints are loosened if we already are near the optimum in
order to get more accurate results.
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Chapter 3

Linear Programming and the Simplex
Method

Abstract Problems where the objective function to be optimized is linear in its
design variables are of particular interest, because then a solution can be found
very efficiently. Solutions of linear objective functions can only be unique if
additional constraints exist. While the constraints bound the solution space, the
linear nature of the objective ensures that the solution must be located at
the border of this bounded solution space. In the case of linear constraints, the
bounded solution space has the form of a polyhedron, and, hence, it suffices to
seek for the solution at the vertices of the bounded space. As a consequence, the
optimum can be found very fast. One method for solving linear programs is the
simplex algorithm, which is one of the most famous optimization algorithms. It
identifies the solution by moving from a vertex to one of its neighbors until the
value of the objective cannot be reduced further for all neighboring vertices. In
order to benefit from the speed advantage of linear programming, it sometimes
is promising to approximate a given problem by linear relationships. Such an
approximation is presented for the task of stereo disparity estimation at the end
of this chapter.

3.1 Linear Programming (LP)

As already stated above, a special case of continuous optimization occurs when the
objective function is linear in all its variables, i.e.,

N
f(x)=cixi + e+ -+ eyay = Zc[xl- =c -x (3.1
=1

Please note that this function has no local minima, as all derivatives are nonzero
over the entire solution space: Jf (x)/0x; = ¢; # 0 V i € [1,...,N]. Please note that
it can be assumed that all ¢;’s are nonzero, because if a specific ¢; was zero, the
objective function would be independent of x;, and, consequently, no optimization
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would be possible for this design variable. Consequently, if the solution space is
unbounded, no solution exists (as it would be located at some point in infinity).
Hence, a solution can only be obtained if additional constraints are introduced:

N
Zaﬁ x; > bj or, equivalently, ajT X>bj;je(l,...,M] (3.2)

i=1

If the sum on the left-hand side has to be exactly equal to b;, we talk about
an equality constraint; otherwise, the constraint is termed an inequality constraint.
M denotes the number of constraints which exist for a given problem.

Observe that all constraints of the form of (3.2) are linear in the design variables,
too. A situation where not only the objective function but also the constraints are
linear in all design variables is called a linear program (LP) .

A graphical interpretation of linear programs is that all contour lines, where f(x)
takes the same value, are straight lines. The constraints are also represented by
straight lines. This can be shown with the help of a two-dimensional example:
consider the objective function f(x) = 3 - x; — 1.5 - x, which is represented by its
contour lines in Fig. 3.1. The colors of the contour lines indicate the value of the
objective at a particular position. Here, the standard MATLAB color palette is used
(red-orange-yellow-cyan-blue-dark blue, in decreasing order). Suppose that each
design variable is limited to nonnegative values (limits are indicated by the black
coordinate axes). After introducing two additional constraints — 0.3 -x; +x, < 5
(indicated by the thick red line) and 6.25 - x; +x, < 50 (thick blue line), the
solution space is bounded by a quadrangle consisting of segments of the constraints.
Considering the extension to N-dimensional problems, the solution set becomes a
convex polyhedron.
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In total, the linear program of this example is given by

fx)=3-x—-15x
subject to —0.3-x; +x, <5 (3.3)
6.25 - x1 +x <50

Informally speaking, the constraints delimit the solution space. The fact that the
objective function is linear over the entire bounded solution space (which means
that the derivatives are always nonzero) leads to an important observation: the
minimum XxX* must be located at the border of the bounded solution space. More
specifically, it is located at a vertex of the polyhedron for the following reason: If
we take an interior point of the bounded solution set, the gradient at this position
(which is always nonzero) involves that better solutions within the set can be found.
If we follow the negative gradient, we eventually hit one of the limiting lines of the
polyhedron. Normally, the gradient doesn’t vanish completely if we move on along
the limiting line, so further improvement is still possible until we encounter a vertex
(the special case where the gradient along a limiting line becomes zero will be
treated below). Each vertex is called a basic feasible solution.

As a consequence, we can directly derive the outline of a scheme which finds the
solution/minimum x* of the linear program: starting at an arbitrary vertex x° of the
polyhedron, we iteratively move to an adjacent vertex x‘*!, which is a better
solution, i.e., f (Xk+l) < f(xk), until no more improvement is possible (all adjacent
vertices take larger values of the objective function, compared to the function value
of the current vertex). An example can be seen in Fig. 3.2: Starting from the vertex
marked red, we can move in the direction of the red arrow to the vertex marked
blue, because the objective function takes a lower value there. The same holds when
moving from the blue to the green vertex along the blue arrow, which marks the
desired solution, as the fourth, unmarked vertex takes a higher function value.
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Fig. 3.3 Depicting the solution set for different cases (see text for details)

Please note that the minimum was found in just two iterations. This observation
gives a hint why linear programs are so attractive: the fact that the solution (if
existent) must lie at the border of the constrained solution set enables us to find it
very quickly. Consequently, many researchers try to describe or approximate their
problem at hand by a linear program.

However, the existence of a unique solution is not guaranteed. Actually, four
types of solution exist for linear programs, depending on the constraints:

1. Unique solution: Here, the constraints ensure that the solution set is entirely
bounded. This case is shown in the left picture of the upper row of Fig. 3.3 (the
solution set is indicated by the ruled area). The solution is located at a vertex of
the polyhedron bounding the solution set.

2. Non-unique solution: As in case (1), the constraints entirely bound the solution
set. In contrast to case (1), however, one of the lines indicating the constraints is
parallel to the contour lines. Consequently, the objective function takes the same
value at each position of the “constraint line”. If the value of the objective
function along this line is minimal for the constrained set, there exist multiple
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solutions: Each position of this line, which is also part of the bound of the
solution set, is a valid solution of the linear program. This case is illustrated in
the upper right image of Fig. 3.3, where the second constraint is replaced by
2-x;1 — xp < 12 (thick blue line). Now the thick blue line coincides with the
contour line which takes the minimum function value of the constrained
solution set.

3. Unbounded solution: If we drop the second constraint, the solution set is not
entirely bounded any longer. Hence, the solution set contains an open area where
the objective function decreases until negative infinity (see lower left image of
Fig. 3.3: the value of the objective decreases as x| increases).

4. No solution: Consider replacing the second constraint by 6.25-x; +x, <0
(thick blue line in lower right part of Fig. 3.3). Now the solution set is empty,
because no position can simultaneously satisfy all constraints.

3.2 Simplex Method

The simplex method, which aims at optimizing linear programs, was introduced by
Dantzig in the 1950s (see, e.g., [3, 4]) and is one of the most famous optimization
algorithms. Its basic proceeding derives from the fact that the solution of linear
programs — if existent and unique — must be one of the vertices of the polyhedron
bounding the solution set and, additionally, this solution consists of at most M
nonzero design variables, where M denotes the number of constraints (detailed
explanations will follow later).

Therefore, the solution can be found by starting at an initial basic feasible
solution (vertex) containing M nonzero variables (which are called “active”) and
iteratively replacing one of the active variables by one of the inactive variables
at each step until no more improvement can be made. Geometrically speaking,
each replacement corresponds to moving to an adjacent vertex of the
polyhedron.

Before presenting the method, we have to note that the simplex method requires
a linear program in its standard form. The standard form can be written as

N
find x* = arg min |f(x) = Z cix; =c¢l -x
i=1

N (3.4
subject to Zaﬂ-x{:a{-){:bj; jE€,...,M] or Ax=Db
=1

x,-ZO

At a first glance, this seems like a major restriction, because only equality
constraints are allowed and all design variables are constrained to nonnegative
values. However, it turns out that any linear program can be converted into standard
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form with rather little effort. Typically, this conversion is done by the introduction
of additional variables, which become part of the optimization:

¢ Any unbounded design variable x; can be replaced by the difference of two
positive variables: x; = x'; — x";;  xX;, X7, > 0.

e Any inequality constraint can be converted into an equality constraint by the
introduction of a so-called slack variable xy.;. This means that an inequality

constraint Zi\;l ajix; = ajT -x < b; is replaced by the equality constraint Zivzl
ajix; + xy4; = b;. The newly introduced variable xy_; takes the value of the quantity
which is missing from a]-T - X to bj (the “slack,” which by definition is nonnegative).

Please note that if we consider the standard form of a linear program, the number
of nonzero design variables in its minimum x* is at most M (the number of
constraints).

Let’s check this for our toy example (3.2). Observe that the solution space in
standard form is of dimension four (two design variables and two slack variables,
which are necessary to convert the two inequality constraints into equality
constraints). Moreover, the bounded solution space contains four vertices.

At the origin (which is one of those vertices), both x; and x, are equal to zero. In
turn, both slack variables x3 and x4 have to be different from zero, because both
equality constraints are not fulfilled. At the position of the vertex located at the
intersection of the lines representing the inequality constraints (red and blue lines),
both.x; and x; are different from zero. As equality is fulfilled for both constraints, the
two slack variables x3 and x4 can both be set to zero. In total, two design variables
are different from zero at both vertices.

Now consider a vertex being the intersection of a colored line and one of the
coordinate axes: here, only one of the variables x; or x; is different from zero.
However, now one of the slack variables has to be unequal to zero, too, because the
vertex is not a part of either the red or the blue line any longer. Accordingly, again
two variables are different from zero.

Another two-dimensional example can be seen in Fig. 3.4, where three inequality
constraints exist (indicated by the bold red, green, and blue lines). This means also that
we have three slack variables in that case. Now even for the vertices where both x; and
X, are different from zero, equality is impossible to be assured for all of the constraints
simultaneously. Therefore, one stack variable has to be greater than zero (if both.x; and
X are unequal to zero), which sums up to three nonzero variables in total.

Now let’s turn toward the mode of operation of the simplex method. Basically, it
consists of two phases:

e Phase I finds an initial basic feasible solution (picks one of the vertices of the
polyhedron) and thereby converts the program into a so-called canonical form.
The characteristics of the canonical form are as follows:

— The program is available in standard form (as specified by (3.4)).

— All b; are nonnegative.

— All the M “active” variables representing the basic feasible solution (denoted
by the set {x;};/ € [1,...,N]; |{x;}| = M) affect only one line of the equation
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system representing the linear program (see, e.g., (3.5)). This involves that
each of the columns a; of A contains one element equal to one, whereas all
other elements of the a; are zero.

If originally all constraints are inequality constraints, this condition is fulfilled
for all slack variables. Finding an initial basic feasible solution is particularly
simple in that case: we can consider all slack variables as active and pick the
vertex corresponding to the origin of the space of the initial design variables
(where all initial design variables are zero) as initial solution.

Phase 1 moves from one basic feasible solution/vertex to the next until no more
improvement can be made, i.e., the objective function takes higher values for all
adjacent vertices and thus a minimum is found. One step of this movement
amounts to the replacement of one active variable of the current basic feasible
solution (from now on termed x,,) by one of the currently inactive variables
(termed x;,). The canonical form facilitates the search for x;, and x,,. Therefore, at
the end of each step, the program has to be converted into its canonical form again.

The objective function and the equality constraints can be combined in one

system of linear equations:

T
X
an ap - oany 1 0 by
az  axn any 0 1 0 b,
: : W = : (3.5)
: XN+1
ayr am2 ot dMN 0 0 1 XN42 bM
c ¢ - ¢y 00 0 . f(x)—f(xk)
L XN+M
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where the first M rows represent the constraints and the last row represents the
objective function, with f (x*) being its value at the current solution. (3.5) is often
referred to as the simplex tableau. If all M constraints are inequality constraints,
only the slack variables xy | to xys are active in the initial basic feasible solution,
and, consequently, the last M columns of the matrix contain only one element equal
to 1, all others are zero.

For the moment, let’s assume that the problem already is available in canonical
form. Then, phase II of the simplex algorithm proceeds as follows. Each iteration
has to asses which active variable x,, is to be substituted and which inactive
variable x;, will replace x,,. Overall, each iteration comprises the following steps:

1. Specification of xi,: This can be done by examining the coefficients of the last
row of (3.4). A negative coefficient ¢; < 0 indicates that the value of the
objective will decrease if the corresponding variable x; will become greater
than zero. Consequently, x;, will be chosen such that the corresponding coeffi-
cient cj, has the most negative value among all ¢; belonging to currently inactive
variables. If all such c; have positive values, no more improvement can be made
and the iteration stops.

2. Specification of Xoy: In order to find xoy, the ratios b; / aj;n are calculated for all
j€[1,...,M]. The index out is chosen such that b / outin has the smallest ratio
among all ratios where a; ;, is positive. In order to find the variable x, leaving the
basic feasible solution, we search for the active variable which has a coefficient
equal to 1 in row out.

3. Rearrangement of the simplex tableau such that it is canonical with respect to the
updated basic variables. This operation is called pivoting on the element oy in.
The goal is to modify the simplex tableau such that column a;, contains only one

nonzero element at position out, which can be set to one, i.e., alguﬁlm = 1 and all
,

k+1 ; .
other a /; = 0. Therefore, the following two steps are performed:
k+1
0$l,in =1
2. For all other rows j, multiply the updated row out by 4; ;, and subtract the result

1. Divide row out by doy,in. This ensures that a

from row j. This ensures that aﬁll =0.

After the iteration has stopped, the ¢; of the non-basic (inactive) variables reveal
the type of the solution:

e All ¢; are positive: the solution is unique.
* One or more ¢;’s are equal to zero: the solution is not unique.
¢ One or more ¢;’s are less than zero: the solution is unbounded.

An overview of the general proceeding can be seen in Fig. 3.5.

Let’s illustrate this proceeding with the help of a little example. Consider the
objective f(x) = —3-x; — 1.5+ x, + 20 and the constraints — 0.5-x; +x; <5,
5-x1 +x; <45, and 0.5 - x; + x, < 10 (see Fig. 3.4). For the initial basic feasible
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solution x; = x, = 0 (black point in Fig. 3.6), the objective takes the value f(0)
= 20. Hence, the simplex tableau can be written as

05 1 100 . 5
5 1 010 2 45
05 1 0 0 1 f = 10 (3.6)
-3 —-15 0 0 0 x“ f(x) =20

5

with x3 to x5 denoting the slack variables.

As all three constraints are inequality constraints, we have three slack
variables in total. (3.5) already is in canonical form, so we can directly proceed
with phase II of the simplex algorithm. The most negative coefficient of the last
row is —3 in the first column, so x; will enter the solution. Consequently, the
first column of the matrix has to be considered for determining the variable
which has to leave the solution. There, we have two positive elements, with the
ratio of b, / ay; being the smallest. Consequently, we have to pivot on a,;. An
examination of row 2 reveals that x4 will leave the solution. Geometrically
speaking, this corresponds to a movement along the x-axis (indicated by the
black arrow in Fig. 3.6) to the vertex marked green in Fig. 3.6.

In order to rearrange the tableau to canonical form, we first divide row 2 by the
value 5 and then subtract the thus updated row —0.5 times from row 1 (thus add it
0.5 times), subtract it 0.5 times from row 3, and subtract it —3 times (add it 3 times)
from row 4. This yields the following updated simplex tableau:
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5

In the next iteration, we see that progress can still be made, as the second
coefficient of the last row is negative. Hence, x, will enter the solution. As the
elements aj>, a2, and a3, are all positive, the ratio of all of them has to
be calculated. Because b3 / a3 yields the smallest value, pivoting is done on a3,
and x5 leaves the solution (see Fig. 3.6: movement along the green arrow until the
red vertex is reached). According to step 3, the third row is to be divided by 0.9,
and the result is to be subtracted 1.1 times from row 1 and 0.2 times from row 2 and
added 0.9 times from the last row. As a result, the following updated simplex
tableau is obtained:

001 2 L] 2]
9 9 X1 9
2 2 X2 70
1 00 - —- —
9 9 X3 | = 9 3.8)
01 0 b X4 3
9 9 X5 9
10 0 0 05 I | f(x) + 12.5 ]

Now all coefficients in the last row belonging to non-basic variables are positive.

Consequently, the iteration stops and the obtained solution is unique. As x4 and xs
are zero, the solution can be seen directly from equation (3.8). The first row reveals
that x3 = 25/9, from the second row we obtain x; = 70/9, and the third row yields
Xy =55/9.
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Now let’s come back to phase I, which is needed if the standard form of the
linear program is not in canonical form at start. Consider replacing the second
constraint in the above example by — x; +x; < —2. Now b, is negative, and
consequently, the program is not in its canonical form if the initial basic solution
contains the slack variables x3 to xs:

05 1 100 il 5
-1 1 01 0 2 -2
05 1 00 L[ [BIT 10 3.9)
-3 —15 0 0 0 x“ f(x) =20
5

In order to make b, positive, row 2 can be multiplied by —1, but, in turn, this
makes the coefficient of x4 negative. This means that x, is not an active variable any
longer. A way out of this dilemma is to introduce another variable xg (which is
appended to row 2, as row 2 was multiplied by —1) as well as another function xg
= r. The introduction of x¢ = r means that we add another row to the simplex
tableau and treat the former last row belonging to the “real” objective as a constraint
equation. Now we have

05 1 1 0 o0 o] |™ 5
1 1 0 -1 0 1 *2 2
05 1 0 0 1 0f-|%]= 10 (3.10)
-3 -150 0 0 of |™ £(x) —20
0 0 0 0 0 1 s r
X6

This tableau can be converted into canonical form by ensuring that only one
coefficient of the last column of the matrix is nonzero. This can be done if row 2 is
subtracted from row 6 yielding

X1

05 1 1 0 00 5
1 -1 0 -1 0 1 2 2
05 1 0 0 10 f - 10 (3.11)
-3 —-15 0 0 00 4 f(x) =20
1 1 0 1 0 of |© r—2
X6

which now is in canonical form with the basic variables x3, x5, and x¢. However, as xg
doesn’t exist in the original problem, it has to be eliminated again. This can be done
by solving (3.11), i.e., finding a basic feasible solution which minimizes r. To this
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end, the proceeding of phase II can be applied. If we end up with a solution which
sets r'to zero (x¢ = r = 0), we can eliminate xg again (drop the last column as well as
the last row) and solve the remaining simplex tableau with phase II. However, if
the solution of phase I does lead to a solution where r # 0, a solution without the
artificial variable xg cannot be found. This means that no solution exists for the
original linear program in that case.

Overall, phase I consists of the following steps:

1. Multiplication of all rows j which have a negative b; by —1, if necessary.

2. Introduction of as many artificial variables as necessary (introduce new variables
until there are M variables affecting only one constraint, i.e., “their” column
features only one nonzero value which is equal to 1).

3. Creation of a new objective function r, which is equal to the sum of all newly
introduced variables.

4. Converting the extended problem into canonical form by subtracting all rows
where new variables were introduced from the last row (such that the last row
contains zeros in all columns where the variables are part of the initial basic
feasible solution).

5. Solution of the just obtained linear program by applying phase II.

6. Elimination of the just introduced artificial variables in the case of r = 0. If r # 0,
no solution exists.

Pseudocode

function solveLinearProgramSimplex (in objective function
f(x), in constraints specified by A and b, out solution x*)

// conversion of linear program to standard form

introduce a slackvariable for each inequality constraint in
order to convert it into an equality constraint

split each non-restricted design variable into the differ-
ence of two design variables restricted to non-negative
values

create the simplex tableau according to (3.5)

// conversion of simplex tableau into canonical form, if
necessary (phase I)
if linear program is not canonical then
for each row jwhere b; <0
// not in accordance with canonical form
multiply rowjby -1
next
add new artificial design variables until M design
variables affect only one constraint (one element of
column equals one, the others are zero)
create a new objective rwhich equals the sumof all artifi-
cial design variables
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convert the thus obtained tableau into canonical form by row
subtraction
// solve the modified 1inear program by executing phase IT
call solveSimplexPhaseII (f(x), simplex tabl., out xj},;)
if r==0then
eliminate all artificial design variables again
else
exit // no solution exists
end if
end if

// solve the linear program (phase II of the simplex method)
call solveSimplexPhaseII (f(x), simplex tableau, out x*)
check the ¢;'s in order to determine the kind of the solution

function solveSimplexPhaseII (in objective function f(x), in
simplex tableau specified by A andb, out solution x*)

specify initial basic feasible solution (contains only
slack variables)

// iterative search loop (moves from vertex to vertex)
repeat
// replace design variable X, by X,
find ¢;, which has the most negative value (yields x;,)
find the smallest ratio bj/aj’,-n for allje€ [1.M] where gj;, >0
(yvields Xu)
// Pivot on dyy,: re-establish canonical form
divide row out by aouin
for all other rows j
multiply the updated row out by a;,
subtract the result from rowj
next
until convergence (allc¢;'s are >=0)
retrieve solution Xx* form the ¢; ‘s of the current simplex
tableau

Over the years, many other solvers for linear programs have been developed.
One important class of solvers are the so-called interior point methods (sometimes
also called barrier methods), where the interior of the solution space is explored
(see, e.g., [4-6] or [7]). It can be proven that these methods are able to find the
optimum in polynomial time. On average, performance of interior point methods is
comparable to the simplex method. For practical examples, however, it depends on
the specific nature of the problem whether the simplex method or interior point
methods perform better.

If additionally the values of the design variables are required to be integers, the
resulting program is called an integer program. In contrast to linear programs, the
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solution of these programs is NP-hard. For special subclasses, however, there exist
efficient solutions (see, e.g., [8]).

3.3 Example: Stereo Matching

Bhusnurmath et al. showed that stereo matching can be formulated as a linear
program [2]. In stereo matching, a scene is captured by a pair of cameras with
known geometric configuration, i.e., the distance between the two cameras as well
as the orientations of both cameras are known. Because the two cameras take a
different viewpoint, objects which are captured by both cameras appear with a shift
between them when we compare the two camera images.

This shift, which is also called disparity, is a function of the z-distance between
the object and the camera system (the so-called depth of the scene). The closer the
object, the larger is the disparity. Many computer vision tasks require an estimation
of the scene depth. If the cameras are calibrated, it is possible to infer the depth from
the disparity values. Hence, the problem of stereo matching amounts to estimating
the disparity d, for each pixel p;. This process can also be thought of labeling each p;
with the label d;.

As already stated above, the z-distance between the object which is depicted at
pixel p; and the camera system can be directly derived from d; if the camera
parameters and geometric relation between the two cameras are known. As a result,
a so-called height map can be calculated, which depicts the z-distance to the camera
system for each pixel of the image. Height maps can be used, e.g., in obstacle
avoidance applications.

The geometric configuration of the two cameras conditions that all disparities
appear in the same direction, i.e., the vectors between a pixel p; in the first image
and its “counterpart” in the second image point to the same direction for all pixels.
Therefore, we can search along a scan line with known direction when we want to
calculate a disparity d(p;) for a given pixel p;, which will be denoted d; for brevity in
the following. Usually it can be assumed that the scan line is a horizontal line
(which can be assured through the application of a preprocessing step known as
rectification). Consequently, if we examine all pixels with the same y-coordinate in
both images, we can determine the disparities for all pixels of this row. Addition-
ally, a proper choice of the reference camera ensures that all disparities are positive.

Now the question remains how to determine the disparities d;. In [2], a joint
calculation of all disparities of a scan line in one optimization step is suggested.
To this end, an energy E(d) can be calculated for each scan line, which is a function
of the vector d accumulating all disparities d; along this line. E(d) indicates how
well the d; explains the content of the two images. If d is a good explanation, E£(d)
should be low. E(d) consists of two parts:

A data-driven term Egy, (d;), which measures how well the observed image data
at position p; in the first image conforms to the observed image data in the second
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image, shifted by d; pixels, i.e., at position p; 4+ d;. A common approach in stereo
for measuring how well the image data fits is to calculate some function (match
score) based on the cumulated intensity differences between

— all pixels located within an image patch around pixel p; (Whose center position
in the first image is (x;,y;)) and

— the pixels of the corresponding image patch centered at position (x; + d;, y;) in
the second image.

» A so-called smoothness term Egpoom(d;) takes into account that disparities tend
to be “smooth”. For example, it is quite common that the image shows multiple
planar objects with a surface normal parallel to the camera axis. As a conse-
quence, the disparities should be constant in areas covered by these objects and
develop steps at the object borders. Noise or artifacts, however, tend to introduce
variations between the disparities of adjacent pixels everywhere in the image
plane. In order to reduce the influence of noise, the total sum of the disparity
gradients (i.e., the difference of disparities between adjacent pixels) should be
small. Consequently, one part of Egnoom(d;), which we term Egra(di, dit1) .
measures the sum of disparity gradient magnitudes between adjacent pixels p;
and p;y1. A second component, Ej,p (di, di+1,d;i—1), takes the second derivatives
into account: if planar objects show out-of-plane rotation, i.e., their surface
normal is not parallel to the camera axis, the disparity map has gradients, but
no curvature. Therefore, the total curvature should be minimal.

Overall, the energy E(d) of a scan line can be modeled as follows':

w—1 w—1

w
E(d) = Eaua(di) + > Eguaa(didiz1) + Y Enp(diydisr,din)  (3.12)
pm pm =2

where W denotes the image width. The data-driven energy can be modeled by
intensity differences between corresponding image patches. The gradient-based
energy term should be high when the difference of the disparities of adjacent pixels
is high:

0 if ‘d,'—d,*+1| SE

we,i+ (|di — dis1| — €)  otherwise (.13)

Egraa(di, diy1) = {

Through the introduction of &, small disparity changes are not punished. w, ; is a
weighting parameter (corresponding to pixel p;) and allows to adjust the relative
importance of a pixel. Consider the disparities at the edge between two objects, for
example: usually, the z-distance of the two objects differs, and consequently, the

! For convenience, only the one-dimensional solution, where all disparities along one scan line are
estimated simultaneously, is presented here. However, the extension to the 2D case is possible and
rather straightforward.
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disparity shows a discontinuity at the edge between the objects. Therefore, the
weighting factors of these “edge pixels” obtain a low value in order to allow for
disparity discontinuities at these positions.

The second-order Laplacian term should punish high curvatures of the disparity
as many objects are assumed to be at least nearly planar. It can be set to the discrete
approximation of the Laplacian (once again with a weighting term wy;):

Evp(diydiv1,diy) = wyj - |—dioy + 2d; — diy4| (3.14)

In stereo matching, the goal is to find for each scan line the disparities d* such that
E(d) gets minimal for the line currently under consideration: d* = argminE(d).
In order to solve this task, the authors of [2] suggest to convert the problem into a
linear program, which can then be solved by an appropriate linear program solver.
This problem formulation has the advantage that the continuous nature of linear
programs avoids quantization at intermediate steps (opposed to discrete methods,
which are widely used for stereo matching).

Concerning the smoothness terms, the objectives Eq,q and Ej,p, are not linear in
the design variables d because of the absolute values. In order to convert these terms
into linear relations, additional variables are introduced and, additionally,
constraints are built for these additional variables.

Let’s consider Egpaq, for example: For each pixel, Egrq is set to a proxy variable
Vq.i» weighted by wg ;i Egrad(di, dig1) = We i - yei. If |di — diy1| > € and therefore
Yei > 0, we have to consider two cases: If d; > diy1,y,is settoy,; = d; — diy1 — &
Respectively, we have to set y,; = d;;| —d; — € in the case of d; < d;;. This
ambiguity can be resolved by replacing the equality by three inequalities which
have to be fulfilled simultaneously:

Yei>di—diy1 — ¢
Vei > diy1 —di — ¢ (3.15)
0 S yg,i S gmax

Considering the first two inequalities, we can see that one of them is more
restrictive than the other, i.e., if the more restrictive is fulfilled, the other holds,
too. Whether the first or second is more restrictive depends on the sign of d; — d; 1.
With the help of this little “trick,” we managed to achieve linearization. The third
inequality constraint ensures positivity for y,; and that it is upper-bounded by gmax.
Similar considerations can be made for Ej,p and lead to

yii > —di—1 +2d; — di
yii > dioy —2d; + dip (3.16)
0 S Yii S lmax
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Fig. 3.7 Illustrating the data-driven energy for different disparities (blue) and its convex lower-
bound approximation

The upper bounds gnmax and [,y respect the fact that disparity values are bounded
in practice.

Please note that in general the calculation of the data term of the energy by
summing up intensity differences as described above is not linear nor convex.
However, this would be desirable, because if the objective is known to be convex,
it is assured that a found local minimum is also the global minimum. A typical
example of the data-driven energy E ., (d;) at one pixel is shown in the blue curve of
Fig. 3.7, where the pixel-wise energy is calculated dependent on the assumed
disparity value. Clearly, this function is not linear nor convex. Therefore, the
function is approximated by piecewise linear functions a;;d; + b;;, which act as a
lower bound of the energy Eqq,(d;) (see red curve in Fig. 3.7).

In order to formulate the stereo problem as a linear program, another auxiliary
variable y,,; is introduced for each pixel. y,; directly measures the data-driven
energy at this pixel. The line segments of the piecewise linear convex approxima-
tion serve as constraints, which ensure that y,,; is always located above all line
segments, e.g., above all red line segments shown in Fig. 3.7. Altogether,
concerning Eqa,(d;), we have

Edata(di) = Wi Ym,i
VYm.i > aj7,'dl-—|—bj,,-, jG [1,2,,.[] (317)

0< Ym,i < Ymax

The final formulation of the energy is given by
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W W—1 W—1
E(d) = Z Wi * Ymi + Z Wi Veit Z Wii Vi (3.18)
=1 =1 ;)

The weights w,,; should reflect the degree of confidence in the match score
(obtained through intensity comparisons) and should be low in occluded areas.
Gradient and Laplacian weights w,; and w;; are based on the intensity or color
difference between the pixels under consideration and therefore should be low if the
pixels belong to different objects (which are likely to have differing colors or
intensities). Therefore, they allow for clear disparity discontinuities between
objects without penalizing.

(3.17) can be written as the linear functionw’ - x, where xis a vector concatenating

all design variables: x = [d Ym Y, y,]T and w is a vector containing the

corresponding weights: w=[0 w,, W, w;]". To sum it up, (3.15, 3.16, 3.17,
and 3.18) build a linear program, as all equations and inequality constraints are linear
in the design variables. Consequently, this program can be solved by an appropriate
optimization scheme for linear programs like the simplex method.

Details of the composition of the constraints as well as the solver employed
(Bhusnurmath et al. chose an interior point method as a solver) can be found in [1,
2] and are beyond our scope here.

To sum it up, the algorithm estimating the disparities for one row of the images
consists of the following steps:

. Calculation of Eqy, (d;) for all legal disparities and all pixels

. Approximation of Eq,, (d;) with piecewise linear functions for each pixel
. Estimation of the weights w = [0 w,, W, W1]T

. Formulation of the linear program with the help of the introduction of the

auxiliary variables y,,, y,, and y,

AW N ==

5. Solution of the linear program with an interior point barrier method

Please observe that the dimensionality of the linear equation system is very
large, as the number of design variables is four times the number of pixels.
Moreover, the number of constraints is quite high as well. For example, a closer
look at (3.16) reveals that for each pixel there existJ constraints, whereJ denotes the
number of line segments used for convex approximation. This leads to rather long
execution times, albeit because of linearity a fast optimization scheme can be
employed. With a MATLAB-based implementation, the authors of [2] reported
running times in the order of minutes.

Results for some images of the Middleburry data set (which is often used to
compare the performance of stereo matching algorithms) can be found in the
original article [2]. As can be seen there, the height map calculated by the algorithm
is very close to the ground truth. Please observe that the algorithm intends to “fill
gaps” at pixels where there is no reliable data available due to occlusion.
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Chapter 4
Variational Methods

Abstract The main goal of many computer vision tasks can in summary be
described by finding a function which is optimal according to some criteria.
Examples of such functions are the two-dimensional intensity/color function of
the image itself in image restoration or deblurring, two-dimensional vector fields
like optical flow, or the course of a curve separating the image into multiple areas
(which are all presented as examples in this chapter). This is the domain of
variational optimization, which aims at estimating those functional relationships.
The functional quantifying the quality of a particular solution typically consists of
two terms: one for measuring the fidelity of the solution to the observed data and a
second term for incorporating prior assumptions about the expected solution, e.g.,
smoothness constraints. There exist several ways of finding the solution, such as
closed-form solutions via the so-called Euler-Lagrange equation, or iterative
gradient-based schemes. Despite of the iterative and therefore inherently slow
nature of the last-mentioned approach, quite simple iterative update rules can be
found for some applications, which allow for a very fast implementation on
massively parallel hardware like GPUs. Therefore, variational methods currently
are an active area of research in computer vision.

4.1 Introduction

4.1.1 Functionals and Their Minimization

Variational optimization deals with the problem of directly finding optimal
functions themselves. This means that the solution space is composed of functions
as elements. Compared to that, the methods presented up to now reduce the degrees
of freedom when seeking the solution by fixing the structure of the function in
advance. In that case, optimization is about estimating the parameters of the
specified function type. For example, the shading correction algorithm we encoun-
tered already in Chap. 2 as an example of regression a priori specifies that the
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shading has to be modeled by a two-dimensional polynomial up to a certain order.
During optimization, just the values of the coefficients of the polynomial terms are
calculated, whereas the design of the objective function remains unchanged. In
contrast to that, a variational approach would make no a priori assumptions about
the course of the shading function — any course would be allowed for the solution.

Let’s further examine this concept with the help of another short example: given
two points p and ¢ in the two-dimensional xy-plane, we want to find the curve
connecting these two points with minimal arc length. The course of the curve can be
expressed by a functional relationship, and therefore, the task is to find the function
that minimizes the arc length. Intuitively, we all know that the shortest connection
between p and ¢ is given by a straight line segment. But how can we find this
solution mathematically? This can be done as follows (see also [6]):

Positions on the curve can be expressed as (x, y(x)). Hence, our aim is to find a
functional relationship y*(x) which minimizes the arc length. Let the position of p
and ¢ be expressed by p = (a,y(a)) and ¢ = (b,y(b)). The arc length I, can be
derived by integrating over the length of infinitesimal straight line segments and is

given by
b
I :/ \/ 1+ y(x)%dx .1

where y'(x) denotes the first derivative of y with respect to x: y'(x) = dy/dx.
Consequently, the desired y*(x) can be found by minimizing (4.1).
A more general formulation of (4.1) is

b
Fly(x)] = / £y, (0))dx 42)

Functions like F are called functionals, which have the characteristic that they
map a function to a scalar value. The task of variational optimization is then to find
the argument y*(x) (which is a function) of F yielding the smallest value of F, i.e.,
y*(x) is the minimizer F. Please note that the goal of finding a function is just
conceptually. In practice, usually numerical implementations try to find a
discretized version of y*(x), where the quantities yf(x;) at sampled positions x;
are to be found. Hence, in practice usually we seek a finite set of function values.

The minimization of (4.2) can be performed with a paradigm called calculus of
variations (see [6] for a good introduction). We can formulate a necessary condition
for y*(x) being a local minimum of the functional F, which is known as the Euler-
Lagrange equation. The Euler-Lagrange equation relates to the fact that for minima
of “ordinary” functions, the first derivative of the function to be minimized must be
equal to zero. The Euler-Lagrange equation transfers this to functionals with
functions as arguments. It is a partial differential equation and is given by

O d[(af)
o w) = @
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The name “calculus of variations” comes from the proceeding when solving
the Euler-Lagrange equation, where a set of functions, whose elements are all
variations of y(x), is considered.

The calculus of variations tries to solve (4.3) for a given problem (which is
usually done iteratively) and then assumes that this solution is the desired solution
y*(x). Observe, however, that (4.3) is only a necessary condition, and, moreover, we
don’t know whether F has a minimum at all. Consequently, we have no guarantee
that we actually find the desired minimum when applying the calculus of variations.

A quite common case is that f does not directly depend on x, i.e., we can write
F(y(x),y'(x)). Then (4.3) simplifies to

.o
f=y- oy C (4.4)
where C is a constant. This is known as the Beltrami identity.

The general form of F is suited for many vision applications. Consider the
examples of image restoration (e.g., denoising or deconvolution) being described in
detail in the next section. In restoration applications, we want to infer the original
version of an image R(x,y) (i.e., we seek a function) but only have access to the
observed data/(x, y), usually corrupted by noise and/or blur. This kind of problem is
said to be an inverse problem, where, based on some observations, we want to
“infer” the unobservable but uncorrupted original signal.

As R(x,y) should be close to I(x,y), f should reflect a measure of difference
between the two signals. Additionally, we can also assume that R(x, y) varies only
smoothly in many regions, e.g., because many objects are of uniform or slowly
varying brightness/color. This is known as the so-called smoothness assumption.
Consequently, f is also influenced by the derivative of R(x,y).

Hence, f can be interpreted as measuring the suitability of R(x,y) being a
plausible explanation of /(x,y) at a particular position [x,y]. However, we want to
find a function which best explains the observed data in the entire image. Accord-
ingly, we integrate f over the image area, which leads us to formulating the problem
such that a functional of the form of F' is to be minimized.

The general proceeding of utilizing the calculus of variations in variational
optimization of computer vision problems can be summarized as follows:

1. Formulate f such that it reflects the suitability for y(x) explaining some observed
data x.
2. Add a smoothness constraint to f. Usually, this constraint is independent of x but
relates to some derivative information of y(x).
. Build the variational integral F being based on f.
4. Find the solution by calculating the minimizing argument y*(x) of F.

(O8]

Step 4 usually requires some discretization step in practice. There does not exist
a standard proceeding for this step. One possibility is to set up the Euler-Lagrange
equation explicitly first and then calculate the (discretized) minimizer of a
discretized version of it (e.g., for active contours, see Sect. 4.5). Another option
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Fig. 4.1 Exemplifying a convex function (black curve). Each straight line segment connecting
two points on the function lies “above” the function. The red and green dashed lines are two
examples of this

is to perform discretization at an early stage in the domain of f. This proceeding
seems natural in image restoration tasks (see Sects. 4.2 and 4.3), where I(x,y)
already is available in discretized form along the pixel grid. As a consequence, F is
present in a discretized version, too. Its minimizing argument can therefore be
expressed by a finite set of values at the sample positions.

Before we take a closer look at some variational methods in detail, let’s make
some comments on the quality of solutions obtained with variational methods in
practice. Please note that many variational schemes are local methods (e.g., the
Euler-Lagrange equation acts only locally) and therefore lead to solutions which are
the best among just a local neighborhood (local optima). Consequently, we cannot
be sure that its solution indeed is the desired global optimum.

However, the functionals utilized in practice in many computer vision
applications are so-called convex functions. Geometrically speaking, this means
that if we connect any two points [x, f(x1)] and [x,,f (x2)] by a straight line, the line
segment between these two points is always “above” the course of the function f
(see Fig. 4.1). If this condition holds, f is convex. Mathematically speaking, f is
convex if

fO-x1+(1—=0) x)<0-f(x1)+(1—=0) f(x2) 4.5)

Convex functions, in turn, have the nice property, that they have only one
minimum, which therefore is ensured to be the global one. Consequently, if we
know that the functional of our problem at hand is convex, we can be sure that a
local optimum found has to be the global one, too.

In situations where the functional does not satisfy (4.5), there often exists the
following resort: sometimes we can “relax” the functional to a different functional,
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which serves as a lower bound of the original functional and is convex at the same
time. Thus, the global optimum of that relaxed functional can be found. As this
relaxed functional is not equal to our original functional, the thus obtained solution
is only an approximation of the true optimum. However, it can sometimes be shown
that there is an upper bound for the difference between the exact solution and the
approximation, e.g., a small constant factor. Thus, the strategy of approximating the
functional by a convex lower bound and taking the global optimum of the lower
bound functional yields quite good performance in practice.

4.1.2 Energy Functionals and Their Utilization
in Computer Vision

Functionals in the form of (4.2) are appropriate to represent many computer vision
applications. They often act as an energy E being able to judge the suitability of a
particular solution y. The energy is high if y doesn’t represent an adequate solution.

This can be explained best by considering a typical application, namely, resto-
ration. Restoration techniques are applied to reconstruct or infer “cleaned” data
without artifacts, given some measured data. In our case we deal with restoration of
images, where, given some sensed image data I(x,y), the task is to infer the
reconstructed version R(x,y) of the original unobserved image R(x,y). Noise and
sometimes also other effects like blur, which are inevitably present to some
extent in I, should be removed in R. In this application, the relationship between
R and I can be modeled by

I(x,y) =K« R(x,y) +n= JJK(a,b)R(a —x,b—y)dadb+n (4.6)

where 7 is a noise term, * is the convolution operator, and K denotes a convolution
kernel which typically models some kind of blur, e.g., motion or camera defocus.

The problem of estimating R given/ is called ill-posed, because there exist many
solutions for a particular / and we are faced with the problem which one to choose.
This comes from the fact that there are more unknowns than observations: Let N
denote the number of pixels. Then, considering /, we have N observations, but more
than N unknowns, because we have to estimate N pixel values of R and, in addition
to that, the blur kernel K.

The removal of the ill-posedness is tackled by designing an energy functional E,
which measures the “goodness” of R being a proper reconstruction of R. The higher
the value (“energy”) of E, the less suited is R for a reconstruction of R. Hence,
through the usage of E, several possible solutions can be rated with respect to their
suitability for being a good reconstruction.

Additionally, new information can easily be introduced in E via additional terms.
This is necessary in order to overcome the under-determination. This technique is
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known as regularization, which enables us to solve the originally ill-posed problem.
In most cases we can make a priori assumptions about the functions to be found
(e.g., often the function to be searched is likely to vary only smoothly) and thereby
introduce additional information. As a summary, through the usage of E, the
original ill-posed problem should be turned into an optimization problem which
is well posed.

Now let’s come back to the restoration example. To make things simple, the
effect of the kernel K is neglected for now. As a consequence, the restoration task is
reduced to remove the image noise, which is also known as denoising. Then, a
reasonable optimization criterion is that R should be close to I, which can be
expressed by the data-driven energy term Egq:

Eq = ” (R(x,y) — I(x,y)) dxdy 4.7)

Obviously, this criterion is not sufficient, because it is solved by the trivial
solution R = I. Therefore, we have to make additional assumptions in order to
obtain a proper solution. This comes in the form of a priori knowledge: most images
are composed of a certain number of regions with relatively small intensity (or
color) changes inside each region, e.g., because some rather uniform object (like a
car where most of the region depicts the (uniform) finish of the car) or background
(like blue sky) is depicted there. Therefore, R should be smooth, which can be
expressed by a smoothness-based energy term Eg, which is based on the first
derivative of R:

E, = ” VR (x,y)|[2dx dy (4.8)

where VR(x,y) denotes the gradient vector of R: VR = [81? /0x,0R/ Gy]T and the
5 2
VR(x,y)|,

= (81?/8x)2 + (8R/6y)2. In other words, the accumulated squares of gradient
strengths should be as small as possible.

Please note that the sensed data is in general corrupted by noise, which
introduces additional gradients and reduces overall smoothness. Therefore, Ej
ensures that noise is suppressed during reconstruction, which is a desirable effect.

E,, which incorporates prior information (i.e., E is independent of the observed
data), is also called a regularization term, because it should regulate the solution
such that a “simple” explanation of the observed data is found. “Simple” solutions
should be favored among the set of possible solutions, according to a principle
called “Occam’s razor”.

operator |||, refers to the Euclidean vector norm (or L2 norm), i.e., |
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The incorporation of different terms in E is quite common for variational
optimization. Typically, E is composed of two or three components:

¢ The data-driven term E4 measures how well a particular solution is in accord
with the sensed data. The lower the E4, the better is the fidelity of the solution to
the data.

e With the help of the so-called internal energy Ejy, a priori knowledge can be
incorporated into the solution. Roughly speaking, Ej, is a measure how likely a
solution occurs. In the denoising example, we know that R will probably be
smooth and therefore E represents the total sum of the magnitudes of the squared
gradients.

¢ Sometimes, a third term E.y, which is called external energy, is introduced in E.
E.x captures how well a particular solution represents external specifications.
For example, E.x can be used to represent the accordance to user input.

In our case, the optimization problem can now be formulated by

R* = min (E) with E = E4(R,]) + a - E,(R) (4.9)
R
where the Lagrange multiplier @ controls the effect of smoothing. This design of
energy functionals consisting of two parts (data fidelity term and constraint based
on prior knowledge) is able of representing a large variety of problems and
therefore of widespread use in computer vision. Examples will follow in the next
sections.

4.2 Tikhonov Regularization

Tikhonov [26] (see also [1]) provided the mathematical framework for optimization
of functionals as defined in (4.7, 4.8, and 4.9) and, in particular, showed that the
solution R* of the now well-posed optimization problem (4.9) is a reasonable
approximation of the originally ill-posed problem. We speak of Tikhonov regulari-
zation if the regularization term involves the usage of square terms (here the
integral of the squares of gradient magnitude in (4.8)). The utilization of squared
L2 terms also involves differentiability of the energy, and, moreover, the existence
of a closed-form solution (which means that a fast calculation of the solution is
possible), as we will see shortly.

For a numerical solution, the denoising problem has to be discretized. The
data-driven energy Ey turns into

%

—1H-1

wi,y) [R(x,y) — I(x, )]’ (4.10)

\ |
o

X y=0



94 4 Variational Methods

where W and H denote the width and height of the image, respectively. Moreover,
due to readability, continuous and discrete versions of some variables are named
identically. The contribution of each pixel can be weighted by a factor w(x,y).
The introduction of w(x,y) admits to deal with areas where no measurements are
available or assumed to be uncertain. If measurements are not available, w(x, y) is
set to zero. At positions where measurements are present, w(x,y) can be used
to control how strongly the solution is forced to be equal or near sensed data.
A reasonable choice of w(x,y) is to set it to the inverse variance of the measured
data in a neighborhood around (x, y): If there is little variance, data measurements
are supposed to be reliable, and, therefore, the solution should be similar to
measured data. Please note that the w(x, y) are known factors during optimization,
as they can be calculated solely based on /(x,y) in advance.

The discrete version of the smoothness term E can be obtained via finite element
analysis. Terzopoulos showed in [25] that in our case E has an especially simple
form:

Eo= 33 s(e) RO+ 1,y) — R(x.y) + 01 /0x(x.y)] +
x=0 y=0
W—-1H-1 ~ R )
+ s}(x,y)[R(x,y—i—l)—R(x,y)—i—@l/ay(x,y)] (411)
x=0 y=0

where s, (x, y) and s, (x, y) are optional smoothness weights and control the degree of
smoothing. They can be set, for example, inversely proportional to the gradient
magnitude |VI(x, y)|. As a result, in locations with strong gradients, which indicate
the presence of an edge in the image, the smoothness constraint is rather loose.
Again, s(x,y) and s,(x,y) depend only on I(x,y) and therefore can be calculated
in advance. Consequently, they are not part of the optimization.

In its discrete form, it is possible to rearrange the energy functional E = Ey4 (Ié7 I )

4a-E; (R) (which is composed of (4.10) and (4.11)) as a quadratic form:
E=r"Ar—2r'b+¢ (4.12)

The vector r is obtained by a row-wise stacking of the 2D data R(x,y):
r = [R(0,0), R(1,0), ...,R(w—1,0), R(0,1), R(1,1), ..., R(w—1,1), ...,R
w—=1,h— 1)}T. The matrix A is composed of weighting factors originating from
those terms in (4.10) and (4.11) containing the square of some R. This rearrange-
ment is important, because the quadratic form (4.12) enables us to derive a closed-
form solution by setting its first derivative to zero, as illustrated in Chap. 2.

In order to illustrate the calculation of A, let’s first rewrite one term of the sum of
(4.11) (where no summarization is performed for mixed terms):
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R(x+1,9)* = R(x+ 1,y)R(x,y) + R(x + 1,)0I /0x(x, y)
su(0,y) | =R, y)R(x+1,y) +R(x,y)* = R(x, )01 /Ox(x, )+ +
+ O /Ox(x, )R (x + 1,y) — 01 /Ox(x, )R (x, y) + 01 / 0x(x, y)*
R(x,y+1)> = R(x,y + DR(x,y) + R(x,y + 1)1 /Oy (x,y)—
+5y(0,3) | = R y)R(x,y + 1) + R(x,y)* = R(x, )01 /9y (x, y)+

+ 01/dy(x,y)R(x,y + 1) — 01 /3y (x,y)R(x,y) + 0l /dy(x,y)*
(4.13)

For illustrative purpose, let’s assume for the moment that r contains only three
elements and, accordingly, A is a 3x3 matrix. Then, r’ At can be written as

T
agp dor Aoz fo rodoo + r1dio + r2ano fo

[ro r 1] -|awn an an|- |t | = |roan +ran + ra; | =
axy ap an 5] rodoz + riag + raan [4)

(roago + riao + rax) - to + (roaor + riar + raz) - i+
(roag +rian + raxn) -t
(4.14)

A closer look at (4.14) reveals that the row index of A selects which component
of r contributes to the sum, whereas the column index of A selects which component
of t contributes to the sum. For example, if 7y and , should make a joint contribution,
am has to be different from zero. With this knowledge, we can derive from (4.13)
which summand of (4.13) makes a contribution to which element of A. For example,
in order to consider the term — a-s.(x,y)-R(x+ 1,y)R(x,y) ., the element
@ywtr+1ywere has to be incremented by — a - s,(x,y). Now we can go through
(4.13) and identify all terms which contribute to some element of A (the ones which
contain products of two elements of R, either square products of the same element or a
product of two different elements) and, based on the indices of these elements, derive
the indices of the element of A to which they make a contribution. Observe that we also
have one quadratic term of Rin (4.10), which has to be considered, too. Altogether,
one term of the sums of (4.10) and (4.11) contributes to the elements of A as follows:

Aytxtlywrerl+ = A - s(x,)

Ay w4x+1ywx— = O+ se(x,y)

Ayoypxywixtl— = Q- Se(X, y)
Ay txywiat =W, y) +a-se(xy) +a-sy(x,y) (4.15)

a(y+1)-w+x,(y+1)-w+x+ =a- Sy(xay)
A(y+1)whxywtx— = X" Sy (x, y)

Ayt (y 1) wix— = —Q - Sy(X, )
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The complete matrix A can be built based on (4.15) ifallx € [0,...,W — 2] and
y €[0,...,H — 2] are considered.
Similarly, we can compute the increments of b by considering all terms of (4.10)

and (4.11) which contain one element of R:

byowixi1+ = 2a - s¢(x,y) - O /Ox(x,y)
byswix— =2a - s¢(x,y) - OI/Ox(x,y)+
+2a - sy(x,y) - OI/0y(x, ) + 2w(x,y) - 1(x,y)
b(yi1)wixt = 20 sy(x,y) - O/ 0y (x,y)

(4.16)

Now that we know how to build the energy functional E in its quadratic form
(4.12), we can proceed with the question how to calculate the solution R* which
minimizes E. A necessary condition for R* minimizing E is that the first derivative is
zero at this point: OF / Blé(R*) = 0. This relates to applying the Euler-Lagrange
equation for variational energy functionals. Considering E in its quadratic form,
setting its derivative to zero yields a closed-form solution, which has the convenient
property that it is linear in the unknowns and therefore simple to calculate. It can be
found when we solve the following linear system:

Ar* = b 4.17)

Provided that A is non-singular, this linear system of equations could be solved
with a standard method like QR decomposition or directly with singular value
decomposition (SVD) of A (see, e.g., [7]). However, please consider that A is
extremely large (its dimensions are W - H x W - H, and, thus, the number of rows/
columns of A amounts to several hundreds of thousands or even millions), which
usually makes the usage of such general techniques prohibitive in terms of runtime
and memory demand.

In order to solve (4.17) efficiently, we have to exploit the special structure of A.
Taking a closer look at (4.15) reveals that each pixel affects seven elements of A
which are arranged in a symmetrical structure. It is easy to see that for pixel (0,0)
these elements are also symmetric with respect to the diagonal of A. As each
successive pixel affects elements which are shifted by one row as well as diago-
nally, the whole matrix A is symmetric and multi-banded. Each row has five
elements which are nonzero (except for the first and last rows of A). As a
consequence, A is extremely sparse. This fact, in turn, can be exploited when
solving (4.17). There exist special techniques making use of this fact like multigrid
methods or conjugate gradient methods. A detailed description is beyond the scope
of this book. The interested reader is referred to [2].

As far as the capability of the method is concerned, we can conclude that the
regularization term efficiently removes noise (see Fig. 4.2, where the Tikhonov
solution for a denoising example of a butterfly image is depicted in the lower left).
However, the L2 norm of the regularizer strongly penalizes large gradients, which
has the undesirable effect of oversmoothing step edges. A method avoiding this
kind of artifacts is presented in the next section.
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Fig. 4.2 Tllustrating the performance of total variation regularization. Upper left: original image.
Upper right: image with synthetically added noise. Lower left: denoising solution with Tikhonov
regularization. Lower right: denoising solution with total variation (From Pock [20], with kind
permission)

4.3 Total Variation (TV)

4.3.1 The Rudin-Osher-Fatemi (ROF) Model

There exist implementations of regularization techniques being different from
Tikhonov’s approach. More specifically, they differ in the calculation of the regulari-
zation term E. For example, if we take the integral of the absolute gradients instead
of the squared magnitudes, we talk about rotal variation regularization, which was
first used in an image processing context by Rudin et al. [22] for noise suppression.
When we use total variation as a regularizer, we make use of the observation that
noise introduces additional gradient strength, too. In contrast to Tikhonov regulari-
zation, however, total variation takes the absolute values of the gradient strength

as regularization term, which is |[VR(x,y)| = \/ (ORR/ 8x)2 + (0R /8y)2. Conse-
quently, the energy functional of Rudin et al. can be written as
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1

Ery = ” (R(x,y) — I(x,y))zdxdy + ” |VR(x,y)|dxdy (4.18)

According to first letters of the names of the authors of [22], Rudin, Osher, and
Fatemi, this energy functional is also known as the ROF model in literature.

The smoothness term differs from Tikhonov regularization, where the L2 norm of
the gradient strength is used. A disadvantage of the L2 norm is that it tends to
oversmooth the reconstructed image because it penalizes strong gradients too much.
However, sharp discontinuities producing strong gradients actually do occur in real
images, typically at the boundary between two objects or object and background. In
contrast to the L2 norm, the absolute gradient strength (or L1 norm of the gradient
strength) has the desirable property that it has no bias in favor of smooth edges. The
shift from L2 to L1 norm seems only a slight modification, but in practice it turns
out that the quality of the results can be improved considerably, because the bias to
oversmoothed reconstructions is removed efficiently.

Compare two situations where an intensity increase of 100 gray values occurs within
just a few pixels (situation A) or is distributed along very many pixels (situation B).
Clearly, the square operation in Tikhonov regularization favors situation B, because
the gradient is significantly lower at each pixel here, and, therefore, the sum of the
squared gradients is lower compared to situation A. Total variation, however, does not
favor any of the two situations, because the absolute sum remains 100 gray values for
both situations, regardless of its distribution. As a consequence, step edges, which
occur quite often, are preserved during regularization.

An example of the impact of moving from Tikhonov regularization to total
variation-based denoising can be seen in Fig. 4.2. In the upper left part, we can see
an image of a butterfly with many structures at a fine level of detail. Synthetic noise
has been added to the upper right image. The two lower images are obtained by
applying denoising with Tikhonov regularization (left) as well as total variation
denoising (right). Both schemes are able to suppress the noise, but clearly the TV
norm yields a much better result, because the edges are preserved much better.

On the other side, albeit ETy is convex and therefore a unique solution exists, the
regularization term of Ery is not differentiable when VR tends to zero because
of the L1 norm. This means that a closed-form solution is not possible here.
Consequently, the solution is more difficult to calculate compared to Tikhonov
regularization. In particular, the absence of a closed-form solution requires an
iterative scheme, which is computationally more complex. However, as we will
see later, the iteration can be implemented very efficiently on massively parallel
processing units such as GPUs, because it can be parallelized very well.

4.3.2 Numerical Solution of the ROF Model

A technique for solving (4.18) numerically, which leads to a quite simple update
procedure, was suggested by Chambolle [3]. The derivation is rather complicated;
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therefore, only an outline will be given here. The interested reader is referred to
[3, 4, 20] for details.

In order to obtain a solution, Chambolle transforms the original problem into a
so-called primal-dual formulation. The primal-dual formulation of the problem
involves the usage of a 2-dimensional vector field p(x,y) = [p1(x,y)p2(x,y)]-
The vector field p is introduced as an auxiliary variable (also termed dual variable)
and helps to convert the regularization term into a differentiable expression. With
the help of p, the absolute value |v| of a 2-dimensional vector v can be rewritten as

[v| = sup (v,p) (4.19)
Ip|<1

where (-) denotes the dot product and can be written as (v, p) = |v| - |p| - cos 6, i.e.,
the product of the lengths of the two vectors v and p with the angle #in between these
two vectors. If |p| = 1 and, furthermore, v and p point in the same direction (i.e.,
0 = 0), (v, p) exactly equals |v|. Therefore, |v|is the supremum of the dot product for
all vectors p which are constrained to lie within the unit circle, i.e., [p| < 1.
Utilizing (4.19), the total variation | [ |V1é(x,y)]dxdy can be rewritten as

Tn|ax [ [(VR(x,y), p(x,y))dxdy, because the dot product only equals |Vlé(x,y)|
p|<l

if we pick the “right” p. If we plug this into (4.18), the solution R* minimizing
the TV energy functional can be expressed as

R* = minETV =

min max |- | | @) = 160 sty + [ [(FRG b )y| (420

The main advantage of this new primal-dual formulation is that now the regu-
larization term is differentiable, because the dot product can be calculated by
<VI§, p)= OR/dx - p; + OR/dy - pa, which is a differentiable expression. On the
other side, however, we have to deal with the additional constraint |p| < 1, which
requires some care during optimization.

Because what we actually seek now is the minimum of the energy in the R-
direction as well as its maximum in p-direction, geometrically speaking we are
looking for a saddle point of the rewritten energy functional (see Fig. 4.3 for a
schematic illustration of a function containing a saddle point, which is marked red).
As (4.20) is now differentiable in R as well as in p, a natural choice for an
optimization procedure would be to iteratively perform a gradient ascend step in
p-direction, followed by a gradient descent step in the R -direction, until conver-
gence (see Fig. 4.3, where the blue arrow indicates the ascend step in the p-
direction, followed by the descent step in the R-direction, indicated by a red arrow
and reaching the saddle point marked red). However, it turns out that for a givenp, it
is possible to perform the minimization in the R-direction explicitly. We should
make use of this finding in order to accelerate the method.
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Fig. 4.3 Schematically
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The first part of the iteration deals with the optimization in p through gradient
ascent. The derivative of Ery with respect to p is quite easy to calculate

OETy (Ié, p)/op = VR. Therefore, we could iteratively set p"*'(x,y) = p”(x,y)+
r-VR" (x,y), with some suitably chosen step size 7. However, bear in mind that it
has to be ensured that |p”+l | < 1 after the update. Therefore, p"*! has to be back-

projected onto the unit circle, if necessary. In total, the gradient ascent step is
defined by

p'(x,y) +7- VR (x,y)
max (1,p(x,y) + 7 VR'(x,))

P (x,y) = 4.21)

Concerning the optimization in R, we first notice that we can rewrite the dot
product as

“(vzé(x, 3} P06, y) )dxdy = “k(x, V) - divip(ry)ldedy  (422)

with the div-operator being defined by div[p(x,y)] = dp1/0x + Op,/dy. Consider-
ing (4.22), the derivative of E1y with respect to R is given by dEty (Ié , p) JOR = —
div(p) + 1+ (R — I). Therefore, if we fix p, the explicit update of R can be calculated
by explicitly setting OETy (Ié, p) JOR = 0 as follows:

~n+1
(

R (x,y) =1(x,y) + A-div[p" (x,y)] (4.23)
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Fig. 4.4 Flowchart of the variational optimization of the ROF model

Altogether, the following update rules are to be performed in alternation:

p'(x,y) +7- VR (x,y)
max | 1,p"(x,y) +7- VR" (x, y)) (4.24)

pn+1( y

An+1

R (x,y) =1(x,y) +4-div[p" (x,y)]

where 0 < 7 < 1/(81) and the iteration is initialized by Iéo(x,y) =I(x,y) and
p°(x,y) =[0,0] (i.e., set p to the zero vector for each position (x,y)). The
denominator on the right-hand side of the first line of (4.24) ensures that the
magnitudes of the vector field p"™!(x,y) are always smaller than 1 or equal to 1.
Finally, the iteration converges to the desired solution R*(x,y). Convergence is
indicated, for example, if the change of the energy E',' — E%, falls below a certain
threshold . Some implementations just perform a fixed number of iterations and
assume that a more or less steady state has been reached. The general proceeding is
illustrated in the flowchart of Fig. 4.4.

If we want to implement (4.24) numerically, we move from the continuous to the
discrete domain. To this end, we have to define the finite versions of the gradient
and divergence operators. There are several ways to calculate the gradient and
divergence numerically. Because (4.22) has to be satisfied in the discrete domain as
well, the gradient is calculated by forward differences, whereas the divergence is
calculated by backward differences. This yields the following simple calculation
rules:

A 7 _{Jé(x+1y) R(x,y) if 0<x<W
R, 0 x=W
VR * A 4.25
(r,y) = {RJ I _{R(xy+1) (xy) if O<y<H ( )
Y10 y=H
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Fig. 4.5 TIllustrating the performance of total variation denoising of a color image. Left: original
image. Middle: image with synthetically added noise. Right: TV solution (From Pock [20], with
kind permission)

~ pi(x,y)—pilx—1,y) if 1<x<W
le[p(x,y)] = B
pi(x,y) x=1
. (4.26)
+{P2(x,y)—pz(X,y—1) it 1<y<H
pa(x,y) y=1

with W and H being the width and the height of the image, respectively.

Please note that a generalization of the ROF model to color images is straight-
forward. Color images like RGB images are vector-valued data, where each I(x, y)
is a three-dimensional vector. For vector-valued data, (4.18) can be generalized to

Ery 25” ‘ (léi(x,y) —Ii(x,y)>2dxdy

i=1

+ “ , /ﬁ: )Vléi(x, y)’zdxdy (4.27)

where the superscript i denotes the ith channel of a vector-valued data field. The
performance of the method is illustrated in Fig. 4.5, where the total variation
solution for a color image of a butterfly with synthetically added noise is shown.
Clearly, there is no trend to oversmoothing, whereas the noise is removed effi-
ciently at the same time. However, the method tends to produce regions of uniform
color (see, e.g., right part of the body of the butterfly).

m
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Pseudocode

function denoiseTotalVariation (in Image [ , in algo
parameters 7 and 1, in convergence criterion €, out
reconstructed image R*)

// initialization
n<—~0

Iéo<—1

p°—0

// main optimization loop
repeat
// gradient ascend inp-direction (R fixed)
fory=0toH -1
forx=0toW -1
calculate VR'(x,y) according to (4.25)
set p""(x,y) according to (4.21) // updatep
next
next
// explicit minimization in R-direction (p fixed)
fory=0toH -1
forx=0toW -1
calculate div[p"™'(x,y)] according to (4.26)

set Ié”“(x,y) according to (4.23) // updateR
next
next
calculate energy Eﬁ;l according to (4.18)
n—n+1
until £, — E%’,l < & // convergence criterion

~N

R* —R

4.3.3 Efficient Implementation of TV Methods

Despite there is a considerable amount of theoretical background knowledge
necessary in order to develop the proceeding for finding the solution of the TV
problem formulation of denoising, the numerical procedure itself is very straight-
forward to calculate. In fact, the nature of the calculations being necessary when the
iterative update rule of (4.24) is applied makes the method perfectly suitable for an
implementation on massively parallel hardware such as graphical processing units
(GPUs). As a result, the method can be implemented very efficiently and thereby
the calculations are accelerated significantly.
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So why do TV methods benefit so much from GPU implementations? Let’s take
a look at (4.24) from this perspective. We don’t want to go into detail here on how
to program GPUs efficiently (see, e.g., [11] for a good and easy to understand
introduction). For now, it suffices to mention that the main point is that for a good
performance on a GPU, it has to be possible to calculate the result for each pixel
separately, because then there will always be enough data to calculate for every
processing entity of the GPU. This is true for both left-hand sides of (4.24), as the
updated value of each pixel does not depend on the updated value of any other
pixel. This also becomes evident in the pseudocode implementation, where the
updates are performed in the inner part of the loops iterating over the image plane.
As a consequence, it is possible to calculate the updates of each pixel in a separate
thread, which results in hundreds of thousands or even more threads for typical
image sizes, which are definitely enough to use the massively parallel hardware at
full capacity.

Moreover, the numerical operations necessary to calculate the updated value of
one pixel are rather simple and therefore very fast to calculate. Apart from some
multiplications and additions (and one max-operation), the gradients of R" as well
as the div(-)-operators with argument p"*! (x, y) have to be calculated for each pixel.
Both of them depend on only a small amount of input data and can be calculated
with just a few multiplications and additions. Additionally, the whole iteration can
be processed on the GPU, which avoids extensive copy of data between CPU and
GPU, which can occur in algorithms where only parts of the calculation are done on
the GPU and the rest on the CPU.

Please note that in spite of being derived for the rather special case of image
denoising, the ROF model can be reused as a building block in total variation
solutions for quite a variety of vision problems, such as:

e Deconvolution (see, e.g., [19])

« Optical flow calculation (see, e.g., [32])

e Multi-view stereo reconstruction (see, e.g., [12])

* Segmentation/multi-class labeling (see, e.g., [14])

« Globally consistent depth estimation from 4D light fields (see, e.g., [28])

Without going into details, these methods use variants of the iterative TV update
of (4.24) or contain it as a building block next to other calculations, and, therefore,
all benefit from its particular suitability for a GPU implementation. Consequently,
TV methods have been a very active area of research in the last few years. One of
these examples, namely, optical flow calculation, will be presented in the following.

4.3.4 Application: Optical Flow Estimation

In this section, we will learn more about how total variation-based approaches can
be utilized for the optimization of other vision problems. In particular, we will
examine how a variant of the TV-based ROF model can be used to estimate the
optical flow between two images.



4.3 Total Variation (TV) 105

Consider a scenario where we have two images Iy and I; which both show
the same scene, which contains moving objects like animals, cars, pedestrians, etc.
If Iy and I, are acquired at different points of time, the moving objects will appear
at different locations in both images, whereas the background remains static. As
displacement can take place in two directions (x and y), the movement (which can be
different for each pixel) can be expressed as a two-dimensional vector u(x,y) =
[u1(x,y), uz(x,y)]" for each pixel. Altogether, the movement is described by the
two-dimensional vector field u, which is called optical flow.

Taking the two images Iy and /| as input, we can derive u by assigning a position
x of I to that position (x 4+ u(x)) of /; depicting the same scene element. By doing
this for every pixel, we can derive the optical flow u for the whole image plane.
This is another example of an ill-posed problem, because in addition to the
unknowns u(x,y), Ip and I; are also influenced by unknown perturbations like
noise and blur, which also have to be considered somehow during the optimiza-
tion process if their influence should be suppressed. In total, we again have more
unknowns than observations, which results in ill-posedness.

In their seminal work, Horn and Schunck therefore suggested a variational
approach in order to estimate u [8], which minimizes an energy being based on a
data term as well as a regularizer. Because their data fidelity term penalizes
deviations in a quadratic way, their method is not robust with respect to outliers
in the data. Therefore, the authors of [32] suggested a total variation-based energy
functional as follows:

Erviy = A- “ lo(x) — I (x + u(x))|dx + “ Vi ()] + [Vin(x)|dx  (428)

The regularization part of this energy consists of the sum of the total variation of
the two components of the vector field u. The usage of TV here ensures that the
optimization preserves discontinuities in the flow field, which typically occur at the
borders of moving objects. The data fidelity term sums up the differences between
the intensity values /o(x) in the first image and the intensities at their assumed
corresponding positions /i (x 4+ u(x)) in the second image. Because here the data
term utilizes L1 norms, too, the impact of data outliers is reduced compared to the
model of Horn and Schunck. We therefore speak of TVL1 optimization (instead of
TVL2, as used in the ROF model, where the data term contains a sum of squares).

If we want to find the minimizer u* of (4.28), we first have to notice that in
contrast to the ROF model, the data-driven part does not directly depend on u, as u
only appears in the argument of /1 (x + u(x)). Explicit differentiations of the data
term with respect to u are therefore not possible at the moment. This can be resolved
by applying a first-order Taylor approximation of the data term at the current
estimate ug (i.e., the data term is linearized):

L(x4+u(x)) 2 (x+up(x)) + (u(x) — up(x), VI (x + up(x))) (4.29)
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with (-) denoting the dot product. Now we can rewrite Ety; as follows (for brevity,
we will just write u instead of u(x)):

Ervi = ﬂ'JJVO(X) — Ii(x + ) — (1 — g, VI (x + up))dx

+ JJ [Vui| + |Vuy|dx (4.30)

The next problem is that here both parts of E1yy; are not continuously differen-
tiable, because the data term contains the L1 norm, too. This problem can
be handled well by formulating a convex approximation of (4.30). Convexity
can be obtained by decoupling the data term and the regularizer, which currently
both depend on u. To this end, an auxiliary variable v can be introduced,
which should approximate u. Therefore, v is a 2D vector field of the same size as
u. When replacing u with v in the data term as well as abbreviating the data term by
p(v) =Io(x) — 1 (x + Vo) — (v — Vo, VI1(X + Vo)), a convex approximation of
(4.30) can be formulated by

Ervit = z“ 1p(v)|dx + % “(u1 — )+ (s — v)dx

+ | [19] + 9usiox (431)

Now the data residuals and the regularization term are decoupled. Through the
introduction of the middle term, solutions where v differs much from u are penalized
and therefore avoided. Typically, € is chosen as a small constant and ensures that v
stays close to u.

In the form of (4.31), the energy depends on both u and v. Consequently, it has to
be minimized with respect to both variables when calculating the solution. This can
be done by an iterative scheme, where in the first step one variable is fixed and
(4.31) is minimized with respect to the other. After that, we fix the just optimized
variable and minimize (4.31) with respect to the previously fixed variable. These
two steps are performed in alternation until finally the scheme converges.

Let’s first take a look at how to optimize Etvyy; in the form of (4.31) with respect
tou when v is fixed. As the data term p(v) does not depend on u any longer, it can be
neglected during this step. We can now minimize Etvyy; with respect to each of the
two components of u in a separate step by calculating

min {% JJ (g — va)*dx + JJ |Vud|dx} (4.32)

with d € {1,2}. Taking a closer look at (4.32), we can see that this is exactly the
ROF model, and, therefore, we can apply the same iterative procedure as previously
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described in order to optimize it.' Please note that this iteration does not have to
fully converge; in practice it turned out that good overall solutions can be obtained
by just performing a fixed small number of iterations each time when (4.32) is to be
optimized.

The second step of the general iterative proceeding deals with minimization of
(4.31) with respect to v when u is fixed. In that step we have to calculate

min {,1 ‘ ” lp(v)|dx + 2—19 ”(m — )%+ (u — ) dx (4.33)

which has the desirable property that it can be solved point-wise in the discrete
domain, i.e., for each pixel separately, because in its discrete version, the integral is
replaced by a sum and each summand just considers a single pixel. Observe that
(4.33) does not depend on any derivatives, which would involve neighboring pixels.
Therefore, the solution can be calculated very quickly and is particularly suited for
a GPU implementation as well. Without giving any details here, the solution of the
discretized version of (4.33) is given by

A0V (%) it p(u < 46|V (x,)"
| (4.34)

)
v(x,y) = u(x,y) + *w'vvf;gfa)y) it p(u) > 40 |V (x,y)
PG i |p(u)| < 20|V (x,y)

This can be seen as a soft thresholding step, which bounds the distance between v
and u in cases where the absolute value of the data-driven energy p(u) gets too large
(first two cases of (4.34)). This way, it is ensured that v stays close tou. Details of the
derivation of (4.34) can be found in [20, 32].

The last thing to mention is that the linearization step of (4.29) might introduce
too large errors at positions where u(x) gets too large. Therefore, [32] suggests a
top-down approach, which first calculates a solution at a coarse level of pixel
resolution. Subsequently, this solution serves as a starting point and can be succes-
sively refined by increasing the resolution until full resolution is reached.

An example of the performance of the method can be seen in Fig. 4.6 for two
examples. In the left two rows, we can see two images of the same scene taken at
different points of time. Each of the two scenes contains moving objects on a static
background. The right images show the optical flow estimate, which is color-coded
such that the hue represents the direction of the flow, whereas the saturation
indicates its magnitude. All moving objects were captured correctly.

lActually, (4.32) describes two ROF models: one for u; (where d = 1) and one for u, (where
d = 2). Consequently, we have to perform two (separate) optimizations.
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Fig. 4.6 Illustrating the performance of TVL1 optimization when estimating the optical flow
between two images. See text for details (From Zach et al. [32], with kind permission from
Springer Science and Business Media)

Pseudocode

function opticalFlowEstimationTVL1 (in Imagely, in Imagel;,
in max. downscale factor K, in algo parameters 7, A and @,
in convergence criterion €, out optical flow estimate u*)

// initialization
uk0 — 0

VKO 0

— uk
// main iteration loop (controlling pixel resolution)
fork=KtoOstep -1

if k>0 then

downscale Iy and I, by factor 2¢

end if

n+—20

// main optimization loop (at current resolution)

repeat

// optimization of u with ROF model (v fixed)

calculate u]f’"ﬂ by optimizing the ROF model based on

(4.32) withd=1 //with fixed small number of it.

calculate ug’"ﬂ by optimizing the ROF model based on

(4.32) withd=2 //withfixed small number of it.
// point-wise optimization of v (u fixed)
fory=0to(H—-1)/2"
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for x=0to (W—1)/2f

kntl(x,y) according to (4.34)

calculatev
next
next
calculate energy E’}";Lll according to (4.31)
n«—n+1
until E},, — El} <& // convergence criterion
if k>0 then

T A upscale of ut” (by factor of 2)
vi—L0 upscale of v (by factor of 2)
end if
next
ot — uO.n

4.4 MAP Image Deconvolution in a Variational Context

4.4.1 Relation Between MAP Deconvolution
and Variational Regularization

The proceeding to recover R from observed image data  in consideration of the blur
kernel K (see (4.0)) is referred to as deconvolution, and another example of applying
variational methods, as our goal, is to estimate some functions R and K. Depending
on whether the blur kernel K is known or not, we talk about blind deconvolution
(K is unknown; see, e.g., [13]) or non-blind deconvolution, respectively.

An early technique of blind deconvolution, given the observed image I, is to
perform a joint estimation of R and K through a MAP (maximum a posteriori)
estimation, which means that the goal is to jointly maximize the probability of R
and K, given the image data /. As we will see shortly, there is an interesting link
between MAP estimation and the energy-based variational approach presented so far.

The quantity p(R, K |I) describes the (joint) probability distribution of R and K after
observation of the image data / and is therefore denoted as the posterior probability
As we want to maximize the posterior p(R, K|I) in order to infer the original image,
this kind of maximization is referred to as maximum a posteriori estimation.

If we knew the probability distribution p(R, K|I), we could select R* and K* such
that p(R, K|I) is maximized, i.e., (R*,K*) = arg III%%(XP(R’ K|I), under consideration

of the observed data /. Unfortunately though, this distribution is usually not
known. A way out of this dilemma is the application of Bayes’ rule, which states
that p(R, K|I) can be modeled by

pU|R,K) - p(R) - p(K)
p()

p(R,K|I) = (4.35)
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The quantity p(I|R, K) is a data-driven term and quantifies the probability that an
image observation I occurs given a specific model setting (R,K) and is usually
denoted as the likelihood function. p(R) and p(K) denote PDFs independent of
observing any data and are called prior probabilities (or just prior). They represent
knowledge about the model which can be assumed without considering observed
data, e.g., we can assume that images with very high overall gradient strength are
not very likely.

For the moment, let’s assume that we don’t want to favor any specific kernel, i.e.,
p(K) is the same for every possible kernel. Moreover, when judging different (R, K)
settings during optimization, we always use the same input image I. Therefore, p(K)
and p(I) can be dropped.

Please note that it is much easier to model the likelihood p(I|R,K) than the
posterior p(R, K|I). A natural choice for p(I|R,K) can be derived from the fact that
p(I|R,K) should be high if > |K %« R — I| is small (where * denotes the convolu-
tion operator), because it can be assumed that the observed data is closely related to
the ground truth. Please observe the relation to (4.7).

The prior p(R) can be set such that the probability is low when the overall
gradient is high (in accordance to (4.8)), because natural images are assumed to
contain many uniform or smoothly varying regions.

Because PDFs are often modeled as Gaussian distribution involving exponential
terms, it is more convenient to optimize the logarithm of the above function. Taking
the negative — log[p(R, K|I)] converts the optimization problem into the following
minimization task:

(R*,K*) = argmin(— log[p(R,K|I)]) ~ arg min(— log[p(I|R, K)] — log[p(R)])
(4.36)

The term — log[p(R,K|I)] can be regarded as another representation of the
energy E defined in (4.9). Hence, — log[p(/|R,K)] and — log[p(R)] can be
interpreted as E4 and Ej, respectively. Therefore, MAP estimation in this context
is equivalent to a regularization-based variational approach utilizing an energy
functional consisting of two terms. In the MAP context, the likelihood is related
to a data-driven energy, whereas the priors act as regularization terms (which are
often smoothing terms). In other words, a MAP estimation in the form of (4.36) can
be considered as one way of performing variational optimization. As with the
previous section, the prior should help to overcome ill-posedness.

4.4.2 Separate Estimation of Blur Kernel
and Non-blind Deconvolution

Observe that a joint estimation of (R*,K*) with the MAP criterion usually fails,
mainly because the choice of the prior, which penalizes sharp edges (which
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Fig. 4.7 Illustrating the performance of deconvolution: ground truth (left upper), blurred image
(right upper), deconvolution result of [5] (left lower), and with a naive joint MAP estimator (right
lower). The blue kernel is depicted in the lower right area of the images (From Levin et al. [15],
with kind permission)

definitely occur in most images). Eventually, this leads to a bias toward solutions
with K* approaching the delta function (“no-blur solution”), as was shown in [16].
In order to eliminate this problem, an alternative way is to first perform a MAP
estimation of K* only and subsequently apply a non-blind deconvolution scheme
in order to recover R* when K* is assumed as fixed.

Such an approach was taken in the method suggested by Fergus et al. [5] and
showed far superior performance compared to a joint MAP estimator (see Figs. 4.7
and 4.8). It can be seen that with separate blur kernel estimation, the estimated
kernel is quite accurate, whereas for a joint MAP estimation of restored image and
blur kernel, the result is quite poor as there is a strong bias toward delta blur kernels
(no-blur solution).
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Fig. 4.8 Illustrating the performance of deconvolution: ground truth (left upper), blurred image
(right upper), deconvolution result of [5] (left lower), and with a joint MAP estimator with edge
reweighting (right lower). The blue kernel is depicted in the lower right area of the images (From
Levin et al. [15], with kind permission)

The posterior is modeled by Fergus et al. as follows. First, it can be observed that
we are only interested in finding the maximum “position” (i.e., R* and K*) and not
the exact absolute value of p(R, K|I). Consequently, the term p(I) (which does not
depend on either R or K and therefore remains constant for all positions) can be
dropped. Second, it is more convenient to find a prior for the gradients of R. In their
paper, Fergus et al. showed that the distribution of the intensity gradients of most
images can be approximated well by a mixture of Gaussians, i.e., a sum of multiple
Gaussian distributions, with zero mean and different variances. As taking the
derivative is a linear operation, it follows from (4.35) that

p(VR,K|I) x p(I|VR,K) - p(VR) - p(K) 4.37)
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The likelihood p(I| VR, K) can be modeled by a Gaussian distribution with mean
VR % K and variance 6> (which denotes the image noise). As already mentioned,

p(VR) is modeled by a mixture of C zero-mean Gaussians iw -~ (VR0,v,), where

w, is a weighting term and v, denotes the variance. Hence, A (VR[0,v.) denotes
the Gaussian probability distribution for VR, given zero mean and variance v.. Both
weand v, can be specified in advance by evaluating training images, i.e., p(VR) is
estimated based on a representative image set and it is assumed that this gradient
distribution is also valid for the images to be restored.

The prior p(K) should favor sparse kernels, i.e., only a small proportion of the
elements of K should differ significantly from zero. Therefore, a mixture of

D
exponential distributions is chosen: p(k)= Y w,-Z(K[2,) with #(x]2)=2-exp(-2-x) for
d=l1

x > 0. The constraint that x is not allowed to take negative values relates to the fact
that all elements of K have to be nonnegative. To sum it up, (4.37) can be rewritten as

p(VRK|I) < HW(I\VR*K,GZ)-
’ (4.38)
2,)

15w, (VR0 TT 5w, 2(K()

i c=l Jjod=1

where i indexes over the pixels of the image and j over the elements of the kernel K.
Observe that the probabilities for different pixels are modeled as being independent;
hence, the product of the contributions of the individual pixels is calculated in (4.38).

The exact optimization algorithm applied by Fergus et al. is quite advanced and
beyond our scope here, so it will be just roughly outlined. As a direct optimization
of (4.38) (or the negative logarithm of (4.38)) did not yield the desired results,
the authors of [5] employed a variational Bayesian approach which computes
an approximation of the MAP. This approximation distribution is the product
q(VR,K) = q(VR) - q(K). Moreover, they built a cost function representing the
distance between the approximation and the true posterior, which was set to the
Kullback-Leibler divergence. The minimum of this cost function yields the desired
estimate K* of the blur kernel. The main advantage of using the Kullback-Leibler
divergence here is that, in its closed form, it can be expressed as simple as by a sum
of several expectations, where each expectation relates to a specific design variable.
Details can be found in [5, 9, 17] as well as the references therein.

In a subsequent step, the reconstructed image R* can be found using the well-
known Richardson-Lucy algorithm [21] as a classical non-blind deconvolution scheme.

4.4.3 Variants of the Proceeding

The method of Shan et al. [23] takes a modified approach of the successive
blur kernel estimation and non-blind deconvolution. It introduces two major
modifications:
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* Reweighting of the gradients when calculating — log[p(R)]: Similar to the
weighting factors s.(x,y) and s,(x,y) of (4.11), the gradients in R can be
weighted according to the gradients of /. If the sensed data / exhibits a high
gradient at a certain position (a, b), the penalty of high gradients at R(a, b) can be
lowered. As a consequence, such an edge reweighting favors solutions which are
piecewise constant. This is desirable, because this reduces so-called ringing
artifacts, which are sinusoidal intensity modulations and are encountered very
often in blind deconvolution. As can be seen in the lower right image of Fig. 4.8,
this reweighting enables the joint estimator to be pulled away from the no-blur
solution (compared to joint MAP estimation without gradient reweighting;
cf. lower right image of Fig. 4.7) but still is far from the optimum.

e lIterative update of the likelihood: Shan et al. proposed an iterative estimation of
R* and K* ie., R* and K* are updated in alternation until convergence is
achieved. Additionally, the likelihood term is weighted differently at each
iteration k. More specifically, they introduced a weighting factor A for the
likelihood term — log[p(I|R, K)]. As the iteration proceeds, A changes its value.
It is advisable to start with low 4 values in early iterations and then successively
increase 4 as k increments. As was shown in [16], low values of A favor solutions
with kernel estimates K** being much closer to the true kernel K compared to the
naive joint MAP estimator. As a consequence, there is a much better chance to
avoid being stuck at a local minimum if A is set to low values in early iteration
steps. Because the updated solutions (R**k,K**k) are searched only locally at
each iteration step, the algorithms stays at a local minimum where the current
kernel estimation K** is close to the true K. This should also hold when 4 takes
higher values.

As can be seen in Fig. 4.9, quite impressive results can be obtained for blind
deconvolution. However, the algorithm needs a rough initial kernel estimate K*°.

The deconvolution algorithms presented so far assume that the blur kernel K is
uniform for the entire image. However, this might be not true. As Whyte et al. found
out [30], pixel displacements caused by camera rotation during exposure typically
are larger than displacements by camera translation, at least for consumer cameras.
Camera rotation, however, causes non-uniform blur, i.e., it varies across the image
plane, as illustrated in Fig. 4.10. Therefore, Whyte et al. suggest a modified
proceeding capable of removing non-uniform blur caused by camera rotation.

The displacement of an image point x caused by camera rotation can be modeled
by a projective transformation, which can be written as a linear system of equations
when homogeneous coordinates are used:

s-x hiy hia his X
X/ = |5 y, =H -x= h21 h22 /’l23 1y (439)
N h31 h32 1 1

Homogeneous coordinates can be transformed back into inhomogeneous
coordinates by dividing all elements by the last element of the vector, i.e., by the
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Fig. 4.9 Illustrating the performance of the blind deconvolution algorithm proposed in
[23]. The left column depicts the blurred image. The reconstructed image is depicted in the right
column. All examples are shown together with the true kernel (box framed green), the initial kernel
estimate (box framed red), and the final kernel estimate (box framed blue) (Shan et al. [23] © 2008
Association for Computing Machinery, Inc. Reprinted by permission)

Fig. 4.10 Showing an example image with rotation blur together with some red paths defining the
pixels being influenced by the same scene element when the camera is rotated around the z-axis
(perpendicular to the image plane). Clearly, these paths depend on their position in the camera
image. Blur caused by this rotation typically increases significantly in the edges of the image
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scale factor s used in (4.39). The matrix H defines the projective transformation
specified by eight independent parameters. If camera parameters are known, the
matrix H can be replaced by a product of the camera’s internal calibration matrix
and a rotation matrix with only three degrees of freedom, which relate to the
rotations about the three axes of a 3D space.

If we consider a non-uniformly blurred image where camera rotation follows a
certain profile during exposure, the exposure time can be partitioned into 7 small
time slots . Within each time slot, the camera rotation can be assumed constant and
thus is defined by a single matrix H,. As a result, the observed image/ is a summation
of T versions of the transformed non-blurred image R, plus a noise term n:

I(x)=> R(H,-x)+n (4.40)

t=1

As we do not know the temporal progression of camera rotation, the observed
image can be modeled by the weighted summation over all possible camera
rotations #, where each weight wy is proportional to the amount of time the camera
stays at rotation 6:

I(x) = Z woR(Hy - X) + n 4.41)
0

Consequently, all wy can be combined into a blur kernel W, which now consists
of quantities specifying the influence of several rotated versions of the unblurred
image. For the deconvolution procedure, Whyte et al. used the framework of [5],
i.e., they first calculate an estimation W* of the blur kernel using the variational
method of [5] (adapted to non-uniform blur) and subsequently estimate the
reconstructed image R* with the Richardson-Lucy algorithm [21].

In order to illustrate the performance of the method, let’s take a look at Fig. 4.11:
Here, a street scene (upper left) is blurred by camera rotation about the z-axis during
exposure (upper right). The increased influence of the blur in the edges of the image
is clearly visible. The deblurring result of Fergus et al. is shown in the lower left
image, whereas the result of the non-uniform algorithm proposed by Whyte et al. is
shown in the lower right image. Clearly, the non-uniform deconvolution performs
much better for this example, especially in the corners of the image.

4.5 Active Contours (Snakes)

Another application where variational optimization can be applied are so-called
active contours, which are also termed snakes. The following section, which
introduces into the concept of active contours and describes lesion detection in
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Fig. 4.11 Illustrating the performance of the non-uniform deconvolution presented in [30]
(see text for details) (© 2010 IEEE. Reprinted, with permission, from Whyte et al. [30])

skin cancer images as an example application, is a modified version of Sect. 6.2
of [27].

Snakes are parametric curves and can be used, for example, as a description of
the outer shape of an object. In such cases the parameters of the curve should be
chosen such that the curve follows the object contour, i.e., it proceeds along the
border of the object to the background. A parametric curve v(s, @) can be written as

V(S, (P) = [X(S, (P),)’(S,(P)] (4.42)

with ¢ being a vector of model parameters specifying the curve and s being a scalar
monotonously increasing from 0 to 1 as the curve is traversed, which is often
referred to as the arc length parameter. The run of the curve should approximate
the object contour as good as possible. As the curve is represented by a functional
relationship, a specific curve v(s, @) being suitable for describing an object shape
accurately can be found by means of variational optimization. Numerical
implementations aim at calculating the [x;,y;|-positions for sampled values s; of
the arc length parameter s.
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4.5.1 Standard Snake

4.5.1.1 Main Idea

Snakes have initially been proposed by Kass et al. [10] as a method of detecting
contours of deformable objects. They behave like an elastic band which is pulled to
the object contour by forces. The run of the curve/band is iteratively updated, and
eventually it should converge to the outer shape of the object being searched. The
forces affecting the snake are represented by an energy functional, which is iteratively
minimized. As a result, the minimizing argument specifies the updated curve positions.

During energy minimization the snakes change their location dynamically, thus
showing an active behavior until they reach a stable position being conform with
the object contour. For this reason they are also called active contour models. The
“movement” of the curve as the iteration proceeds reminds of snakes, which
explains the name. See e.g. [18] for a good introduction.

According to Kass et al. [10] the energy functional E accounts for multiple
influences and can be written as

1
E— / En(v(5,9)) + Ea(v(5,9)) + Eexc(¥(s, ))ds 4.43)
0

Taking a closer look at (4.43), we can see that the total energy consists of three
components, which can be described as follows:

 E;y denotes the internal energy, which exclusively depends on v(s, @), i.e., it is
independent of the observed image. Ej, plays the role of a smoothness
constraint and helps to enforce that the run of the curve is smooth. To this
end, Ej, is influenced by derivative information. More specifically, it depends
on the first- and second-order derivatives of v(s, @) with respect tos. Considering
the first-order derivative should exclude discontinuities, whereas second-order
information helps punishing curves containing sections of high curvature. In
this context, curvature can be interpreted as a measure of the energy which is
necessary to bend the curve.

e The data-driven term Eq measures how well the curve fits to the image data. The
curve should be attracted by local intensity discontinuities in the image
(locations with high gradients), because usually the object brightness differs
from the background intensity, and, therefore, we should observe some rapid
intensity changes at the object borders.

o The external constraints E¢y aim at ensuring that the snake should remain near
the desired minimum as the iterative optimization proceeds. This can be
achieved by user input (e.g., when Ey, is based on the distance of the curve to
user-selected “anchor points,” which are supposed by the user to be located on
the object contour) or by feedback of a higher-level scene interpretation method,
which could be run subsequently.
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During optimization, the curve has to be estimated numerically. To this end, it is
sampled at a certain number of control points. Now, the task is to adjust the
positions of these control points such that the energy functional E reaches a
minimum. The appropriate optimization procedure is outlined in the following,
details can be found in the appendix of [10].

4.5.1.2 Optimization

As already mentioned, the internal energy, which acts as a smoothness constraint, is
usually modeled by a linear combination of the first- and second-order derivatives
of v(s, @) with respect to s:

1

E =5 [alv,(s. @) +Bva(s. 0] (444)

Here, the parameters a and # determine the relative influence of the first- and
second-order derivative (which are denoted by v and v, respectively). The purpose
of the two terms of (4.44) is to punish discontinuities and high curvature parts,
respectively. If § is set to 0, the curve is allowed to contain corners. It is possible to
model a and f dynamically dependent on s or statically as constants.

Concerning the data-driven term, E4 should take smaller values at points of
interest, such as edge points. Consequently, the negative gradient magnitude is a
natural measure for £4. However, object borders usually lead to high gradient values
(and therefore large negative values of E4) only within a very limited area in the
surrounding of the border. As a result, the convergence area, where the curve is
driven in the right direction, is usually very limited for this choice of Ey. It can be
increased, though, by utilizing a spatially blurred version of the gradient magnitude.
To this end, a convolution of the image content with a Gaussian kernel G(x, y, o) is
applied:

Eq(x,y) = —|V[G(x,y,0) * I(x,y)]]"
(4.45)

1 2 2 2
with G(x,y,0) = e (@) /20
\V2ro

where V and * denote the gradient and convolution operator, respectively.

As far as the external constraints E are concerned, they are often set to zero and
therefore aren’t considered any longer in this section.

As already said, the minimization of the energy functional is usually performed
without explicit calculation of the model parameters ¢ of the curve. Instead,
the curve position is optimized at N discrete positions v(s;) = [x(s;), y(s;)] with
i€[l,...,N] and s;1; = s; + As. As denotes a suitably chosen step size. In other
words, the optimization task is to estimate the position of a discrete set of points v(s;).
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If the internal and image constraints are modeled as described above and,
additionally, we assume that @ and f are constants, the snake must satisfy a system
of two independent Euler equations in order to minimize E. The Euler equations are
defined by

aEd(S,')
ox

N

OEq4(s;)
ayss(si) + ﬁySSSS(Si) + =0
2 o

N
Z axss(s,') + ﬁxssss(si) + =0
i=1

(4.46)

with x(s) resp. ys(s) being the second-order derivative and X (5) resp. yssss (5) the
fourth-order derivative of the components of v with respect to s. The desired
minimum is found if the left-hand side of the Euler equations is equal to zero. (4.46)
is derived from the fact that, at the optimum, the derivative of the total energy is
equal to zero: VE = VEj + VE4 = 0.

A solution of these partial differential equations can be found numerically by
treating v as a function of time ¢ and iteratively adjusting the discrete v(s;, ) until
convergence is achieved (see the appendix of [10] for details): starting from an
initial solution, an updated solution is calculated by approximating the derivatives
numerically at each time step #;, using the data at the current position of the sample
points.

The numerical approximation of the second-order derivatives of x(s) and ys(s)
is given as follows:

Xss (Si)

= x(s;i-1) — 2x(s;) + x(si31)
Yss(si) = y(si-

4.47)
1) = 2y(si) + y(sit1)

The fourth-order derivatives can be approximated by taking the second deriva-
tive of (4.47). Consequently, x(s) is approximated by

Xssss (Si) - -xss(sifl) - 2xss(si) + xss(SiJrl)

4.48
x(si—2) — 4x(si—1) + 6x(s;) — 4x(si11) + x(si12) (4.48)

Yssss($) can be approximated analogously.

The derivatives OE4(s;)/Ox and OEq4(s;)/0y of the image constraint can be
calculated numerically by first performing a discrete convolution of / with a
Gaussian kernel G (whose size in pixel depends on the o-parameter) yielding I
and then approximating the derivative by taking the differences between adjacent
pixels of I in x-direction (or y-direction, respectively).
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Through the usage of the numerical approximations defined by (4.47) and (4.48),
axss(si) + ﬂxssss(si) is defined by f3 - X(SFZ) + (a - 4ﬁ) 'X(S,*,l) + (6ﬂ - 2(1) . X(Si)
+(a—4pP) - x(six1) + B - x(sir2). Consequently, the Euler equations of (4.46) can
be written in matrix form:

A-x+g =0
Ay+g =0
with
"6f—2a a—4f B 0 0 B a—4p
a—48 6f—2a a—48 B 0 0 B
f a—4 6f—2a a—45 B 0 0
0 f a—4f 6f—2a a—48 B 0 0
A : 0 S . - 0
0 0 f a—48 6f—2a a—4 B
B 0 0 B a—48 6f—2a a—4p
L a—4p s 0 0 p a—4p 6f —2a ]
[ ox(s1) 7 [ oy(s1) 7 [ OEq(s1)/0x 7 [ OE4(s1)/0y T
x(s2) ¥(s2) OEq(s2)/0x OEq(s2)/0y
x(s3) ¥(s3) OEq(s3)/0x OEq4(s3)/0y
x=| . |v¥= g = : g = :
x(sn-1) y(sn-1) OEq(sy-1)/0x OEq(sn-1)/0y
L x(sy) L y(sy) | L OEq4(sy)/0x | L OEq4(sy)/0y |
(4.49)

Observe that for closed contours, the index of the points v(s;) is “cyclic”, i.e.,
v(so) = v(sn), v(s—1) = v(sy—1), and v(sy+1) = v(s1)-

The solution is now specified by the vectors x and y. At first glance, it seems that
it could be obtained by just solving the linear equation systems specified in (4.49).

However, in practice the solution has to be calculated iteratively. Please note that,
as long as the iteration has not converged yet, the right-hand sides of the Euler
equations don’t vanish, because the time derivative of the left-hand side is not zero. It
can be set to the difference between two successive steps of the iteration (multiplied
by a step size y). Therefore, solving the linear system of equations defined in (4.49)
once is not enough. Instead, we have to employ an iterative scheme, where, unlike in
(4.49), the difference of the solution between two successive steps is considered, too.
Eventually, the suggested optimization method is a gradient descent algorithm.

In [10] it is suggested to use explicit Euler for the external forces (and therefore
evaluate g, and g, at position (x', y)) and implicit Euler for the internal energy (and
therefore multiply A by x'*' and y*!) (see the appendix of [10] for details).
Incorporating this in (4.49) yields the following update formulas:

AXT g (xy) =y (xT =X
Ayt g (Xy) ==y (Y ) (4.50)
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Calculate Calc. Inverse R Ith ?atCA ¢
—>| A g B »| control points
on curve

Fig. 4.12 Flowchart of the variational optimization of active contour models

These equations can be solved by matrix inversion, leading to

X =A+y D7 (X —g(x,y))

B 4.51)
yUh=A+y-07"- (Y’ - g,(x, y’))

where I denotes the identity matrix. An iterative application of (4.51) dynamically
changes the course of the curve until finally it “snaps” to dominant edges and
convergence is achieved. The general flow of the method is illustrated in Fig. 4.12.

For constants a and f, the matrix A does not depend on position or time, and
therefore, the inverse (A +y - I)_l can be calculated offline prior to the iterative
update of the control point positions. If a(x, y) and (x, y) are location dependent, A
has to be updated at each iteration step. As the matrix (A+y-I) has a
pentadiagonal structure (cf. (4.49)), its inverse can be calculated fast by an LU
decomposition of (A 4y -I).

Figure 4.13 shows an example of fitting an initially circle-shaped curve to a
triangle form. The energy is minimized iteratively with the help of sample points
located on the current curve representation (indicated by green squares). The
images show the location of the sample points in the different steps of the iteration
(at start, after 6, 10, 15, 20, and the final iteration, from top left to bottom right). The
“movement” of each sample point as the iteration proceeds is shown by a specific
curve for each point (green and red curves).

Being a global approach, snakes have the very desirable property of being quite
insensitive to contour interruptions or local distortions. For this reason they are
often used in medical applications where, due to low SNR images, closed contours
often are difficult to obtain. A major drawback of snakes, though, is the fact that
they rely on a reasonable starting point of the curve (i.e., a rough idea where the
object border could be) for ensuring convergence to the global minimum of the
energy functional. If the starting point is located outside the convergence area of the
global minimum, the iteration might get stuck in a local minimum being arbitrarily
far away from the desired solution. Additionally, snakes sometimes failto penetrate
into deep concavities because the smoothness constraint is overemphasized in
those scenarios.
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Fig. 4.13 Showing several iteration steps captured during fitting of an initial circle-shaped curve
to a triangle form (From Treiber [27], with kind permission from Springer Science and Business
Media)

Please note that active contours are also suited for applying another paradigm of
solving variational problems, namely, the reduction to a continuous optimization
problem. After this conversion the solution can be found with some standard
method as presented in chapter two. An example of this proceeding can be found
in [29]. Here, the modeling of the curve is reduced to a series of B-splines, which
can be described by a finite set of parameters. Hence, the original variational
problem of infinite dimensionality is reduced to the problem of finding a finite
number of parameters.

4.5.2 Gradient Vector Flow (GVF) Snake

4.5.2.1 Main Idea

In order to overcome the drawback of limited convergence area, Xu and Prince [31]
suggested a modification of the classical scheme, aiming at extending the conver-
gence area of the snake as well as enhancing the ability of the snake to penetrate in
deep concavities of object boundaries. Having these two goals in mind, they
replaced the part which represents the image constraints in the Euler equation
(4.46), namely, — VEjnage, by a more general force field f(x,y) :

f(x,y) = [a(x, y} b(x,y)] (4.52)
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which they called gradient vector flow (GVF). A specific tuning of f(x, ) intends to
enlarge of the convergence area as well as increase the ability to model deep
concavities correctly.

The calculation of f(x, y) is based on the definition of an edge map e(x, y), which
should be large near gray value discontinuities. The above definition of a Gaussian-
blurred intensity gradient of (4.45), which is used in the standard scheme when
defining the data-driven energy, is one example of an edge map. The GVF field is
then calculated from the edge map by minimizing the energy functional

£ = JJy(af+a§+b§+b§> + |Vel*|f — Ve|*dxdy (4.53)

with (-), being the partial derivative in the n-direction. A closer look at ¢ reveals its
desirable properties: near object boundaries — where |Ve| is large and minimization
of € usually results in setting f very close to or even identical to Ve. Consequently,
the GVF snake behaves very similar to the standard snake. In homogenous image
regions, however, |Ve| is rather small, and therefore ¢ is dominated by the partial
derivatives of the vector field. Minimizing e therefore keeps the spatial change of
f(x,y) small in those regions. Eventually, the property of favoring slow variations
when we move away from locations with high gradient magnitude yields in
enlarged convergence areas. The parameter y serves as a regularization term.

Compared to (4.45), the calculation of the (so far unknown) GVF field is not
straightforward. However, Xu and Prince showed that indeed it can be calculated
prior to snake optimization by separately optimizing a(x, y) and b(x, y). This is done
by solving the two Euler equations

uV2a — (a — ey (e§ + e§) =0 (4.54a)
and
Vb= (b—e)(e2+e2) =0 (4.54b)

where V2 denotes the Laplacian operator (see [31] for details). The thus obtained
solutions minimize & (cf. (4.53)). Once f(x,y) is calculated, the snake can be
optimized as described in the previous section.

Pseudocode

function optimizeCurveGVFSnake (in Image/, in segmentation
threshold #, out boundary curve v(s;))

// pre-processing
remove noise from [/ if necessary, e.g. with anisotropic
diffusion
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init of edge map e(x,y) with Gaussian blurred intensity gradi-
ent magnitude of I (c.f. (4.45))
calculate GVF field f(x,y) by solving Equation 4.54

// init of snake: segment the object from the background and
derive the initial curve from its outer boundary
foryv =1 toheight (/)
for x=1 towidth (/)
if I(x,y) < then
add pixel [x,y] to object area o
end if
next
next
get all boundary points b of o
sample boundary points b in order to get a discrete repre-
sentation of parametric curve v(s;,0)

// optimization (just outline, details see [10])
t—20
calculate matrix inverse (A+y-I)”!
calculate g, and g, according to positions defined by v(s;,0)
repeat
v(si,t+ 1)« result of update equation4.51 //update curve
update g, and g, according to the new positions defined by
v(si,t+1)
t—t+1
until convergence

4.5.2.2 Example: Lesion Detection

A medial image application of GVF snakes is presented by Tang [24], where the
GVF snake is incorporated in a lesion detection scheme for skin cancer images.
Starting from a color image showing one or more lesions of the skin, the exact
boundary of the lesion(s) is extracted (cf. Fig. 4.14). As can be seen in Fig. 4.14, the
images can contain more or less heavy clutter such as hairs or specular reflections in
the lesion region.

The method consists of four major steps:

1. Conversion of the original color image to a gray value image.

2. Noise removal by applying a so-called anisotropic diffusion filter: The basic idea
of anisotropic diffusion is to remove noise without blurring the gradients at true
object borders at the same time. To this end, the image is iteratively smoothed by
application of a diffusion process such that pixels with high intensity
(“mountains”) diffuse into neighboring pixels with lower intensity (“valleys”).
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Fig. 4.14 Illustrating the boundary extraction of the lesions of skin cancer images (after the initial
gray value conversion). The proceeding is explained in the text (From Treiber [27], with kind
permission from Springer Science and Business Media, with images taken from Tang [24], with
permission from Elsevier)

The main point is that this is done in an anisotropic way: diffusion should not
take place in the direction of dominant gray value gradients (thereby gradient
blurring is avoided!), but preferably perpendicular to it (where variations are
attributed to noise). Details can be found in [24] and are beyond the scope of
this book.

3. Rough segmentation by applying simple gray value thresholding: This step
serves for the estimation of reasonable starting regions for the subsequent
snake optimization.

4. Fine segmentation using a GVF snake. (To be correct, Tang [24] applied a
modified version aiming at making the method suitable for multi-lesion images
by modifying the force field, without giving any details here. In those cases the
snake has to be prevented to partly converge to one lesion and party to another
lesion in its vicinity.)

Especially to mention is that some restrictions of the standard snake scheme can
be overcome or at least alleviated by the usage of GVF snakes. The additional degrees
of freedom obtained by the introduction of more general force fields can be utilized to
enlarge the convergence area or make the optimization more robust in situations
where the scene image contains multiple objects. On the other hand, the calculation
of the force field needs a second optimization procedure during recognition, which
increases the computational complexity of the method.
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Chapter 5
Correspondence Problems

Abstract Quite numerous computer vision applications require an assignment of
the elements of a set of some extracted salient positions/descriptors to their
corresponding counterpart in a model set, at some point of their proceeding.
Examples are object recognition or image registration schemes. Because an exhaus-
tive evaluation of all possible combinations of individual assignments is infeasible
in terms of runtime, more sophisticated approaches are required, and some of them
will be presented in this chapter. Possible ways of speeding up the search are
applying heuristics, as done in the so-called search tree, or iterative approaches
like the iterative closest point method. A typical challenge when trying to find the
correct correspondences is the existence of a quite large number of outliers, e.g.,
positions being spoiled by gross errors. The straightforward approach of minimizing
total deviations runs into difficulties in that cases, and consequently, methods being
more robust to outliers are required. Examples of robust schemes are the random
sample consensus (RANSAC) or methods transforming the problem into a graph
representation, such as spectral graph matching or bipartite graph matching as done in
the so-called Hungarian algorithm.

5.1 Applications

Various applications comprise a step where the elements p, ,, of one set of points
Py={pime[l,...,M]};py,, = [Xim>Y1,m| are to be matched to the elements
P,, of a second point set P, = {p,,in€[l,...,N]}ipy, = [X2m y2u] - L.
correspondences between the elements of P; and P, have to be established. This
task is described as the correspondence problem in literature. A correspondence ¢, is
found if a certainp, ,, matches “best” top, ,. Some matching criteria will be described
below. A typical scenario is the matching of a data point set to a set of model points.

These correspondences can be used, for example, in image registration tasks,
where the content of different images is to be transformed into a single coordinate
system. A classical approach to registration tasks is to find corresponding points in
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and Methods, Advances in Computer Vision and Pattern Recognition,
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different images and, subsequently, utilize the positions of corresponding points for
an estimation of the parameters of an aligning transform, which maps the positions
of the first image into the corresponding position of the second image. A special
case of image registration is image stitching, where several images partly overlap.
By finding corresponding points in the overlapping part of two images, the trans-
formation between these two images can be estimated and the images can be
combined into a single image frame. With this technique, it is possible to assemble
a panorama image from multiple images. Correspondence problems can also arise
in stereo vision, where the displacement between corresponding points in two
images (which is called disparity) can be used to calculate the depth of the scene,
i.e., the z-distance from the scene to the stereo camera system.

Establishing correspondences can also be very helpful in the context of object
detection. Some object models consist of a spatial configuration of a set of points,
e.g., each point specifies the center position of a salient part of the object to be
found. By matching the set of characteristic points found in a query image to the
model point set, the so-called object pose can be revealed. Here, the object pose
denotes the set of parameters specifying the object location, e.g., x-/y-position,
rotation, and scale.

Please note that in general the cardinality of the two point sets is different, i.e.,
M # N.In many applications, when correspondences between the points of two sets
are to be found, it is not necessary to establish one-to-one mappings between all
points in the two sets. There may be unmatched points in one of the sets, e.g., due to
background clutter (which introduces some extra points in one of the sets) or
occlusion (which makes some of the points invisible in one of the images). Some
applications also allow a point to be matched to multiple points in the other set
(so-called many-to-one mappings).

These examples illustrate the widespread appearance of correspondence
problems in computer vision. Therefore, let’s discuss how it can be solved in
more detail in this chapter. Obviously, the brute force approach of evaluating all
possible correspondences quickly becomes infeasible as the number of points
increases, because the number of possible correspondences grows exponentially
with the number of points. This exponential growth of possible assignments is
sometimes called the combinatorial explosion. Consequently, something more
elaborate has to be found in order to optimize the correspondences.

Before we take a closer look at the task of matching the points (i.e., finding the
correspondences), let’s first give a brief answer to the following two questions in
order to get a better understanding of the applications.

1. How can we find the points?
2. What criteria can be defined for matching?

For the first question, two different strategies are to be mentioned:

e Predefined filters: If we know what we search for, e.g., the outer shape of the
object parts, we can incorporate these shapes in the design of special filters,
which are applied to the image and yield high responses at positions where the
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image content fits to the filter design. If a filter is shifted pixel-by-pixel over the
search area and the filter response is calculated at each position, these responses
can be accumulated in a two-dimensional matching function. The local maxima
of the matching function being above a certain threshold indicate occurrences of
the searched object part and can be used as points to be matched. This proceed-
ing is well suited for industrial object detection (or inspection) applications,
where the object to be searched is known in advance. Hence, the filter can, e.g.,
be derived from CAD data.

o Interest point detection: A more generic proceeding is to search for the so-called
keypoints (also called interest points), which are to be located at highly infor-
mative positions. For example, the so-called Harris detector [8] aims at detecting
positions where the image intensity changes in both directions (x and y), i.e.,
there is a significant intensity gradient in x- as well as in y-direction. This
happens to be true at corners of objects, for example. In contrast to such points,
positions of uniform or slowly varying intensity only contain little information,
as they are very similar compared to their neighbors. Positions with significant
gradient in just one direction, e.g., at lines or edges, allow for accurate localiza-
tion in just one direction (at which the gradient points to), but not perpendicular
to it. For a more detailed introduction, the interested reader is referred to, e.g.,
[23] or [17].

As far as the matching criteria are concerned, there are two main approaches:

e Spatial configuration: If just the position of the points is available, we can evaluate
which elements p, , of P are spatially consistent to which elements p, ,, of Py,
i.e., the spatial configuration defined by the matched points of P, has to be similar
to the one defined by their corresponding elements of P;. What is meant to be
“similar” depends on the type of transformation a point set undergoes between the
first and the second image. For pure translations and Euclidean transformations,
for example, the distances between the points within a set have to be preserved.
Similarity transforms maintain the ratio of distances and so on.

» Descriptors: Here, the spatial position of the points is not the only source of
information which can be used for matching. In addition to the spatial positions, it
can be assumed that the appearance of a local image patch around one elementp, ,
of P, has to be similar to the appearance around its corresponding element p, ,, of
P,. Therefore, an additional matching criterion can be defined by comparing the
image data of local patches around two matching candidates. Please note that in
many situations, we have to deal with effects like varying illumination conditions,
small deformations, or appearance change due to change of viewpoint. Therefore,
a comparison of the raw image data would lead to a quick decline of similarity in
the presence of those effects. A better approach is to derive a feature vector d
(which is also called descriptor) from the image data, which on the one hand
remains its discriminative power and on the other hand is invariant to the types of
variations typically expected. A well-known and widely used example is the SIFT
descriptor suggested by Lowe [14], which partitions the patch into a small number
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Fig. 5.1 Illustrating the proceeding suggested by Schmid and Mohr [21] in order to find
correspondences: First, interest regions are detected (middle part, indicated by blue circles).
Second, a descriptor is calculated for each interest region (right part), which can in turn be
matched to some model or second data set (indicated by red color) (From Treiber [23], with
kind permission from Springer Science and Business Media)

of cells and for each cell accumulates intensity gradient orientations into a 1D
orientation histogram. The usage of intensity gradient orientations leads to a good
invariance with respect to varying illumination, whereas the rather loose spatial
binning into cells is quite robust to appearance changes due to change of perspec-
tive, e.g., viewpoint change (see e.g., [23] or [16] for a more detailed
introduction).

In fact, the two-step paradigm of interest point detection (which concentrates on
highly informative parts of the image), and subsequently using spatial configuration
as well as descriptor information for finding the correct correspondences, has
proven to be quite a powerful approach for generic object detection (see also
Fig. 5.1). It was first introduced in [21], and in the meantime, many extensions/
variants have been reported in literature.

A rather simple and quite often used strategy for finding correspondences is to
search for the nearest neighbor (NN) in descriptor space, i.e., for each d;, the
descriptor d,, with highest similarity to d; ,, is selected. While being rather easy to
implement, such a proceeding has two drawbacks: first, there might be a considerable
number of outliers (i.e., incorrect correspondences) which introduce a gross error,
because their spatial positions do not fit into the rest of the spatial distribution of point
positions. Therefore, these outliers could seriously spoil a transformation estimation
subsequent to matching (as done in image stitching applications, for example).
Furthermore, the nearest neighbor search might not minimize the total error (espe-
cially if only one-to-one correspondences are allowed), because just the individual
errors between descriptors of one correspondence are minimized. Instead, it could be
better to match some point/descriptor to, e.g., its second closest NN, because the NN
better matches to some other descriptor.
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5.2 Heuristic: Search Tree

5.2.1 Main Idea

In the context of industrial object detection, the authors of [19] proposed a method
which avoids the combinatorial explosion by accelerating the assignment of
correspondences through the usage of a heuristic. To be more specific, the
correspondences are assigned successively: just one correspondence is added at
each step. In this context, a correspondence denotes a matching between a feature
detected in a query image containing the object to be found and a feature being part
of the object model.

In order to speed up the matching, knowledge about the matches already made is
utilized for each new correspondence which is to be established. More specifically,
it is possible to derive the parameters of an aligning transform between the two
feature sets from the already matched features. Taking the estimated transform
being based on the already matched features into account, a prediction about the
position of a new matching candidate can be made. Please note that in general,
industrial objects are very “rigid.” This means that they show at most very little
local deformations with respect to each other (at least if they are not defective). Due
to the object rigidity, we can make a quite precise prediction of the expected
position of the next feature to be matched. This leads to the selection of promising
“candidates” at each matching step: we just have to consider the features which are
located nearby the predicted position. As many possible correspondences can be
sorted out this way, this proceeding usually results in a very fast matching.

This heuristic can be implemented by organizing the one-to-one correspondences
already established between a model feature and a feature candidate of the scene
image in a tree structure (c.f. the search tree approach proposed by Rummel and
Beutel [19]). For a more detailed description, see also [23]. The rest of this section is a
modified version of section 4.3.2 of [23].

Each node of this tree represents one correspondence. Two nodes are connected if
they are spatially consistent. As already said, already established correspondences
enable us to hypothesize an aligning transform for each node of the tree. Nodes
(correspondences) are only connected to a specific node if their positions are consis-
tent with this transform.

Starting from a root node, each level of the tree represents possible pairings for a
single-specific model feature, i.e., the first level consists of the pairings containing
model feature 1 (denoted as fy 1, with position Pu1)s the second level consists of the
pairings containing model feature 2 (denoted as fy >, with position py,,), and so
on. This organization implies a ranking of the model features, which is defined prior
to the recognition process. The ranking takes the ability of the features to reduce the
uncertainty of the aligning transform estimation into account, e.g., features located far
away from each other yield a more accurate rotation and scale estimate and therefore
should get a high ranking. The search order is mainly geared to this ranking, as we
will see shortly.
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5.2.2 Recognition Phase

During recognition, this tree structure is built iteratively by expanding just one node
(correspondence) at each iteration (see also Table 5.1 for an illustrative toy exam-
ple). At start, the tree consists of a single root node. The root expanded by finding
all possible correspondences for the first model feature fys,; ranked top in the search
order. In some situations, we can restrict the position of matching candidates to
some region; otherwise, we have to consider all features of the entire image plane.
Each node ny; of the first level of the tree represents one of these correspondences
and can be seen as a hypothesis for the matching based on the correspondence
between the model feature fj;; and some scene image feature fs;. Based on this
matching hypothesis, information about the transformation parameters t can be
derived.

Next, we try to expand the tree at one of the current leaf nodes by finding
correspondences for the model feature fi;, ranked second. The position of the
matching candidates can now be restricted based on the correspondence already
established according to the node to be expanded as follows. Generally speaking,
because of the model feature ranking, an edge between two nodes 7,1, and 1y 1y11
can only be built between successive levels Iv and 1v+ 1. Such an edge is
established if the two correspondences are consistent. This is the case if the
transformed position T(t,pmv +1) of the model feature being assigned to the
“candidate node” (of level lv 4 1) is located nearby the position pg, of the scene
image feature of this candidate node. The transformation 7 used in this comparison
is based on the current transform parameter estimates t.

A bounded error model can be applied in the consistency check: for example, the
deviation of the positions has to remain below a fixed threshold #4:

IPss — T(tParavir)]| < ta (5.1)

Observe that it is possible that (5.1) holds for multiple features. Consequently,
each node of level lv can be linked to multiple nodes of level v + 1.

This process of expanding a single node by consistent correspondences can now
be repeated iteratively. When expanding one node at a time, the topological
structure resulting from this proceeding is a tree structure, where the number of
levels equals the number of model features. From a node in the “bottom level”
(which contains the “leafs” which define pairings for the lowest ranked model
feature), the complete correspondence information for a consistent matching of all
model features can be derived by tracking the tree back to the first level.

Up to now, an open question is how to choose the node to be expanded.
A straightforward proceeding would be to choose one node by random, expand it,
and repeat this proceeding until all leaf nodes are located in the bottom tree level
relating to the model feature ranked lowest. However, please note that if we are
interested in finding just one object instance, the tree doesn’t have to be built
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completely. Instead, it suffices to proceed until one leaf node reaches the last level,
because then one consistent set of correspondences for all model features is found.
Therefore, it is most productive to select that node which is most likely to directly
lead to a leaf node. This decision can be done with the help of a guide value g which
is based on the quality value g of the node as well as the level number Iv of the node:

g=Wwy-q+wy-lv 5.2)

The quality ¢ should be a measure of consistency and can, e.g., be set to the
inverse of the sum of the distances as defined in (5.1) over all correspondences
encountered when tracing the current node under consideration back to the root
node. Now we can select the node with the largest guide factor g.

With the help of the weighting factors w, and wyy, the search can be controlled:
high w, favors the selection of nodes at low lv (where g is usually higher because the
deviations being accumulated when tracing back the path are usually smaller if just
a few tree levels have to be considered). This leads to a mode complete construction
of the tree, whereas high w, favors the selection of nodes at high lv and result in a
rapid construction of “deep” branches.

The iteration proceeds until a leaf node with sufficient quality is found, e.g.,
q > t;, where t, is the recognition quality threshold. As a result, only a part of the
tree has to be built, and therefore the runtime is reduced considerably in most
cases. In order to detect multiple instances of the object in a single image, a new
tree can be reconstructed after all matched scene features are removed from the
scene image feature set.

In the case of partial occlusion, no consistent pairings can be detected for the
next level of some nodes. In order to compensate for this, a node 7, j,.; containing
the estimated position based on the current transformation can be added to the tree
when no correspondence could be established. Its quality ¢ is devalued by a
predefined value (c.f. red node in the example of Table 5.1).

The overall recognition scheme in which the search tree is embedded can be
characterized by four main steps (c.f. Fig. 5.2):

1. Feature detection: In the first step, all features fs; = [ps‘k, lS.k] in a scene image
are detected and summarized in the list fs. Their data consists of the position pg ;
as well as a label /s indicating the feature type.

2. Interpretation tree construction: Based on the found feature candidates fg as well
as the model features f), the interpretation tree is built. As a result of the tree
construction, correspondences for all model features have been established. This
step is very robust in cases where additional feature candidates which cannot be
matched to the model (e.g., originating from clutter) are detected. This robust-
ness justifies the usage of a “simple” and fast method for feature detection,
which possibly leads to a considerable number of false positives. Additionally,
for many industrial applications the initial tolerances of rotation and scaling are
rather small. A consideration of this fact often leads to a significant reduction of
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Fig. 5.2 Illustrating the proceeding of object detection with interpretation trees for a stamped
sheet as a typical example for an industrial part (From Treiber [23], with kind permission from
Springer Science and Business Media)

possible correspondences, too, because the search areas (blue regions in
Table 5.1) can be kept rather small.

3. Transformation estimation: The parameters t of the transformation 7 (e.g., the
four parameters translation [tx,ty] , rotation @, and scale s of a similarity
transform) are estimated with the help of the found correspondences.

4. Inspection (optional): Based on the detected features, it is often easy to decide
whether the part has been manufactured with sufficient quality. For example, it
could be checked whether the position of a drilling, which can easily be
represented by a specific feature, is within its tolerances.

Pseudocode

function detectObjectPosInterpretationTree (in Imagel, in
ordered list fy of model features fy,; = [pM_’,-,lM‘,-} , in distance

thresholdt;, in recognition thresholdt,, out object position
list p*)

// step 1: feature detection

detect all feature candidates fs; = [Psﬁk,ls.k] in scene image [

and arrange them in 1list fg

while fg is not empty do // loop formultiple obj. detection
init of tree st with empty root node n,,; set its quality
value ¢, to maximum quality
bFound « FALSE

// step 2: search tree construction (loop for detection of
a single object instance)
lv—20
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while unprocessed nodes exist in st and bFound == FALSE do
// expand interpretation tree at one candidate node
choose the next unprocessed node n;;, from st with highest
guide value g (according to (5.2)) // this node becomes
the candidate node of current iteration
get next model feature fyn4+1 to be matched according to
level Iv and model feature ranking
update transformation parameters t according to all
matched nodes of current path from root to n;
calculate position estimate T(t7 pMﬁ,‘,H)
find all correspondences between elements of fg and fy ;41
(fsymust be near T(t,pMJ‘,H) , see (5.1), and features must
be of the same type, i.e. sy = lyn+1) and arrange them in
listec
if list ¢ is not empty then
for k =1 to number of found new correspondences

create new node ny 41 based on current ¢

calculate quality value g; of ny 41

if g, > t, then

mark n 41 as unprocessed

else
mark nmg 41 as processed // expansion useless
end if
add ny 41to st as child node of n;y,
next

else //nomatch/correspondence could be found
create new “estimation node” ne 1
calculate quality value ¢, of ne p41
if g, > t, then
mark n. 41 as unprocessed

else
mark n, ;41 as processed // expansion useless
end if
add ne 41 to st as child node of n;y,
end if

mark node n;;, as processed
// are all model features matched?
if fyn+1 is last feature of search order then
mark all “new nodes” ni;41 as processed
find node ngyy with highest qual. gm.x among ng 41
if gnux >t then
bFound « TRUE
end if
end if
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lv—Il+1
end while
if bFound = TRUE then

// step 3: transformation estimation
collect all correspondences by tracking the tree back
from ngoqr LO Myoor
estimate the parameters t* of T by performing minimiza-
tion of position deviations for all correspondences
addt' toposition list p*
remove all matched features from list fyg

else

return // nomore object instance could be found
end if
end while

5.2.3 Example

An example of recognizing industrial parts like stamped sheets is presented in
Table 5.2. The objects are recognized by utilizing different parts of their contour as
features to be matched. Please observe that correct correspondences are found even
in scenes with a significant amount of clutter.

Please note that the method is much more robust with respect to clutter (when
trying to expand the tree at a node that is based on a correspondence originating
from clutter, there is no consistent correspondence very quickly) compared to
occlusion (disadvantageous trees are possible especially if the first correspondences
to be evaluated don’t exist because of occlusion).

To sum it up, interpretation trees are well suited for industrial applications,
because the method is relatively fast, an additional inspection task fits well to the
method, and we can concentrate on detecting characteristic details of the objects.
On the other hand, the rigid object model is prohibitive for objects with consider-
able variations in shape.

5.3 Iterative Closest Point (ICP)

5.3.1 Standard Scheme

Another algorithmic concept which deals with the task of the registration of a data
point set Pp = {pp,};1 <i < Np to a set of model points Py = {pMJ-}; 1<

< Ny is the Iterative Closest Point algorithm (ICP). As the method provides a
framework, it can be adapted to and used in various applications. Both the
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Table 5.2 Giving more detailed information about the detection and position measurement of
stamped sheets, which are a typical example of industrial parts

Scene image containing several stamped sheets. View of all detected features (marked red). The
Due to specular reflections, the brightness of the object model consists of the holes and some

planar surface is not uniform. One object is corners, which are detected independently.
completely visible and shown in the upper-left Several additional features are detected due to
area clutter

Interpretation tree: found correspondences are
marked green; estimated correspondences are
marked red. Due to clutter, many Matched features of the final solution of the tree
correspondences are found for the first feature of (marked green). All correspondences are

the search order. However, the search is very  established correctly. An inspection step, e.g.,
efficient, e.g., the solution is almost unique after for the holes, could follow

the third level

From Treiber [23], with kind permission from Springer Science and Business Media

registration of 2D and 3D point sets is possible with ICP. The basic form of the
algorithm was initially proposed in [2].

The goal of registration is to find a common coordinate reference frame for both
point sets and hence identify a transformation between the two sets. Consequently,
the task is twofold:

« Establish the correct correspondences between the elements of Pp and Py,. In this
context, this means that for each element i of the data point set, it should be
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matched to the “closest” model point j, where the functionj = ¢(i) describes the
mapping.

» Estimate the parameters t of a transformation 7, which describes the relationship
between the two coordinate frames.

Now let’s assume that some correspondences have been found already (i.e., a
first estimate of ¢ is known). This is a reasonable assumption for some applications,
e.g., initial correspondences could be estimated by matching descriptors. Then, a
typical way to estimate the parameter vector t is to minimize an energy function
E(t, ¢) being composed of the sum of squared distances between the positions of the
transformed data points p,,; and the positions of their corresponding model points

Pum i)

ND 2
t* = argmin [E(t, ¢)] = arg min [Z; ‘pM.,tﬁ(i) —T(t,pp,) H ] (5.3)

As ¢ has to be estimated in the optimization process, too, the energy E(t, ¢) can
be reformulated as

Np

E(t) = mein ||pMJ — T(t,pD,i) ||2 (5.4)
=1

where the min-operator selects that model point being located closest to a
specific data point p, ;. Observe that the min-operator prohibits a straightforward
closed form solution of (5.4). Therefore, the optimization of (5.4) is done itera-
tively, where two steps are performed in alternation. Starting at an initial transfor-
mation estimation t, the following two steps are executed iteratively:

1. Correspondence estimation: While fixing the current transformation t*, for each
data point, find the model point, which is located closest to the position of this
data point after application of the current transformation estimation t*, i.e., for
each data point pp,; apply

. . 2
#*(i) = argmin ||pMJ —T(t",pp,) || (5.5)

JEPM

2. Transformation estimation: Now, as ¢* is known, we can solve the following
least mean squares problem in closed form, e.g., for linear transformations by
applying linear regression:

Np
t“*! = arg min Z
t i=1

(5.6)

2
Purgt) — T(t, Pp.) ‘

The convergence criterion is quite obvious: if the correspondences ¢ don’t
change any more compared to the previous iteration, we will end up with an
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|no
Find all clos- Re-estimate Corresp. un
S Y| est points, »| t1 based on changédV
based on tX current corresp.

Fig. 5.3 Flowchart of the ICP proceeding

unchanged transformation estimate, too. Consequently, the method has converged.
An overview of the proceeding is given in the flowchart of Fig. 5.3.

The iterative nature implies that the ICP algorithm performs a local search around
the current estimate. However, typically we cannot assume that E(t) is convex.
Therefore, we are in danger of being “trapped” in a local minimum if the initial
estimate t” is located too far from the global optimum. For that reason ICP is basically
just a refinement scheme, i.e., it requires some reasonably good initial estimate, e.g.,
by evaluating descriptor information. In some cases, the method can start without any
prior knowledge by taking the identity transform as starting point. However, this only
works if the two point sets already are aligned sufficiently well at start.

A possible way out would be to perform the ICP algorithm multiple times with
different initial transformations and select that solution yielding the lowest energy
at convergence. However, this proceeding increases the runtime of the algorithm
considerably and still we cannot be sure that one of the initial estimates is suffi-
ciently close to the optimum.

5.3.2 Example: Robust Registration

In order to enlarge the limited convergence area of the standard ICP algorithm and
thereby increase its robustness, many modifications have been proposed. Here we
will present the work of Fitzgibbon (see [7]) in more detail. Fitzgibbon proposed to
replace the Euclidean-based distance measure in (5.4) by a more robust estimate.
However, the introduction of a robust distance measure involves difficulties when
trying to estimate the transformation parameters in step 2 of ICP in closed form.
Therefore, in [7] it is suggested to utilize a general purpose regression scheme like
the Levenberg-Marquardt algorithm [15] instead. Consequently, we take a closer
look how the Levenberg-Marquardt algorithm can be applied to this specific
problem.

A first step to increase the robustness of ICP is to allow for unmatched points.
Consider the situation where a point py, ; in the data point set is present due to clutter
and actually doesn’t have a correspondence in the model point set. This situation
occurs quite often in practice. However, standard ICP as presented above always
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Fig. 5.4 Comparison of the Euclidean distance measure with the Huber kernel: the x-axis denotes
the distance ||x||, and o is set to 3

matches every data point to some model point. This could lead to a large distance
for pp ;, and therefore, the (wrong) correspondence introduces a large error in (5.4).
This situation can be alleviated by introducing weights w; € {0; 1} in step 2 of
ICP. A weight w; is set to zero if no correspondence could be found for pp ;, €.g.,
when its transformed position is too far away from any model point. If a correspon-
dence was found, w; is set to 1.
The main contribution Fitzgibbon [7] in order to increase robustness, however, is

2
‘ (abbreviated as ||x||*

to replace the Euclidean-based distance HpM"/’(” —T(t,pp,)

in the following) by a more robust measure e(x)z, such as the so-called Huber kernel:

e(x)? = { Ix|? , Ixl<o (5.7)

otherwise

Compared to the Euclidean distance measure, the Huber kernel takes smaller
values for large distances, i.e., when [|x|| > o (see Fig. 5.4, with 6 =3). As a
consequence, the influence of large distances in (5.6) is reduced.

As can be seen in Fig. 5.5, the area of convergence can be increased considerably
through the usage of the Huber kernel compared to standard ICP (compare the green
to the light blue curve). The left part of the figure depicts an application where two 2D
curves (black and blue dots) are to be aligned. For the tests, the lower right “C” has
been rotated synthetically prior to matching it to the upper-left “C.” In the diagram at
the right, the x-axis denotes the rotation difference between the initial transformation
estimation and the actual rotation between the two point sets in degrees, and the
y-axis plots some error measure after the algorithm has converged. As clearly can be
seen, the introduction of the Huber kernel allows for far larger errors in the initial



5.3 Tterative Closest Point (ICP) 145
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Fig. 5.5 Illustrating the improved area of convergence, when the robust Huber kernel is used (as
far as rotation deviations are concerned) (Reprinted from Fitzgibbon [7], with permission from
Elsevier)

rotation estimate as it leads to smaller total errors after convergence for a larger
rotation deviation range.

The problem which is involved with the usage of the Huber kernel is that now the
solution of the transformation estimation (step 2 of ICP) in closed form is compli-
cated by the case-by-case analysis in (5.7). As a consequence, the minimization
problem in the transformation step has to be solved numerically. Here we can make
use of the fact that the total error measure is a sum of squared contributions E;(t)
from the individual correspondences, which can be stacked into a vector e:

Np
Et) = Ei(t) =e e .
i=1 .

with  E;(t) = /w; - min€(|pM,j ~T(t.pp,) !)
J

Through approximating (5.8) by a Taylor expansion around the current transfor-
mation estimate t*, applying a Gauss-Newton approximation (approximate the
second order derivatives with the Jacobi matrix) and making use of the vector e,
we can write

E(tt +A)~e' -e+2-A-J e+ AT - J - J-A (5.9)

where the A vector denotes the transformation parameter differences with respect to
t and Jacobi-Matrix J contains the partial first-order derivatives of the E;(t). It
consists of Np x L elements (L is the number of transformation parameters), which
can be calculated via J;; = OE; (tk) /01,
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An iterative optimization scheme can now estimate the A vector and then update
the current transformation estimate accordingly: t*+! =t 4 A.

Fitzgibbon suggested to use the Levenberg-Marquardt optimization algorithm,
which combines updates according to Gauss-Newton as well as gradient descent

(see Chap. 2). With Gauss-Newton, Aissetto A = —(J” - J)71 - J - e, whereas with

gradient descent, we have A = —1~'-J7 . e. Overall, the update of LM can be
written as

A=—J"-J+2-1)7" - Je
g tk(+ A ) (5.10)
with I being the identity matrix. At each iteration of the second step of the modified
ICP algorithm, one update step according to LM (see (5.10)) is performed. In order
for LM algorithms to perform well, the parameter A, which controls the relative
weight of Gauss-Newton and gradient descent, has to be chosen sufficiently well. In
early steps, 4is chosen large, such that the gradient descent dominates. Thereby, the
method takes small steps, where we can be quite sure that the error function is
actually reduced. As the iteration proceeds, 4 is reduced successively, which gives
more emphasis to Gauss-Newton, because it can be assumed that the Taylor
approximation used in Gauss-Newton has little error near the optimum, and,
therefore, we can make use of the fast convergence of Gauss-Newton.

One question still to be answered is how to calculate the elements.J; of the Jacobi
matrix, which involve taking derivatives of E;(t). A numerical approach is to take
finite differences, i.c., at the current transformation estimate t*, we calculate E; (t*),
modify t* by an arbitrarily chosen small amount 6t, calculate E; (tk + 6t ) , and take
the difference to E; (t"). The author of [7] pointed out the importance of reestimating
the correspondences when moving from t* to t* 4 5t*. Hence, eachJ;; = OF; (tk ) /oY
can be calculated as follows:

1. calculate E; (tk), based on the current closest point of the model point set p,, 20
which was determined during step one of ICP.

2. Choose a small 6t* (where only the /-th component is different from zero) and
reestimate the closest model point (yielding p’,, 20 based on the modified
transformation t* -+ &t. Please note that this correspondence could change as we
move from t* to t* + 5tk

3. calculate E; (t* + 6t*), based on the (potentially) updated p'y, 44

4. set Jy = (E;(tF) — E;(t + 6t°)) /||ot*|

The usage of the robust measure £(x) in conjunction with the LM algorithm leads
to better performance but at the same time to increased execution time, as the
calculation of the derivatives needs extra time. Therefore, Fitzgibbon suggested a
speedup of the algorithm through the usage of a so-called distance transform, which
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Fig. 5.6 Showing the performance gain of the algorithm of [7] (bottom), compared to standard
ICP (top). In this application, two sets of 3D points located on the surface of a bunny (blue and red
points) are to be aligned (Reprinted from Fitzgibbon [7], with permission from Elsevier)

exploits the fact that the penalties of transformed data points, compared to their
closest model points depend only on the model point set for a given data point
position. Consequently, they can be calculated prior to the ICP iterations and be
reused for different data points pj,; and transformations t (see [7] for details).

Figure 5.6 illustrates the superior performance of the modified algorithm as
suggested in [7] compared to standard ICP for 3D point sets. The point sets
which are to be aligned consist of points located on the surface of a bunny. The
standard ICP method, whose result is displayed in the right part of the top row,
clearly shows considerable deformations between model and transformed data
point sets. Compared to this, the two sets are aligned much better when the
algorithm of [7] is used.
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Pseudocode

function robustICPRegistration (indatapoint set Pp = {pp,},
in model point set Py = {pMJ} , in initial transformation

estimate t°, in maximum correspondence distance dp, , Out
correspondences ¢*, out final transformation estimate t*

k+—0
// main loop of ICP
repeat
// step 1: find closest point for each data point
fori=1toNp
djmin +— max_float
forj=1toNy
dij = || = T(t,pp,) |
// do we have a new closest point candidate?
if d,‘j < di,min then
di,min — dij
AORS
end if
if d; > dpn.x then
w; «— 0 // max. distance exceeded -> no corresp.
else
w;«— 1 //distance 1imit ok
end if
next
next
// step 2: update transformation parameters
// calculate Jacobi matrix
fori=1toNp
calculate E; (tk) according to (5.8)
forl/=1tol //L: number of transformation params
set 6t =[0,0,...,5,0,...,0] // only 1th elem #0
re-estimate correspondence ¢* (i)
calculate E;(t“ + 6t*) based on ¢*(i)’ according to (5.8)
set Jy = (Ei(t*) — E;(t" + 5t*)) /|| ot*||
next
next
update 4
calculate A and update transformation estimate
according to (5.10)
k—k+1
until convergence, e.g. ¢t =¢f or (E(t1) — E(t%)) /(E(tF)
+E(tF) <5
t — tk

¢*(_¢k

tk+1
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5.4 Random Sample Consensus (RANSAC)

Considering the task of image registration, where we have to align two (or more)
images which at least partly overlap, we can detect a set of interest points in both
images (P1 = {p,,,;m € [1,...,M]} and P, = {p,,;n € [1,...,N]}). We could
then use the ICP algorithm which performs an iterative refinement of the
correspondences as well as the transformation estimate between the two point
sets. However, in order to work properly, the ICP algorithm needs a sufficiently
well chosen initial estimate of the transformation, which allows the algorithm to
converge to the desired optimum.

Additional information can be obtained if we derive descriptors from a local
image patch around each interest point, e.g., by calculating SIFT descriptors
[14]. This adds up to two sets of descriptors D = {dhm} and D, = {dz‘,n}. As
already mentioned, we can make use of this descriptor information in order to get a
sufficiently “good” initial estimate of the aligning transform and then apply the ICP
algorithm. A straightforward approach would be:

1. Detect the set of interest points P; and P, in both images, e.g., by detecting
corner-like points with the Harris detector [8].

2. Derive a descriptor from the image patch around each interest point yielding the
descriptor sets D} and D,, e.g., SIFT [14].

3. Establish correspondences n = ¢p(m) between the elements of D; and the
elements of D, yielding the correspondence set @ . A correspondence is
established if fgin (dl,m, d27,,) > tim, Where fi, is some measure estimating the
similarity between the two descriptors (e.g., the inverse of the Earth Mover’s
Distance or y? distance; see e. g., [18]) and #, a similarity threshold.

4. Estimate the parameters t of the transformation T between the two images, e.g.,
by a least squares approach, which minimizes the sum of the distances between

Pim and T(t’ pl(/}(rﬂ)) :
5. Refine ¢ and t with the ICP algorithm.

The problem with this proceeding is that all correspondences are taken into
account when estimating the transform parameters. Wrong correspondence
estimates usually introduce gross errors and therefore can seriously spoil the
transformation estimation. Averaging methods like least squares (which is optimal
for Gaussian-distributed errors) assume that the maximum error between the

“observation” (here: p, ,,) and the “model” (here: T(t7 P2,¢(m))) is related to the

size of the data set, and, therefore, averaging can successfully smooth large errors
(this assumption is termed smoothness assumption in literature).

However, this doesn’t have to be true here: a few wrongly estimated
correspondences lead to some large error terms being far from the distribution of
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Fig. 5.7 Flowchart of the RANSAC proceeding

the remaining errors. This is where RANSAC (Random Sample Consensus) [6]
comes into play. The RANSAC proceeding is more a paradigm than a specific
algorithm. It can also be used for the problem of image registration, and, therefore,
we will present RANSAC in this context.

Fisher et al. [6] distinguish between two sources of error:

* Measurement error: This type of error is introduced when measuring the data,
e.g., when the measured position of an interest point deviates a bit from its “true”
position, e.g., due to sensor noise. Many sources of noise or other perturbations
are normally distributed, and, therefore, usually the smoothness assumption
holds for this type of errors.

e Classification error: Many algorithms feature a hard decision, which in our case
is the assignment of correspondences. Errors like the estimation of a wrong
correspondence (which can occur if many descriptors are very similar) can
introduce large deviations and are in general not related to the data set size.
Therefore, the smoothness assumption does not hold for this type of error.

As a consequence, we need a method which is robust in the sense that it features
a mechanism which automatically ignores gross errors and not just tries to average
them out. The RANSAC approach exactly aims at achieving this. It is designed
such that it tolerates as many outliers as possible. The basic proceeding after
estimating the correspondences (step 3 of the procedure outlined above) is as
follows (see also the flowchart of Fig. 5.7):

4. Random selection: Randomly select a subset of the data (here: a subset @y of all
found correspondences). The size of this subset should be as small as possible.
For example, for affine transformations in 2D, only three points are necessary in
order to uniquely determine the six transformation parameters. Therefore, only
three correspondences should be chosen at this step.
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5. Model instantiation: Based on this subset, a first instance of the model should be
derived. In our case, the transformation parameters t can be calculated
completely based on the selected correspondences.

6. Consistency check: Based on the initial model estimation (here: transformation
estimation t), we can check all data (correspondences) whether they are consis-

tent with this initial estimation. This mean here that the transformed position T

(f, pz.’(/,(m)) has to be sufficiently close to p, ,,: if ‘T(f, p27¢(m)) — Py < & the

correspondence n = ¢(m) is added to the subset @y (also called consensus set).

7. Termination check: If the size of the enlarged consensus set is above some
threshold e, it can be assumed that only inliers were chosen as initial consensus
set, and, therefore, the transformation estimate is broadly supported by the data.
Therefore, the final transformation parameters t* are reestimated based on the
enlarged consensus set. If 7, is not reached, the process is restarted at step
4 until the maximum number of trials N, is reached.

Observe that RANSAC fundamentally differs from the schemes up to now.
Whereas methods like ICP, for example, try to optimize a current solution in
some form, RANSAC is essentially a hypothesis testing scheme: basically, step
4 formulates a hypothesis about the solution, which is then tested for consistency
with the rest of the data.

The RANSAC proceeding contains three parameters, (&, fsize , and Nyax ), Whose
values have to be chosen properly in advance. As far as ¢ is concerned, it is often
determined empirically. To this end, a scenario with known correspondences can be
created. Next, the data set is artificially corrupted by noise. Based on the errors which
were introduced, the transformation estimation is affected more or less seriously. As
we also know the “ground truth,” it is possible to quantify the error introduced by the
perturbation. Based on this quantification it should be possible to choose € such that it
separates correct from wrong correspondence estimates sufficiently well.

In contrast to that, the parameters #,. and N« can be calculated in closed form.
They are mainly influenced by the proportion of outliers as well as the desired
probability that at least one random pick exclusively contains inliers. Details can be
found in [6].

An illustration of the performance of a RANSAC-based correspondence/transfor-
mation estimation can be seen in Fig. 5.8. Here, two images of the same scene taken
from different viewpoints can be seen in (a) and (b). The yellow points of (c) and
(d) indicate the detected interest points. The initial estimation of correspondences is
visualized by yellow lines in (e) and (f). Correspondences were estimated based on
simple normalized cross correlations of the intensity values of a patch around each
interest point. Clearly, these initial correspondences contain a significant proportion
of outliers. The consensus set after applying the RANSAC procedure can be seen in
(g) and (h). Their visual appearance indicates that all outliers were ignored by the
procedure.
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Fig. 5.8 Illustrating the performance of a RANSAC-based correspondence estimator. See text for
details (From Hartley and Zisserman [9], with kind permission)
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Pseudocode

function robustRANSACImageRegistration (in image /i, in
image I», in algorithm parameters tuyn, €, tye, and Npa , out
consensus set of consistent correspondences @, out final
transformation estimate t*

// interest point and descriptor calculation

detect set of interest pointsP; = {p,,;m € [l,...,M]} in image/,
, €.9. with Harris detector

detect set of interest pointsP; = {p,,;n € [l,...,N]} in imagel,,
e.g. with Harris detector

derive a descriptor d;,, for each interest point P1, from the
patch of imagel; around it, e.g. SIFT descriptor

derive a descriptor d,, for each interest point p,, from the
patch of imagel, around it, e.g. SIFT descriptor '

// correspondence detection
@ {}
forn=1toN // loops for every possible descr. combination
form=1toM
iffsim (dl,m, d2,n) > tgim then
add n = ¢(m) to the correspondence set: @ «— @ U {¢}
end if
next
next

// robust RANSAC transformation estimation
k—20
repeat
randomly select a subset @ with minimum size out of @
// step 1
estimate t based on & // step 2
// enlarge ®r, if additional correspondences are consis-
tent witht (step 3)
fori=1to |®| // loop for all “remaining” correspondences

if ¢ ¢Dr N ‘T(f, p2‘(p,(m)) - plvm’ < e then
add n = ¢(m) to the consensus set: Op — P U {¢}
end if
next
k—k+1
until |@g| >t 0¥ k = Nyax // step 4
re-estimate t’ based on the enlarged consensus set @



154 5 Correspondence Problems

In the meantime, quite numerous extensions/modifications in order to improve
performance have been proposed (see e.g., [3] for a quick systematic overview).
The authors of [3] classify the modifications according to the aspect of RANSAC
they seek to improve:

e Accuracy: These modifications aim at optimizing the correctness of the
estimated parameters t* of the aligning transform. One possibility is to reestimate
t* by taking all consistent correspondences into account, as already mentioned.
Apart from that, we can modify the way a hypothesis is evaluated. Standard
RANSAC simply counts the number of inliers in step 7 of the proceeding
outlined above. However, such a hard decision does not take the error
distributions of inliers and outliers into account. A better way is to assign a
cost to each tested datum which varies more smoothly with respect to the
consistency with the hypothesis to be tested and then to sum up all these costs.

» Speed: Variations of this category intend to optimize the runtime of the algo-
rithm. One way is to consider similarity scores of individual correspondences
(e.g., descriptor similarity), if available. These similarity scores allow for a
ranking of the correspondences. We can try to make use of this information by
choosing top-ranked data with high probability during the random selection
process of step 4. This accounts for the fact that correspondences being based
on descriptors with high degree of similarity are more likely to be correct that
those with low descriptor similarity. As a result, on average the method needs
less iterations until convergence is achieved.

¢ Robustness: As the RANSAC method needs some parameters (&, £size, and Npax),
which affect its performance, care is required when choosing their values. To
this end, there have been several suggestions to tune their parameters, either
based on a priori considerations or depending on the nature of the data at hand
(see [3] for details).

5.5 Spectral Methods

5.5.1 Spectral Graph Matching

The method proposed by Leordeanu and Herbert [13] takes an alternative approach
in order to make the correspondence estimation more robust. Here, the problem is
represented by a properly constructed graph, which is built in a first step. Next, the
solution can be obtained by an adequate examination of the graph through utilizing
its so-called spectral properties (see below). This method is also an example of the
usage of relaxation methods for discrete optimization problems.

In [13] two issues are considered during correspondence estimation:

1. Individual correspondence affinity: This term measures the confidence that two
points p;, and p,, (which are elements of two different point sets
Py={pimell,...,M]}and P, = {p,,;n € [1,...,N]}) form a correspon-
dence if we just consider the properties of the points themselves, i.e., without
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taking their relation to other points into account. This can be done by calculating
a descriptor-like SIFT [14] for each point (yielding d;, and d,,) and then
measuring the individual affinity through the similarity betweend, ,, and d, ,, for
example. If a potential correspondence is very unlikely, e.g., because d; ,, differs
much fromd, ,, this correspondence is not accepted, i.e., no node is created in the
graph.

2. Pairwise affinity: Here, a pair of possible correspondences is considered. Imagine
that we want to evaluate how consistent it would be if we matched p, ,, top,, (in
the following denoted as possible correspondence a) and p; ,,, to p,,, (possible
correspondence b). A measure of consistency between a and b could be based on
the similarity of the distance between p, ,, and p, ,, to the distance between p, ,,
and p, . If the distances are similar, it is likely that the relationship between the
points of both correspondences can be expressed by the same transformation.
Please note that this measure is only suitable for distance-preserving
transformations like the Euclidean transformation considering translation and
rotation. This metric doesn’t work any longer when we also want to consider a
significant amount of scaling, for example.

A measure m(a,b) for the distance similarity used in [13] is given in the
following, where g(i,j) denotes some distance measure between i and j, whereas
the parameter o4 controls the sensitivity of the metric with respect to discrepancies
in the distances. For small 6,4, m(a, b) declines rapidly when the difference between
the two distances increases.

4.5 — —[g(ml"ng{;i(m’nzﬂ if |g(mi,my) — g(”lan2)| < 304 (5.11)

m(a,b) = .
0 otherwise

Based on these two types of affinity, the correspondence problem can be
represented by an appropriately constructed graph. Each node n, of the graph
utilized in [13] correlates to a possible correspondence a between a point p, ,, of the
first and a point p,,, of the second point set. A weight depending on the individual
correspondence affinity can be attributed to each node. For example, the degree of
similarity between the two descriptors around the points represented by the poten-
tial correspondence can be taken as a weight, which can be set to some similarity
measure fim (dl,nudz,n) , e.g., the inverse of the Earth Mover’s Distance or )(2
distance (see e.g. [18]) being based on the descriptors derived for each point.
Furthermore, two nodes n, and n;, are linked by an edge e, if their pairwise affinity
measure m(a, b) is larger than zero. The weight associated with e, can be set equal
to m(a,b).

The key observation of Leordeanu et al. [13] is that potential correspondences,
which are consistent to a common transformation, tend to form a large cluster in the
graph, where the nodes are strongly connected to each other (connection strength is
indicated by the pairwise affinities as defined above). Outliers, in turn, tend to form
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“isolated” connections. As a consequence, the task here is to find the largest
strongly connected cluster of the graph.

This can be done by representing the graph through its so-called adjacency
matrix M, which incorporates the weights of the graph nodes and edges:

 The diagonal elements m(a, a) represent the individual correspondence affinities,
i.e., the weights associated to the nodes of the graph (e.g., the descriptor
similarities). Observe that usually many possible correspondences can be
excluded from the solution search, because their individual similarity is very
low. In that case we can reduce the size of M by simply not considering those
correspondences when M is constructed, i.e., by omitting row/column a. As a
consequence, M stays rather small (of dimensionality N¢ x N¢, where N¢
denotes the number of combinations between two descriptors of different sets
with a similarity above some threshold ). This accelerates the subsequent
optimization considerably. If no individual correspondence affinity measure is
available, the m(a,a) can be set to zero. Of course, the size of M cannot be
reduced in that case (which means that MisaM - N x M - N-matrix in that case).
» The off-diagonal elements m(a, b) represent the pairwise affinities, which can be
calculated, e.g., via (5.11). Generally it can be assumed thatm(a, b) = m(b, a) and
therefore, M is symmetric. Observe that m(a, b) is zero if the distance difference
between pairs of potential correspondences is large. This should be the case for
many pairs, so in general M is a sparse matrix. As each weight m(a,b) (and the
m(a, a), too) is nonnegative, M is a nonnegative matrix of dimensionality N¢ X Nc.

How can we utilize M in order to get a solution to our problem? The goal is to
find the cluster in the graph with maximum cumulative weights. To this end, we can
introduce an indicator vector x consisting of N¢ elements, which indicates which of
the possible correspondences are actually selected as (correct) correspondences.
The element x(a) is equal to 1 if a represents a correct correspondence and zero
otherwise. Then the sum § of those weights associated with the chosen
correspondences can be calculated by S = x” - M - x. As we want to find the largest
cluster in the graph where many correspondences are tightly connected, we seek for
the indicator vector yielding the maximum value of S. Consequently, the
correspondences to be found are specified by:

X" = arg max (XT -M - x) (5.12)

Please note that usually the value of one element of x influences some others,
because the correspondences obey some constraints, depending on the application.
A frequently used constraint is that a point in one set can be matched to at most one
point of the other set. Consequently, if a represents the possible correspondence
between p; ,, and p,,, and x(a) = 1, then all other elements of x related to p, ,,,, or
p,,, have to be equal to zero. Otherwise the solution of (5.12) would be trivial
because of the nonnegativity of M, the highest score would be achieved if we
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consider all possible correspondences, i.e., all entries of x are set to one. Hence, we
have two constraints to be considered in (5.12):

¢ Matching constraints (as just described)
» The elements of x(a) can either be one or zero.

The authors of [13] now suggest a scheme which at first finds a solution by
ignoring both of these constraints and then updates the solution by considering the
constraints again. Ignoring the binary nature of the elements of the indicator vector
(only two values are possible: one and zero) leads to relaxation, as now each
element can take continuous values. In this case, we can set the L2-norm of x
equal to one without influencing the solution, i.e., xI-x=1.

Without constraints, (5.12) is a classical Rayleigh quotient problem (see e.g.,
[22]). This means that if X is set to some eigenvector v of M, the Rayleigh quotient
will yield the corresponding eigenvalue. As we seek indicator vectors which
maximize (5.12), the solution of the relaxation of (5.12) is the eigenvector belong-
ing to the largest eigenvalue of M. The fact that the largest cluster of the graph is
found with the help of some eigenvalue calculation explains why the method is
termed “‘spectral.”

This principal eigenvector can be found efficiently with the so-called power
iteration method (see e.g., [22]). Starting from some vY, the method performs the
iterative update

e MoV

v =
(M- V4|

(5.13)

The iteration finally converges to the desired principal eigenvector v*. If all
elements of v0 are set to nonnegative values, it is ensured that all elements of v* will
be within the interval [0. .. 1]. Remember that all elements of M are nonnegative,
too, and therefore, multiplication with the nonnegative elements of v* always yields
nonnegative elements again. Moreover, the normalization step of the iteration
ensures that the values are bounded by one. We can interpret a particular value v*
(a) as the confidence that the pairing of points expressed by a indeed is a valid
correspondence, which belongs to the main cluster of the graph.

In order to obtain the final solution, we have to introduce the constraints again.
To this end, in [13] the following iterative greedy proceeding is suggested (see also
flowchart of Fig. 5.9):

1. Acceptance: Select the pairing apn.x = arg max v*(a), i.e., choose that element of
v* which has the highest value and add it to the set of estimated correspondences
@r. For an.x, we can have the highest confidence that it actually is a correct
correspondence.

2. Rejection: Remove ap,x as well as that elements from v*, where the underlying
pairing is not consistent with amax. For example, if amax contains a point p ,, and
we have to ensure that each point can be part of at most one correspondence, then
we have to remove all elements from v* which contain p, ,,, too. After this, we
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Fig. 5.9 Flowchart of spectral graph matching as proposed in [13]
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Fig. 5.10 Exemplifying the robustness of the method proposed in [13] to outliers. See text for
details (© 2005 IEEE. Reprinted, with permission, from Leordeanu and Herbert [13])

can search the pairing which now has the highest confidence by going back to
step 1 with truncated v*.

3. Termination: If all elements of the initial v* are either accepted or rejected (i.e.,
v* doesn’t contain any elements any longer), we’re finished.

Figure 5.10 illustrates the performance of the method, especially its robustness
to outliers for two examples (elephant and horse). The images are shown in the top
row, whereas the detected points are shown in the middle row. For each of the
examples, a considerable amount of outliers is present. As can be seen in the bottom
row, almost all outliers are rejected successfully.
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Pseudocode

function spectralGraphMatching (in point set 1
Py={p;smell,....M]}, inpoint set 2 P, = {p,,;n€(l,...,N|}, in
image [I; , in image I, , in algorithm parameters {ty, and

bUseDescr, out set of consistent correspondences ®p

// calculation of adjacency matrix M
// lst step: indiv. corresp. affinities (diag. elems of M)
if bUseDescr == TRUE then
// descriptor calculation
derive a descr. dy, for each p;, from the patch of image I,
around it (e.g. SIFT) andd,, for all p,, accordingly
// set individual correspondence affinities
NC — 0
forn=1toN
form=1toM
if fim (dl,m, dln) > tim then
m(NC7NC) :fvim (dl.nndZ,n)
Ne «— N¢c+ 1
end if
next
next
else
// don’t use individual correspondences -> set diagonal
elements of M to zero
Ne «— M -N // exhaustive combination
set all m(a,a) =0
end if
// 2nd step: pairwise affinities (off-diagonal elems of M)
fora=1toN¢
forb=1toa—1
set m(a,b) = m(b,a) according to (5.11)
next
next

// calc. confidences in correspondence by relaxation: calcu-
late principal eigenvector of M with power iteration method

vO=[1,1,...1] // initialization of v
k<0
repeat

k1 _ k k

VR =M vE /|| M- V|

k—k+1

until convergence (yielding v*)
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// introduce constraints again
Dp—{}
repeat
select am, = argmax v*(a)
add amax to Pr.// “correct” correspondence found
V (amax) < 0
fora=1toN¢
if a is not consistent with an.x then
vi(a) <0
end if
next
until all N¢ elements of v* are processed (are of value 0)

Observe that this proceeding can be extended to the so-called higher-order
cliques, where affinities between more than two points can be considered. This is
useful if the relation between the two point sets has to be characterized by more
general transformations. For example, if we take triplets of points, the angles of the
triangle spanned by such a triplet are invariant in case of the more general class of
similarity transformations. The affinities can then be described by multidimensional
tensors, whose principal eigenvector can be found by a generalization of the power
iteration method (see [4] for a more detailed description).

Another very recent modification of the method is reported in [5], where a
probabilistic interpretation of spectral graph matching is given. This leads to a
modification of the power iteration method, which updates the adjacency matrix M
at each iteration as well, such that high-probability correspondences are reinforced.
The authors of [5] report performance superior to state-of-the-art methods in the
presence of noise and outliers at the cost of increased runtime.

5.5.2 Spectral Embedding

Jain et al. [10] proposed to utilize the spectral domain in a different respect as
follows. Imagine a situation where two 3D shapes are to be matched. It is assumed
that the shapes are represented by a mesh of surface points. Instead of estimating the
mutual consistence of two possible correspondences and cumulating them in a
matrix as done in the previous section, the authors of [10] build a separate matrix
for each shape.

Each of these two matrices A and B is composed of the distances between the
vertices of the mesh representations. For example, the element q; represents
the distance from the ith vertex of the first shape to the jth vertex of the same
shape. The vertices should be sampled rather uniformly sampled for both shapes.
Moreover, the vertex count should be similar for both shapes.

As far as the distances are concerned, Euclidean distances could be used. As we
have a mesh representation, however, it is advisable to use the so-called geodesic
distances, where the connection between two vertices (whose length defines the
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distance) is restricted to be located on the shape surface. Each row of such a so-called
affinity matrix A or B characterizes the shape properties with respect to one vertex, as it
accumulates distance information from that vertex to all other vertices of the mesh.
Therefore, it could be used as a descriptor for estimating correspondences.

The correspondence search, however, is not done in the spatial domain. Instead, a
transformation into the spectral domain is performed prior to the correspondence
search. This means that an eigendecomposition of each of the matrices A and B takes
place. When taking the top k eigenvectors of the N x N matrix A and concatenating
them in the N X k matrix E;, we can project the affinity matrix A onto the spectral
domain by calculating Ak = EZ - A. Now each column a; of Ak represents a (k-
dimensional) spectral embedding of a vertex descriptor. Correspondences can now be
searched by comparing the analogously obtained b ; with the a; in the spectral domain.
Estimating the correspondence in the spectral domain has the following advantages:

* Asusually £ << N, potential correspondences can be evaluated much faster.

e Together with some suitable normalizations, the correspondence search
becomes more robust compared to a search in the spatial domain, e.g., in the
presence of scaling and moderate distortions.

The basic proceeding suggested in [10] can now be summarized as follows:

1. Calculation of the affinity matrices A and B.
2. Spectral embeddmg with the help of an eigendecomposition of A and B, yielding

Ay and By if only the top k eigenvectors (i.e., the eigenvectors relating to the k
largest eigenvalues) are chosen.
3. Iterative estimation of the correspondences by
(a) comparing the columns Bj with the a; and
(b) updating the estimation of a transformation intending to align the two shapes
in alternation in a modified ICP proceeding in the spectral domain.

Observe that this proceeding is just a rough outline of the method proposed in
[10]. Details about normalization, re-sorting of the eigenvectors, modifications of
the ICP algorithm employed in step 3 in order to increase robustness with respect to
local distortions, etc., are omitted here for brevity. The interested reader is referred
to [10]. As was shown there, the method outperforms many well-known registration
schemes in the context of nonrigid 3D shape matching.

Essentially, this proceeding can be seen as an enhancement of the classical ICP
approach. Apparently, the utilization of spectral embedding makes the method
more robust with respect to quite common effects like scaling or surface bending.

5.6 Assignment Problem/Bipartite Graph Matching

A special case of the correspondence problem is the so-called assignment problem.
Based on two sets P; and P, of same size, the task here is to assign exactly one
element p,, of P, to each element p,, of P, ie., to establish one-to-one
correspondences between all elements of the two sets.
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Fig. 5.11 Illustrating the principle of alternating paths

Additionally, a weight w,,, is associated to each possible assignment, which
should reflect the plausibility of the assignment under consideration. The
assignments have to be chosen such that the total weight of all assignments actually
made is maximized. The weights wy,, can, e.g., be set to the similarity betweenp, ,,
and p,,. The similarity can, e.g., be calculated with the help of some similarity
measure fgim (dlA’,,,7 d27,,) between some descriptors d; ,, and d,, derived from the
image patches around p, ,, and p, ,, €.g., the inverse of the Earth Mover’s Distance
or ;(2 distance (see e.g., [18]),

The assignment problem can be reformulated as one of finding a perfect matching
in a so-called bipartite graph, where the total similarity is maximized. In bipartite
graphs, the node set N is separated into two disjoint sets A and B (see Chap. 1). If we
take Py and P, as disjoint sets, the assignment problem can be represented by a
bipartite graph G = (N = AUB, E); AN B = {}. Here, each node n4; represents a
point p, ,, of set P;, whereas each node ng; represents a point p, , of P».

The weight w;; of edge e;; € E represents the similarity fgim, (dlm, d2,,,). All edges
e;; connect nodes of different sets. All correspondences being actually established
can be summarized in the matching M, which a subset of the edges of the graph:
M C E. It contains those edges which connect matched nodes. A matching is called
perfect if it connects all nodes of the graph, i.e., it defines a correspondence for
every node of G.

5.6.1 The Hungarian Algorithm

A method of finding a perfect matching with maximal similarity is the so-called
Hungarian algorithm, which was developed by Kuhn [12] and later refined by
Munkres [17]. It is largely based on earlier work of two Hungarian mathematicians,
which explains its name.

Before we describe how the method works in detail, let’s introduce some
definitions in addition to the definitions already made in Chap. 1. Considering the
bipartite graph shown in Fig. 5.11 on the left, the red edges form the matching M.
The dashed edges form a so-called alternating path, because its edges alternate
between being not part of M (black) and being part of M (red). Additionally, its
two endpoints are free. A node is called free if it is not linked to an edge being
part of M, i.e., it is not matched to a node of the other set. An alternating path
with the additional property that both of its endpoints are free is called augmenting
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Fig. 5.12 Illustrating the
definition of tight edges and
equality graphs

path, because if we “toggle” the red and black edges (see Fig. 5.11, right part), we
increase the size of the matching by one.

Moreover, we introduce the so-called labels in the graph. A real-valued label
I(ny) is assigned to each node n; of the graph. A labeling is called feasible if the
following inequality holds for all edges:

l(l’lA_,‘) + Z(HBJ‘> > Wi A na; € A,HBJ €B (514)

An edge e;; for which (5.14) is an equality, i.e., l(nA,,') + l(nBJ) = wy; is called
tight. The subgraph Gg of G which contains all tight edges as well as all nodes
being connected to at least one tight edge is called equality graph. An example of a
graph (with edge weights and labels) can be seen in Fig. 5.12, where all nodes and
tight edges of the equality graph are shown in green.

A node v € N is called neighbor of a node u € N, if u and v are connected by a
tight edge (which is part of the equality graph Gg ). All neighbors of u are
summarized in the set Ng(u) ={v:e, € Gg}. The set Ng(S) = U,csNg(u)
summarizes all neighbors of any of the nodes u € S being part of a set of nodes S.

With these definitions, we are in the position to introduce the Hungarian
algorithm. Kuhn discovered that if a labeling of a bipartite graph is feasible
(i.e., the inequality defined in (5.14) holds for all nodes of the graph) and, addi-
tionally, a perfect matching M is part of the equality subgraph Gg of G , i.e.,
M C Gg, then M is the desired solution, which maximizes the total weight of
the edges of M. An important consequence of this finding is that the search of the
solution can be confined to the set of tight edges.

The basic working principle of the Hungarian method is to iteratively either
increase the size of the current matching estimate M (i.e., enlarge the set of estimated
correspondences) or improve the labeling such that Gg is enlarged through the
appearance of new tight edges (which can be used to enlarge M in later iterations).
The method consists of the following steps (see also flowchart of Fig. 5.13):

1. Graph initialization: At the beginning, the bipartite graph which represents the
assignment problem has to be constructed. To this end, we introduce nodes,
which are partitioned into two disjoint sets A and B, where each node of A
represents a point p, ,, and each node of B a point p, ,. Edges can be set between
the nodes with weights w;;, according to their similarity. During this step, a
labeling which satisfies (5.14) for all labels has to be found, too. Without loss of
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generality, we can set the label of all nodes of set B to zero (see also Fig. 5.12,

where the nodes of set B are all placed in the top row of the graph). In order to

satisfy (5.14), the label for each of the nodes of set A can be chosen such that it

corresponds to the maximum weight of all edges which are connected to that

node: Vny; € Az l(na;) = max wi (an example can be seen in Fig. 5.12). As a
B.j

consequence, each node n4; is connected to at least one tight edge. We can
choose as subset of these tight edges as initial matching M.

Iteration initialization: The method works on two node sets S and 7. At the
beginning of each iteration, let be T = {} (empty) and initialize S with one
arbitrarily picked node u of setA: S = {u};u € A. Additionally, u has to meet the
condition that it is free, i.e., that it is connected to at least one tight edge and that
it is not part of the current matching M. Informally speaking, the set S contains
points in A which are endpoints of potential matching extensions, whereas the set
T contains points in B which are validated to be already part of the matching and
therefore must not be used for new matching edges.

Neighborhood definition: In this step, we calculate Ng(S), which is the set of all
nodes which are neighbors to a node of S. By comparing Ng(S) with T, we’re in
the position to determine whether the matching or the labeling has to be updated.
Given that nodes of S serve as endpoints of potential matching extensions, Ng(S)
contains the endpoints “on the other side” of potential new matching edges. In
order to determine whether the labeling or the matching has to be updated, we
compare Ng(S) with T (see step 4 and 5).

Label update: If Ng(S) =T, all potential “counterparts” of new matching
candidates of A already are part of the current matching. Therefore, we update
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the labels with the goal to create new tight edges (in other words, we enforce
Ng(S) #T), which will be useful when extending the matching in later
iterations. This is done with the following update rule, which is applied to all
nodes n of the graph:

A= min {l(x) +1(y) — wy}

xeSy¢T
In)—A ifnesS
hew(n) =< I(n)+A ifneT (5.15)
I(n) otherwise

After this update, we go on with step 3 (Recalculation of Ng(S)).

5. Matching update: If Ng(S) # T, it could be possible to extend the matching.
Therefore, we arbitrarily pick a node y € Ng(S) — T. If y is already matched to a
node z, we must not take it as a new endpoint of an additional matching edge.
Therefore, we extend the setsS = SU {z} andT = T U {y} (i.e., enlarge the setT
containing all nodes validated to be already matched to some other node by y)
and go on with the next iteration (step 3). If y is free, we’re in the position to
extend the matching. According to the above assumptions and definitions, the
path from u to y has to be an augmenting path (alternation between tight edges
which are part of M and not part of M with two free endpoints). Therefore, we can
extend the matching by one edge if we alternate the affiliation of all edges of the
path fromutoy: if an edge e;; € M, we exclude it from M, if ;¢ M, we include it in
M. Finally, the size of M is increased by one edge.

6. Convergence check: Stop if M is a perfect matching. Otherwise continue
with step 2

A toy example which illustrates the mode of operation of the Hungarian
method can be seen in Table 5.3. The bipartite graph shown there consists of
two node sets A = {nAﬁ,'};i ={1,2,3,4} (bottom row of each graph) and B =
{”B,f};j = {1,2,3,4} (top row of each graph), which are in some way connected
by some edges with weights given next to each edge (see left graph of top row).

In the first step, an initial feasible labeling has to be found according to the
proceeding explained above. According to the initial labeling, the graph contains
four tight edges, from which two are selected more or less arbitrarily as being part
of the initial matching This can be seen in the right graph of top row, where
matching edges are in red; tight edges not being part of the matching are indicated
by green color. Before we describe the proceeding of the method in detail, let’s
clarify the meaning of the different colors used in Table 5.3, which hopefully help
to understand the method:

¢ Red edge: Part of the current matching (is therefore tight, too)
¢ Green edge: Tight edge but not part of the current matching

* Bold edge: Edge where an important change happens

» Dark yellow node: Node being part of set S

 Light blue node: Node being part of set Ng(S)
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Table 5.3 Illustrating the working principle of the Hungarian method

For details, see text

¢ Node framed blue: Node which is considered during the calculation of the label
update A.

¢ Colored labels: Labels which have just been updated

* Dashed edges: Augmenting paths where the matching has been updated
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The iteration is initialized with the sets S = {ns3} (dark yellow node) and
T ={}. Based on S, the neighborhood is defined by Ng(S) = {ngs} (Conse-
quently, np 4 is marked light blue node, see right part of top row of Table 5.3). As
NEg(S) # T, we can try to extend the matching. Because np 4 is a free node, this is
possible and the path between n4 3 and np 4 is augmented. As this path contains
only one edge, we just have to include the said edge into the matching in this
simple case (see the bold edge in the left graph of the second row, which
switches its color from green to red).

Now we can redefine the node sets according to S = {HA,4} and T={}.
Therefore, Ng(S) = {ng4} and again Ng(S) # T (see left graph in the second
row). This time, however, y = np 4 is not free any longer. It is matched to z = n43
instead. Therefore, we enlarge S = {na3,n4} and T = {np4}. This leads to Ng
S) = {n3,4} (c.f. right graph of second row). Now Ng(S) = T, which means that
we will update the labeling of all nodes of S and T. To this end, the update value A
has to be determined according to (5.15). A is calculated under consideration of all
nodes framed blue in the right graph of the second row and their connections and is
therefore set to 1.

The new labeling can be seen in the left graph of the third row (all colored values
have been updated). The label update has caused the emergence of an additional tight
edge (bold green). As a result, the neighborhood is enlarged to Ng (S) = {np3,np4}-.
This means that Ng(S) # T (indicating an update of the matching), but ng 3 = Ng(S)
—T is already part of the matching. Consequently, we enlarge S = {nAyg, na3, nA74}
and T = {n373, n374} (right graph of the third row). Now Ng(S) = T and we perform
another label update step based on all nodes framed blue (again, A is set to 1). This
leads to a new labeling, another tight edge (bold green) and the updated Ng(S) =
{n372, ng3, n374} (left graph of fourth row).

Thus, Ng(S) # T, and as ng, = Ng(S) — T is already part of the matching, no
matching update is to be performed (analogously to before). Instead, we enlarge
S = {nA,h nap,NA 3, nA,4} and T = {IZB,z, np 3, n3y4} (right graph of the fourth row).
As a consequence, Ng(S) = T, which indicates one more label update step based on
all nodes framed blue (A is set to 1). This leads to a new labeling, two new tight
edges (bold green) and the updated Ng(S) = {np,1,n2,n83,np4} (left graph of
bottom row).

Accordingly, Ng(S) # T, but in contrast to the previous steps, ng; = Ng(S) — T
is free. Therefore, we have an augmenting path from np | to n4 4, both of which are
free endpoints (the path is indicated by dashed edges). Consequently, we can
“toggle” each edge of the path, which leads to a new matching (see red edges in
right graph of bottom row). Finally, this new matching is complete and we’re
finished. The total matching weight is 13.

The overall complexity is O(n*), with n being the cardinality of the two
point sets.
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Please note that the algorithm given above maximizes the sum of the weights w;;
of the matching. Many problems involve evaluating costs c¢;; associated with each
correspondence though, and thus the algorithm should minimize the sum of the
weights of the matching. However, the minimization problem can easily be
converted to a maximization problem by calculating the weights w;; as differences
Cmax — Cij» Where ¢,y is chosen sufficiently large in order to ensure that all wy; are
positive. Hence, small costs result in large weights.

In its initial form, the Hungarian algorithm can only match point sets of equal
size, because it determines a matching for every node of the graph. However, the
method can easily be extended to point sets of different size by the introduction of
the so-called dummy nodes. For example, if the cardinality K of P, is larger than the
cardinality L of P, (i.e., K — L = D), the introduction of D dummy nodes in node set
B ensures that both node sets are of equal size. If a node of set A is matched to a
dummy node, this means that it has no corresponding point in practice. Moreover,
we can introduce some additional dummy nodes in both sets in order to allow
unmatched points for both sets.

Each dummy node is connected to every node of the other set (such that every of
those nodes could be connected to a dummy node). The weight of those edges can
be set to #gm, Which defines the minimum similarity two nodes must have in order to
be matched during recognition.

Pseudocode

function DbipartiteGraphMatching (in point set 1
Py={p,imell,...,K]}, inpoint set 2 P, = {p,,sn€[l,...,L]}, in
number of dummy nodes D, in minimum similarity f;,, out per-
fect matching M

// initialization of bipartite graph
Num — max(K,L)+D // at least D dummy nodes in each set
form=1toK // node set A
forn=1tolL // node set B
calculate similarity fim between p,, and p,,, e.g. 7 -
distance between descriptors dj, and dy,
Winn <_fsim
next
next
fill graph with dummy nodes and connect each dummy node to each
node of the other set with edge weight wy = fp.

// initial edge labeling
fori=1to Num

I(na;) — 2;1:]%)1(9 wij

l(l’lgﬁ,') — 0
next
choose initial matching M as a subset of all tight edges
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// main iteration loop
bInitSets «+ true
repeat
// initializationof S andT, if necessary
if bInitSets == true then
fori=1to Num
if ny; is free then
S «— {I’IAJ'}
i« Num // a free node in A is found — stop
end if
next
T {}
bInitSets « false
end if
// calculation of Ng(S)
for all nodes of § (index r)
for all edges e, connecting ng,
if ¢, is a tight edge and np &Ng(S) then
NE(S) — NE(S) U {}’ZBJ}
end if
next
next
// check whether matching or labeling is to be updated
if Ng(S) ==T then
// update labeling

A in L1060+ 1(y) — w,
— ,é?fééf{ () + 1) = wy }

fori=1 to Num
if ny; € S then
l(i’lAJ') — I(HAJ‘) —A
end if
if ng; € T then
l(ng,,v) — l(l’lB_,') +A
end if
next
else // update matching, if possible
arbitrarily pick anodey € Ng(S)—T
if yis free then
for all edges ¢; on path fromu toy
if ¢; € M then

M — M — {e;}
else
M(—MU{@,:,‘}

end if
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next
bInitSets « true //restart iteration
else //yisalready matched to some node:z
S—Su{z}
T —TU{y}
end if
end if
until M is a perfect matching (all nodes belong to exactly
one element of M)

5.6.2 Example: Shape Contexts

One example of solving the correspondence problem with bipartite graph matching
is a method for object recognition proposed by Belongie et al. [1]. The objects are
recognized by utilizing an object model learned in a training phase. This object
model is based on the so-called shape contexts, which are descriptors being built on
the shapes of the object to be recognized. Briefly speaking, each shape context
represents the spatial distribution of points being located on the object contour in a
local neighborhood around one of those contour points (also called landmark
points™).

As we will see soon, bipartite graph matching is utilized in [1] in order to find
correspondences between the shape contexts extracted from a scene image under
investigation and shape contexts from the object model. Once the correspondences
are estimated, the algorithm derives the parameters of a transformation between the
two sets of shape contexts as well as a measure of similarity between the scene
image shape context set and the model set. Based on this similarity measure, it is
possible to distinguish between different kinds of objects: we simply can calculate
the similarity measure for all models of a model database. The model with the
highest score is considered as recognized if the score is above a certain threshold.

Bipartite graph matching should enable the algorithm to robustly find a consistent
matching set which contains no or at least very few outliers, such that the subsequent
transformation estimation ought to be successful. Before we take a closer look at how
bipartite graph matching is employed in the method, let’s first introduce the concept
of shape context as well as the general algorithm flow of the method.

In order to understand the working principle of shape contexts, we assume that
the object is represented by a set of so-called contour points, which are located at
positions with rapid local changes of intensity. At each contour point, a shape
context can be calculated. Each shape context defines a histogram of the spatial
distribution of other landmark points relative to the current one. These histograms
provide a distinctive characterization for each landmark point, which can be used as
a descriptor.

A shape context example is depicted in Fig. 5.14: in the left part, sampled contour
points of a handwritten character “A” are shown. At the location of each of them, the
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Fig. 5.14 With images taken from Belongie et al. [1] exemplifying shape context calculation
(From Treiber [23], with kind permission from Springer Science and Business Media, using figures
of [1], © 2002 IEEE. Reprinted with permission)

local neighborhood is partitioned into bins according to the log-polar grid shown in
the middle. For each bin, the number of contour points located within that bin is
calculated. The result is a 2D histogram of the spatial distribution of neighboring
contour points: the shape context. One arbitrary example of these histograms is
shown on the right, where dark regions indicate a high number of points.

Please observe that shape contexts are quite insensitive to local distortions of the
objects, as each histogram bin covers a certain area of pixels. In case the exact
location of the shape varies, a contour point still contributes to the same bin if its
position deviation does not exceed a certain displacement. The maximum displace-
ment “allowed” is related to the bin size. Thus, large bins allow for more deforma-
tion than small bins. For that reason a log-polar scale is chosen for bin partitioning:
contour points located very close to the “center point” (for which the shape context
shall be calculated) are expected to be less affected by deformations than points
located rather far away. Accordingly, the bin size is small near the region center and
large in the outer areas.

The recognition stage of the method consists of four steps (see also Fig. 5.15 for

an overview):

1. Sampling of the scene image, such that it is represented by a set of contour points
Ps={ps,}:i€[1,2,...,N]. The method works best if these points are
distributed quite uniformly across the contour of the object shown in the image.

2. Calculation of shape context descriptors ds ,: For each contour point pg , being
located upon inner or outer contours of the object, one shape context dg, is
calculated, where the log-polar grid is centered at pg ,.

3. Establishment of correspondences between the shape contexts dg , of the scene
image and those of a stored modeldyyy, i.e., findk = ¢(n) for each shape context.
This mapping is based on the individual similarities between the shape contexts.
To this end, bipartite graph matching can be employed.

4. Estimation of the parameters of an aligning transform trying to match the
location of each contour point pg, of the scene image to the location of the
corresponding model point py, 4, as exactly as possible. In order to allow for
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Fig. 5.15 Tllustrating the algorithm flow of the shape context method (From Treiber [23], with
kind permission from Springer Science and Business Media, using figures of [1], © 2002 IEEE.

local deformations, the transformation is modeled by so-called thin plate splines

(TPS). TPS are used when coordinate transforms performing nonlinear

mappings and thus being able to model local deformations are needed.

5. Computation of the distance between scene image shape and model shape: One
measure of this distance is the sum of matching errors between corresponding
points. Based on this error sum, a classification of the scene image can be done
by comparing the error sums for different models.

Bipartite graph matching comes into play in step 3 of this proceeding, where the
correspondences k = ¢(n) are to be established (the matching step in Fig. 5.15).
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Therefore, we focus on this step and refer the interested reader to [1] for a detailed
description of the other steps.

In order to find the correspondences, the problem has to be formulated as a
bipartite graph. Accordingly, each landmark point is represented as a node in the
graph, where all scene image landmark points pg , are collected in a node set A and
all model landmark points p,, , in a second set B. Edges are established only between
nodes of different sets. Without the usage of any prior knowledge, each pg, is
connected to all py,, by the edges ep.

Moreover, a cost ¢, can be calculated for each edge based on the dissimilarity
between the shape contexts ds , and dy «. To this end, the % test metric is suggested,
which is given by

(5.16)

where d(r) is the rth element of the descriptor vector d. Possible modifications
aim at considering further aspects in the costs ¢, €.g., appearance similarities,
which can be measured by normalized cross correlations of image patches
around each landmark point. Observe that (5.16) is a measure of dissimilarity,
i.e., in order to find the correct correspondence (5.16) has to be minimized. If
we want to convert the problem into a maximization problem, a weight wy, can
be set such that w,; = Ccmax — Cuk-

The resulting bipartite graph matching problem can now be solved with the
Hungarian method presented in the previous section. Belongie et al. [1], however,
suggested to use the method of [11], which was considered to be more efficient in
this case by the authors. Additionally, the total similarity value of the found
matching can be utilized in a subsequent classification step (step 5 of the above
proceeding).

Observe that with bipartite graph matching all correspondences are estimated
through a joint optimization, whereas iterative methods like ICP search the best
correspondence for each element individually. As a consequence, the estimated
correspondences should contain less outliers, and, therefore, no iterative proceeding
is needed; the aligning transform can (hopefully) be estimated reliably in a single step.

The authors of [1] tested object recognition with shape contexts in different
applications, such as handwritten digit recognition and trademark retrieval.
Figure 5.16 presents some of their results for trademark retrieval. The left icon of
each group is the query trademark, whereas the three icons to the right of the query
icon show the top three most similar icons of a model database as suggested by the
algorithm. The numbers given below indicate the distance calculated by the system.

A very recent approach of estimating the correspondences between two 3D
shapes uses bipartite graph matching as a building block (see [20]). There, the
point set to be matched is sampled from a mesh representation of the shapes. The
method does not make use of descriptors; the weights of the bipartite graph, which
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Fig. 5.16 Illustrating the performance of the algorithm in the context of trademark retrieval (©
2002 IEEE. Reprinted, with permission, from Belongie et al. [1])

indicate the probabilities that two points from different shapes correspond to each
other, are derived from a spectral embedding of the sampled mesh points (as
described earlier in this chapter, c.f. [10]) instead.

Subsequently, the correspondences are estimated in an iterative Expectation-
Maximization (EM) algorithm. In the M-Step the correspondences are estimated
via bipartite graph matching, followed by a refinement step which also allows for
many-to-one mappings. The E-Step updates the weights of the bipartite graph, i.e.,
the probabilities that two points form a correspondence. M-Step and E-Step are
performed in alternation until convergence.

The combination of various methods (spectral embedding, bipartite graph
matching, iterative refinement) into one framework results in very accurate results,
as was shown in [20]. In order to get an impression of the performance, the
interested reader is referred to the figures presented in the original article [20].
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Chapter 6
Graph Cuts

Abstract Energy functions consisting of a pixel-wise sum of data-driven energies
as well as a sum of terms affected by two adjacent pixels (aiming at ensuring
consistency for neighboring pixels) are quite common in computer vision. This kind
of energy can be represented well by Markov Random Fields (MRFs). If we have to
take a binary decision, e.g., in binary segmentation, where each pixel has to be
labeled as “object” or “background,” the MRF can be supplemented by two
additional nodes, each representing one of the two labels. The globally optimal
solution of the resulting graph can be found by finding its minimum cut (where the
sum of the weights of all severed edges is minimized) in polynomial time by
maximum flow algorithms. Graph cuts can be extended to the multi-label case,
where it is either possible to find the exact solution when the labels are linearly
ordered or the solution is approximated by iteratively solving binary decisions.
An instance of the max-flow algorithm, binary segmentation, as well as stereo
matching and optical flow calculation, which can both be interpreted as multi-
labeling tasks, is presented in this chapter. Normalized cuts seeking a spectral, i.e.,
eigenvalue solution, complete the chapter.

6.1 Binary Optimization with Graph Cuts

6.1.1 Problem Formulation

Many computer vision problems can be modeled by a Markov Random Field
(MRF), because MRFs are well suited for representing a class of energy functions
which are of widespread use in computer vision. These energy functions mainly
consist of two terms (cf. (6.1)):

e A data-driven term E4, where we can evaluate for each pixel p (represented by a
node in the MRF) how well our estimations correspond to the observed data.
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Fig. 6.1 Illustrating the
topology of a two-terminal
graph (left), for which a
minimum cut is to be
calculated (right, cut in
green)

e Interaction potentials Eiy between adjacent pixels (nodes of the MRF), which
measure the “consistency” between estimations of adjacent pixels p and ¢, e.g.,
all pixels within a 4-neighborhood .

Eyge = 2 Ea(p) + 2 Eindp.q) (6.1)

P PgeN

Consider a binary segmentation task, for example, where we want to partition an
image into object and background, i.e., we have to decide for each pixel p whether it
can be classified as “object” or “background.” Informally speaking, a “good”
segmentation is obtained when all pixels of the same class have similar intensities
(or colors) and if the boundaries between pixels labeled as “object” and ‘“back-
ground” are located such that adjacent pixels of different labels have dissimilar
intensities/colors. The mapping of these criteria to the two terms of the energy of
(6.1) is straightforward as follows:

e E4 measuring data fidelity can be derived from an evaluation how well the
observed data at pixel p fits into intensity/color statistics obtained from pixels
with known labeling, which could, e.g., be brightness histograms or Gaussian
mixture models of color distributions.

e The interaction potentials Ej,, which measure the cost of assigning different
labels to adjacent pixels, can be based on the intensity or color difference
between adjacent pixels p and g (e.g., where ¢ is located within a 4-neighborhood
around p). High differences are mapped to low costs and vice versa.

This kind of energy function can be modeled by an MRF, where each pixel p is
represented by a node (see Fig. 6.1 for a small example covering just 3 x 3 pixels).
In accordance to the pixel grid, these nodes are arranged in a rectangular
two-dimensional grid. Adjacent nodes p and g are connected by an edge ey,
(black lines in Fig. 6.1). For example, a node p can be connected to all nodes within
its 4-neighborhood. Another common choice is connecting all nodes within an 8-
neighborhood. The weight w,, of each edge e,,, represents the interaction potentials
Ein(p, q) between adjacent pixels. wy, should be high when the intensities/colors of
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p and ¢ are similar. The numerical value of the weights is indicated by the thickness
of the connections in Fig. 6.1.

In order to incorporate the data-driven terms E4, two additional so-called
terminal nodes (one “source” node s and one ‘“‘sink” t) are introduced. Every
nonterminal node can be connected to s as well as ¢ by additional edges e, and e,
These edges are also called t-links (terminal links), whereas edges between two
nonterminal nodes are called n-/inks (neighborhood links). Each terminal node
represents a label, e.g., for binary segmentation s can be chosen as “object terminal”
and ¢ as “background terminal.”

The weights w,, reflect the fidelity of the intensity/color at pixel p to the object
pixel statistics (and wy, the fidelity to the statistics of the background pixels). Hence,
W, should be high (and w,,, low) if the data observed at p fits well into the statistics of
all known object pixels. Respectively, w),, should be low (and w), high) when the
appearance at p is in accordance with background appearance.

As a summary, the whole setting is described by a graph G = (N, E) consisting
of nonterminal nodes representing the pixels of the image, two terminal nodes
representing the two labels “object” and “background,” as well as edges connecting
the nodes, whose weights represent the energies as defined in (6.1).

A binary segmentation of the image can now be represented by a so-called
graph cut. A cut C of a graph is a subset of edges (C C E), which separate the
node set N of the graph into two disjoint subsets A and B, i.e., N=AUB and
AN B = {}.C defines a valid binary segmentation if the two terminals are contained
in different subsets. This implies that each nonterminal node remains either
connected to s or ¢, which can be interpreted as follows: if the node of a pixel still
is connected to s, it is classified as “object”; if it remains connected to 4, it is assigned
to the “background” label.

For each cut C, we can define a so-called cut function E¢, which can be set to the
sum of the weights of the edges it severs:

Ec = Zwe (6.2)

ecC

Consequently, the optimal segmentation can be found if we find the minimum
cut, e.g., the subset of edges which minimizes (6.2):

C* = argmin Z We (6.3)

In the general case, the problem of finding the minimum cut is NP-hard, but for
the special case of two terminals, it has been proven that the minimum cut can be
found in polynomial time. Efficient algorithms are presented in the next section.

The main advantage of graph cuts is that in contrast to many other methods, it is
possible to find a global optimum of the energy function defined in (6.1) if
appropriate algorithms are employed to find the minimum cut. Moreover, the
computational complexity of the worst case is quadratic with the number of pixels
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and in practice allows a rather fast optimization for typical image sizes. However,
up to now, as we just have two terminals, only binary decisions can be modeled by
graph cuts.

In fact, Grieg et al. [13] were the first to introduce graph cuts in computer vision
applications by proposing to solve the problem of restoring binary images with
graph cuts. Probably mainly due to this restriction, their work remained unnoticed
for a long time. However, in the meantime it was discovered that a fairly large
amount of vision problems can be tackled by binary decisions, and, furthermore,
graph cuts can be extended to a multi-label case efficiently. As a consequence, this
field became a quite active area of research over the last decade.

6.1.2 The Maximum Flow Algorithm

Now that we know how to build a graph representing energy functions for binary
labeling problems in the form of (6.1), let’s turn to the question how to find the
minimum cut of the graph. Please note that most algorithms do not try to solve the
optimization problem of (6.3) directly. Instead, they seek for the so-called maxi-
mum flow through the graph, which was shown by Ford and Fulkerson [9] to yield
the same solution as finding the minimum cut.

Here, the edges of the graph are interpreted as “pipes,” which can be used to
pump water through them. The maximum total amount of water which can be
pumped from the source to the sink is called the maximum flow. The weight of each
edge can be interpreted as the “capacity” defining the maximum amount of water
which can run through the corresponding pipe segment. An edge is called
“saturated” if it contains as much water as possible and, consequently, there is no
spare capacity left. We can increase the total flow through the graph until the
maximum flow is found. At that point, every possible path from s to ¢ contains at
least one saturated edge, because if there would exist a path where every segment
has spare capacity left, we could further increase the flow.

According to Ford and Fulkerson, the maximum flow solution, which yields a set
of saturated edges, is equivalent to the minimum cut solution. After calculating the
maximum flow, the set of saturated edges directly leads to the minimum cut
solution (if a unique solution exists) as follows: If we exclude all saturated edges
from the graph, every nonterminal node remains connected either to the source or
the sink. Consequently, the set of saturated edges partitions the graph into two
disjoint node subsets. Consequently, all former edges between nodes belonging to
different subsets must be part of the minimum cut.

Informally speaking, evidence for equivalence of the maximum flow and mini-
mum cut solution is given because of two reasons:

« Every path from s to # has to contain at least one saturated edge. Otherwise, there
would be some capacity left at each pipe segment of the path and we could
increase the flow. The fact that there is at least one saturated edge in every path
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from s to  ensures the fact that s and ¢ are contained in different subsets of the
partitioned graph.

¢ Pipes with small capacity are expected to saturate soon as the flow through the
graph increases. This corresponds to the fact that the minimum cut should
contain many edges with small weight.

Basically, there are two main classes of algorithms intending to find the maxi-
mum flow:

» Augmenting path algorithms: This type dates back to the article of Dinic [8] and is
an iterative procedure, which maintains a “valid” flow at each iteration. In order to
be a valid solution, the incoming flow has to be equal to the outgoing flow at every
node of the graph. Starting from zero flow, these methods try to iteratively
increase (“augment”) the total flow by first identifying a path with spare capacity
left and then increasing the flow through this path as much as possible in each
iteration step. The iteration terminates when no more increase is possible.

* Push/relabel algorithms introduced by Goldberg [11] allow the nodes to have a
flow “excess,” when the incoming flow is larger than the outgoing flow. As the
occurrence of an excess represents an invalid total flow, the excess has to be
eliminated again at some point of the proceeding. To this end, the algorithm
seeks to distribute the excess occurring at a node among its neighbors. Without
going into details here, we refer the interested reader to [7], which gives a good
explanation of this class of algorithms.

In the following, we want to present the algorithm of Boykov and Kolmogorov
[3], which falls into the class of augmenting path algorithms and tries to reuse
information gathered at previous iterations during the search for paths with spare
capacity. While it is commonly accepted that push/relabel algorithms perform best
for general graph cut applications, the authors of [3] experimentally showed that
their algorithm outperformed other max-flow methods in the special context of
typical vision applications.

As already mentioned, augmenting path algorithms fall into the class of iterative
procedures, where in each iteration a path from s to # with spare capacity is identified
first. Next, we can try to increase the flow along this path as much as possible. The
iteration stops when no more growth of the flow is possible. Because the total flow
is augmented at each step (and never reduced), the algorithm is guaranteed to
converge.

In order to identify paths with spare capacity in an efficient manner, the algorithm
maintains two data structures, a so-called residual graph and a search tree:

e The residual graph has the same topology as the graph to be optimized, but in
contrast to the “main” graph, the weights of its edges are set to the spare capacity
which can be used to augment the flow along these edges. At start (where the
total flow is zero), the residual graph is identical to the main graph. As iteration
proceeds, the weights of its edges will successively be reduced. As a conse-
quence, saturated edges will disappear, because their spare capacity (and conse-
quently their weight in the residual graph) will be zero. With the help of the
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Fig. 6.2 Flowchart of the max-flow algorithm

residual graph, the algorithm is able to identify the amount of “delta flow” we
can add to the total flow, once an augmenting path is identified. Additionally, it
helps when building the second data structure (the so-called search tree).

The search tree enables the scheme to identify the path to be augmented at each
iteration in an efficient manner. It consists of “active” as well as “passive” nodes.
Nodes are called active if the tree can grow at these nodes, i.e., new children can
be connected to these nodes (all active nodes are summarized in the set A).
Potential children of a node # are the set of neighbors of # in the residual graph.
Passive nodes cannot grow any longer. At start, the set S, which summarizes all
nodes the tree contains, consists of just the source node s: S = {s}. At each
iteration, the algorithm intends to grow the tree until it contains the sink ¢. To this
end, it selects a node from the set T, which is composed of all “free” nodes not
being part of the search tree yet. Once ¢ is added to the tree, a path from s to # which
can be augmented is found. As the augmentation involves the appearance of
saturated edges, the tree has to be pruned accordingly at the end of each iteration.
The modified tree can be reused in the next iteration. Because the search tree is
maintained and modified throughout the whole procedure, it gathers knowledge of
previous iterations, which helps to accelerate the search for new paths.

Overall, each iteration comprises the following three steps (see also flowchart of

Fig. 6.2):

Growth stage: This stage expands the search tree until the sink is added to the
tree. After that, a path with spare capacity, which can be used to augment the
total flow, can be identified in the next stage. During expansion, the algorithm
iteratively picks a node a of the active node set A and adds free nodes which are
picked from set T to the tree. The condition for this purpose is that a free node b is
linked to a in the residual graph, i.e., that it is a neighbor of the pixel which is
represented by a and the edge e, linking both nodes has spare capacity left. The
iteration stops either if T becomes empty (then the scheme has terminated as no
more augmentation is possible) or if the sink ¢ is added to the tree.
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e Augmentation stage: Starting from ¢, the tree can be traced back to the source s,
which allows us to identify the path p to be augmented: p consists of all nodes we
passed when tracing back the tree. The next task is to identify the smallest spare
capacity A along p. This can be done by evaluating the edge strengths of the
residual graph. Now we can augment the flow by adding A. Consequently, the
strength of all edges along p has to be reduced by A in the residual graph. Please
note that now at least one edge becomes saturated. Accordingly, all newly
saturated edges are removed from the residual graph and from the tree as well.
As aresult, some nodes of the search tree become “orphans,” i.e., they don’t have a
parent any longer. These nodes are collected in the set O. In other words, the tree
splits into a “forest,” where the newly emerged trees have some node of O as root.

» Adaption stage: In this stage, the aim is to recover a single tree from the forest.
To this end, either a new parent has to be found for each orphan or, if this is not
possible, the orphan has to be removed from the tree and added to the set of free
nodes T. In that case, all of the children of that orphan have to be added to O (and
subsequently processed in the adaption stage) as well. This stage terminates
when O becomes empty. In order to find a parent for an orphano € O, all nodes g,
which are linked to o via a non-saturated edge, are checked. If g € S, and if the
tree to which g belongs to has the source s as root, then ¢ can be accepted as a new
parent of o. If these conditions are met by none of the members, o is removed
from the tree and all children of o are added to O. These nodes are also added to
the active node set A (if they are not active already), because those nodes are
neighbors of o, which has just been added to the free node set. This means that
there exists a free neighbor for all those nodes, i.e., a possibility to expand the
tree, and consequently their status has to be set to “active.”

Pseudocode

function augmentingPathMinGraphCut (in graph G = (N,E), out
minimum cut C*)

// initialization

S — {s} // the only node of search tree is source node
A — {s} // the only active node is the source node
T—N-—{s} //allother nodes are “free” nodes

o0 —{} // no “orphans”

Gr=G // residual graph Gg is equal to “main” graph

// main iteration loop

repeat
// growth stage
p=1{} // no augmenting path is known at this point
ifrc Sthen // tree contains sink from previous step

trace back tree fromtto s — identify and set pathp
end if
whilep=={}ANA#{} //active nodes for expansion exist
randomly pick an activenodea €A
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forall non-saturatededgese, linkingato some neighborg
ifgeTthen //qisa freenode
S —SuU{q} // add q to search tree
A—AU{q} //q is an active node
T —T-{q} // remove q form free node set
Remember a as parent of ¢ (for backtracking)
if g ==tthen // path to sink found
trace back tree fromttos — identifyp
break // path found — terminate while-loop of
growth stage
end if
end if
next
A—A—-{a} //allneighbors of a are processed
end while

// augmentation stage
if p#{} then //augmenting path is found: p not empty)
find smallest free capacity 4 alongp
update Gg by decreasing all data weights along p by 4
for each edge ¢, becoming saturated
0O —0U{r} // r becomes an “orphan”
next

// adaption stage
while O #{} // orphans still exist and must be
eliminated
randomly pick an orphan o € O
bParentFound « false
for all non-saturated edges ¢, linking a potential new
parent gofotoo
if ge Sand g is linked to source s then
// parent found
connect 0 to g in search tree
bParentFound « true
break // abort for-loop as new parent is found

end if

next

if bParentFound == false then // no parent found
S —8S—{o} // remove o from tree
A—A—{o}ifo€A // free node can’t be active
T —TU{o} // addo to free node set

add all children of o to the set of orphans O
add all children of o to active node set A, if they
currently are ¢A

end if
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0 — 0 —{o} // 0 is processed now
end while
end if
until p == {} // terminate when no augmentation path is
found

// find minimum cut
c —{}
forall edgesec E
if ¢¢Ggr then //e is saturated (not part of Gg)
C*—C*"U{e} //adde tominimum cut
end if
next

6.1.3 Example: Interactive Object Segmentation/GrabCut

As already mentioned, graph cuts can be used for binary segmentation (see, e.g., [1, 2]),
where the task is to partition every pixel of an image into one of two sets (“object” and
“background”).

This task can be accomplished by finding the minimum cut of a graph G as
presented above, where the nodes are arranged in a rectangular grid. Each pixel
is represented by one node p, which is linked to its neighbors. In [2] an
8-neighborhood is used, but other topologies are possible. Additionally, G
contains two terminal nodes, where the source s is called “object terminal” and
the sink 7 represents the “background terminal.”

A cut of G, which partitions the node set into two disjoint subsets A and B, where
s and ¢ are forced to belong to different subsets, defines a segmentation such that all
pixels remaining connected to s are considered to be classified as “object” pixels.
Accordingly, all pixels remaining connected to ¢ are considered to be classified as
“background” pixels. The segmentation boundary is defined by all n-links between
two nonterminal nodes being severed by the cut. Observe that such a cut imposes no
topology constraints, i.e., the “object area” can be split into multiple regions, which
can also have holes, and so on.

A segmentation can be specified by a binary vector I, whose number of elements
is equal to the number of pixels. The entry /, € {0, 1} relating to pixel/node p is set
to 1 if p belongs to the object region and set to O if p belongs to the background
region, respectively.

The “quality” of a segmentation can be measured by a cost function E(I)
consisting of two terms:
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where 1 is a weighting factor balancing the two terms. The two contributions of the
cost can be explained as follows:
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 The regional term R(1) evaluates how well the pixels fit into the region they are
assigned to (which is defined by 1). To this end, it sums up the contributions
R, (l,,) of each pixel p (the R, (l,,) sometimes are also called unary term, as they
are affected by only one pixel). A simple measure is how well the intensity (or
color) of p fits into an intensity (or color) distribution, which for now is assumed
to be known for both regions. The R,,’s should act as a cost: if the intensity /,, of p
correlates well with the intensity distribution of the “object class,” R,,(1) should
be low (conversely, R,(0) should be low if I, fits well into the background
statistic). The R,’s can be represented by the edge weights of the #-links in the
graph. For example, if I, is in accordance with the “object distribution,” there
should be a strong link to the source (object) terminal s and a weak link to the
sink (background) terminal f. Therefore, the edge weight w, of the edge
connecting p with the terminal is set to R,(1) (which is low in case I, fits well
into the object intensity distribution and can therefore be severed at low cost).
The edge weight w,, to the source is set to R,(0), respectively.

» The boundary term B(1) defines the cost of assigning adjacent pixels to different
regions. It therefore consists of the sum of the contributions B,, of all
combinations of pixels p and ¢ located in a neighborhood w, e.g.,
8-neighborhood. The d-function ensures that we only count costs when p and ¢
are assigned to different regions, i.e., [, # [,. A simple measure for B, is based
on the intensity difference between p and g: if I, is similar to I, B,, should be
high, because it is unlikely that adjacent pixels with similar appearance belong
to different regions. The B, can be represented by the edge weights w),, of the
n-links in the graph.

The aim of the segmentation algorithm is to find a segmentation 1" such that E(1)
is minimized: I = arg mlin E(1). In order to find I*, we can apply a minimum graph

cut algorithm, because — if we set the edge weights as just explained —E(1) is defined
by the sum of the weights of all edges of G being severed by a particular cut. Hence,
finding the minimum cut also reveals an optimal segmentation in the sense that £(1)
is minimized.

Up to now, an open question is how to calculate the individual costs R, and B,,,.
Considering the boundary costs B),, it can be assumed that the cost of a cut is high,
if the intensities of p and ¢ are similar. This can be expressed by

2
By, = exp (— (Ip — Iq) ) ! (6.5)

207 d(p.q)

where d(p, ¢) denotes the spatial distance between p and ¢. In a 4-neighborhood this
term can be neglected, but in a 8-neighborhood it can be used to devalue the
diagonal relationships.

As desired, B, takes low values when /, and /, are quite different. However,
please note that intensity differences between single pixels are sensitive to camera
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noise. Generally, it is not indented to obtain low values of B,, because of noise.
Therefore, the factor o is introduced. ¢ determines how much /, and /, have to differ
for a low cost. Roughly speaking, the cost is small if ’[p — [q’ < o. Hence, a proper
value of o can be derived from camera noise estimation.

As far as the regional terms R, are concerned, we need to define a quantity
measuring how well the intensity /, fits into intensity statistics of the object or back-
ground pixels. For the moment, let’s assume that we know the intensity histograms
Ho of the “object” class and Hg of the “background class,” respectively. After
appropriate smoothing, Hop and Hp can directly be interpreted as a probability that
a pixel with intensity / belongs to the corresponding class: P(lp = 1) x Hop (Ip) and
P(l, = 0) o< Hg(1,), respectively. However, we need costs instead of probabilities.
Observe that probabilities can easily be converted into costs if we take the negative
logarithm of the probability distribution. Consequently, the R, can be expressed as

R,(1,) = { :12 F:I(; Ezﬁ ii Z ié (6.6)

where the 1170 and H g are smoothed and scaled versions (such that the sum of all
entries equals 1) of the intensity histograms. With (6.5) and (6.6) the graph is
completely defined. Its minimum cut can, e.g., be found by applying the method
described in the previous section.

But there still is the open question how to get knowledge about the distributions

Ho and Hg. In some applications, Ho and Hg can be derived from a priori
knowledge. However, this might not be possible in every case. Therefore, [2]
suggest an interactive procedure: At start, the user marks some pixels as “object”
and some as “background” by drawing brushes upon the image. Now the system
can derive the histograms from the regions covered by the brushes.

Because the marked pixels just have to be located somewhere within the object
and background regions, the exact position of the brush is not crucial. This fact
makes this type of user input rather convenient (compared, e.g., to a definition of
boundary pixels as necessary in the “intelligent scissors” method presented in the
next chapter, where the positions should be as accurate as possible).

Please note that there is a second way of making use of the brushes: In fact, the
pixels of the brushed regions have already been classified by the user. This
classification acts as “hard constraints” for the subsequent automatic segmentation,
as it must not be changed by the system. Consequently, we can set the R,,’s of those
pixels such that it is ensured that the label of those pixels remains unchanged.
Observe that these hard constraints simplify the problem, because the number of
unknowns is reduced.

An example of the performance of graph cut segmentation can be seen in
Fig. 6.3, where the segmentation result is indicated by the coloring. While the
original images are grayscale, the segmented background is colored blue, whereas
the object area is indicated by red color. The solid red and blue brushes indicate the
user input serving as hard constraints. As clearly can be seen, the method is capable
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Fig. 6.3 Exemplifying the performance of graph cut segmentation for two grayscale photographs
(From Boykov and Funka-Lea [1], with kind permission from Springer Science and Business
Media)

of accurately separating the object of interest from the background, even in the
presence of considerable texture in both regions.

Observe that the segmentation process can also be implemented as an interactive
update procedure: after a first “round” of user input, the system calculates the
minimum cut according to this input and presents the segmentation result to the
user. Now, the user can add additional brushes in order to refine the result. The
newly added brushes lead to new hard constraints and the graph is adjusted
accordingly by changing the weights of the affected #-links. Based on the former
solution, the system can now calculate a refined segmentation very quickly. Of
course, additional update steps are possible.

However, new user input leads to an altered segmentation result only if the user-
specified label differs from the automatic labeling. Moreover, the change of the
t-link weights might involve a reduction of weights such that the constraint that all
paths from the source terminal to the sink contain a valid flow gets violated. This
would mean that the new solution would have to be calculated from scratch again.

Such a situation can be avoided, though, if the weight is increased for both #-links
of a node being affected by the new hard constraints appropriately (see [1] for details)

One advantage of graph cuts is that an extension to higher dimensional data is
straightforward. For example, the two-dimensional graph grid can be extended to a
3D volume of nodes, which are connected by 6- or 26-neighborhoods. Then, the
minimum cut defines a 2D surface, which optimally separates object volumes from
the background.

A typical application is the segmentation of volumetric data in medical imaging.
Figure 6.4 shows an example of this, where the task is to separate bone tissue in a
3D volume acquired by a CT scanner. The user can specify the hard constraints in
one (or more) 2D slice(s) of the data (left image, red: bone tissue, blue: back-
ground). After that, the system is able to generate a 3D segmentation based on this
input (right image, showing the extracted bone tissue volume).
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Fig. 6.4 Showing an example of the usage of graph cuts in 3D segmentation for a medical
imaging application (From Boykov and Funka-Lea [1], with kind permission)

A further modification is to introduce directed edges in the graph. In doing so,
neighboring nonterminal nodes are connected via a pair of directed n-links of opposite
direction (see the graph example in left of Fig. 6.5). If a cut separates two neighboring
nodes, exactly one of the edge weights is contained in the total cut cost, whereas the
other is ignored. For example, if p remains connected to the source (object) terminal
and g to the sink (background), we can specify that the weightw,,, contributes to the cut
cost and wy, is ignored. Respectively, if p remains connected to the sink and ¢ to the
source, wy, is considered in the cut cost calculation and wy,, is ignored.

Such a modeling helps to incorporate contrast direction information, for exam-
ple. Suppose we know in advance that the object we want to segment should be
brighter than the background. Then, we can set w,,, to a high constant value in the
case of I, < I, because if the cut separates p and ¢ such that p remains connected to
the source/“object” terminal, by definition we have to include w), into the cost.
Taking a priori knowledge into account, this should not occur and therefore has to
be punished. As far as the w,, are concerned, they can be set according to (6.5),
because the higher the difference I, — I, the lower the cut cost should be.

Such a refined modeling can help to considerably improve segmentation result,
as Fig. 6.5 shows. Here, we want to segment the liver tissue from the background.
The liver tissue is known to appear brighter than the muscle tissue, which surrounds
it. However, very bright bone tissue can be located very close to the liver. Without
this knowledge, the system calculates a segmentation boundary along the bone,
because there the local contrast is very high (second image from the right in
Fig. 6.5). Considering contrast direction information leads to the result shown in
the right image of Fig. 6.5, which is more accurate (especially near the bone tissue).

The GrabCut system proposed by Rother et al. [16] enhances the binary seg-
mentation scheme of [2] in three respects:

* As the method is designed for color images, the region costs R, are derived from
the similarity of the color at pixel p to a mixture of Gaussian distributions
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source

Fig. 6.5 Illustrating the improvement when using directed graphs (left). The right part
exemplifies this enhancement for an example of a medical image segmentation (see text for
details) (From Boykov and Funka-Lea [1], with kind permission from Springer Science and
Business Media)

(Gaussian mixture model/GMM) instead of simple intensity histograms. This
allows for a more precise modeling of the object and background statistics and
hence improves the segmentation quality.

» The segmentation is calculated in an iterative manner without additional user
input between the iterations. Starting with an initial GMM, the algorithm
calculates an initial segmentation and then iteratively alternates between an
update of the GMM based on the segmentation result and an update of the
segmentation based on the improved GMM, until convergence is achieved. This
simplifies the user input in two respects: First, the algorithm can start with a
single rectangular bounding box containing the object specified by the user
instead of multiple brushed regions. Second, less “correction steps” with addi-
tional hard constraints specified by the user are needed.

e A border matting process is performed after “hard” segmentation, which
calculates alpha values in a small strip around the segmentation boundary
which was found by the minimum cut. This allows for soft transitions between
object and background and thereby reduces artifacts caused by pixels showing a
mixture of foreground and background (e.g., due to blur) in the original image.

An example of the good performance of the algorithm can be seen in Fig. 6.6,
where, despite the challenging situation, the scheme is able to produce a good
segmentation result.

6.1.3.1 Rating

Let’s give some notes about what distinguishes graph cuts from other optimization
methods. At first, there is to mention that graph cuts are able to find the global
optimum, whereas, e.g., variational methods conceptually just search just a local
optimum (if the energy functional is not convex) by solving the Euler-Lagrange
equation. In that case we have no guarantee how close the local solution gets to the
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Fig. 6.6 Exemplifying the performance of the iterative GrabCut segmentation. The original
image (red rectangle: initial user-specified region) is shown upper left. The lower left image
shows the segmentation result after additionally adding some hard constraints (shown in the upper
right image; background: red brushes, foreground: white brush). A close-up of the region around
the hands, which is particularly difficult to segment is shown lower right ([16] © 2004 Association
for Computing Machinery, Inc. Reprinted by permission)

global optimum. Compared to other segmentation methods using shortest path
algorithms (like intelligent scissors; see next chapter), it can be seen that those
methods only use boundary terms during optimization, whereas with graph cuts it is
possible to include regional terms as well and, additionally, to perform a relative
weighting of these two parts. Moreover, graph cuts offer the possibility of a
straightforward extension to higher dimensions.

On the other hand, graph cuts are said to have a so-called shrinking bias, because
there is a trend that the total cost sinks if only a few n-links are severed, especially
in setups where the regional terms get high weighting.

6.1.4 Example: Automatic Segmentation for Object
Recognition

Very recent applications of graph cuts and max-flow algorithms can be found in
[5, 6] as well as [15], for example. We don’t want to present these two algorithms in
full detail here. Instead, they are included in order to stress that graph cuts and their
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Fig. 6.7 Tllustrating the algorithm flow of the parametric min-cut algorithm proposed by [5]: for
each of the multiple foreground seeds, which are arranged on a rectangular grid structure (green
dots in leftmost image), multiple minimum graph cut-based segmentations are calculated. The
weights used in the according graphs differ in the bias for each pixel to belong to the foreground,
and consequently, foreground regions of different size are found for each foreground seed (middle
part, each row depicts the segmentation results of different graph cuts obtained from one seed).
Each segmentation is ranked, where the top-ranked segmentations should represent valid segmen-
tation results (right part) (© 2012 IEEE. Reprinted, with permission, from Carreira and
Sminchisescu [6])

-i.

application still are an active area of research as well as to show that quite
impressive results can be achieved, even in extremely challenging situations.

Now let’s turn to the method proposed by Carreira and Sminchisescu [5, 6]. In
contrast to the segmentation methods presented up to now, they suggest to perform
multiple binary segmentations of the same image into foreground (object) and back-
ground regions in a first step. This is followed by a ranking and suppressing step, where
redundant and obviously meaningless segmentations are suppressed. The remaining
segmentations are ranked according to some criteria based on mid-level features like
object area and compactness. The top-ranked segmentations could serve as input to a
subsequent object recognition scheme. Figure 6.7 exemplifies the algorithm flow.

The currently prevailing proceeding for object recognition tasks is to avoid
segmentation, mainly because of the ambiguity of low-level vision cues typically
used for segmentation. Carreira and Sminchisescu argue that instead of a single
segmentation, the proceeding of first computing several segmentations and subse-
quently ranking them could alleviate these problems. Besides, some applications
like gripping, for example, require a precise separation of the object from the
background, which requires a segmentation step at some point anyway. Imagine a
gripping task, where a vision robot has to grasp the handle of a cup. In order to do
this, it has to know the precise location of the handle, and therefore a pure detection
of the object class “cup” in some rectangular window is not sufficient.

Carreira and Sminchisescu employ graph cuts for segmentation, too, but here no
user interaction is required. Instead, they run multiple min-cut algorithms, each
starting with an automatic assignment of some pixels to the two terminal nodes. To
this end, the inner part of the image is sampled by a rectangular grid, and for each
run of the graph cut algorithm, some pixels located near one particular grid position
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(the foreground seed) are linked to the foreground terminal. As far as the back-
ground terminal is concerned, some pixels of the image border are treated as
background seeds at each run.

Additionally, the cost function employed for the regional term features a param-
eter 1, whose value can be chosen arbitrarily. Different values of A result in a
different bias of the cost function for assigning the pixels to the foreground.
Consequently, multiple segmentations can be produced with the same seed pixels,
as different values of 4 are used. Please note that it is not necessary to run a separate
max-flow algorithm for each value of 1. Instead, a variant of the max-flow
algorithm, called parametric max flow, is able to calculate the minimum cuts for
all values of 1 in a single run.

In a last step, the segmentations are ranked based on a vector of different region
properties like area, perimeter, and value of the cut (see [6] for details). As was
shown by the authors, the top-ranked segmentations allow for a plausible interpre-
tation of the scene, even in challenging situations. Their scheme performed best in
the VOC 2009 and VOC 2010 image segmentation and labeling challenges, which
supply a tough test bed and compare state-of-the-art algorithms. However, due to
the multiple runs of the min-cut algorithm, their method is rather slow.

Another recent approach using graph cuts in order to obtain a binary segmenta-
tion is presented by [15]. Within their method, the segmentation task is formulated
as the problem of finding the optimal boundary surrounding the region around a
so-called fixation point, which roughly speaking defines a point of special interest
which could be fixated by the eyes of a human observer. The fixation point can be
estimated automatically by evaluating the saliency of all pixels of the interest
region and taking the most salient one. This proceeding tries to imitate the human
visual system, where there is evidence that humans first fixate a characteristic point
and subsequently recognize the object around it.

Furthermore, the algorithm calculates a probability map being composed of the
probabilities of each pixel for being part of the region border. Various cues are
combined in order to estimate these probabilities. Obviously, intensity or color
discontinuities or changes in the texture around a pixel indicate a high probability of
being a border pixel. However, this can also occur inside an object.

In order to resolve this ambiguity, other cues like depth discontinuities (if a
stereo camera system is used) or motion (if a video sequence is available) can be
used (see [15] for details about how to combine the cues as well as the probability
map calculation). These so-called dynamic cues are much more unlikely to appear
in the interior of objects. For example, a sharp change of scene depth strongly
indicates that there is a transition form background to a foreground object being
located much closer to the camera at this position.

These probabilities are used for the boundary term B, of (6.4) and the according
graph to be cut. This means that the weights of the n-links of pixels with high border
probability should be low. The R,,’s of (6.4) are chosen such that they represent all
knowledge about the segmentation before calculating the minimum graph cut.
More specifically, it can be assumed that the fixation point is part of the foreground,



194 6 Graph Cuts

Fig. 6.8 Demonstrating the performance of the algorithm proposed in [15]. See text for details (©
2012 IEEE. Reprinted, with permission, from Mishra et al. [15])

whereas the image border pixels are part of the background. The R,’s of those pixels
are set accordingly, whereas the R,’s of all other pixels are set to zero, as no
information about their bias is available. Now the graph is completely defined and
can be cut, e.g., via a max-flow algorithm.

As far as the shrinking bias is concerned, the authors of [15] try to avoid this
drawback by transforming the image into the polar space with equal spacing in the
annular as well as radial direction, where the fixation point coincides with the center
of the polar transform. Observe that circular contours of different diameter have
equal length in polar space. Therefore, it can be argued that the problem of graph
cuts tending to favor a segmentation of small regions with rather short boundaries
can effectively be suppressed by applying a polar transform and then building the
graph based on the polar space representation of the image, because then the
number of nodes to be severed is relatively independent of the region size.

The performance of the method is illustrated in Fig. 6.8. In the top row, three
challenging situations can be seen. The fixation point is marked by a green cross.
The images of the bottom row show the segmentation result (the segmented
foreground is highlighted and enclosed by a green contour). Despite significant
interior gradients, heavy background clutter, as well as objects featuring colors
similar to the background in some cases, the algorithm segments the object of
interest (almost) perfectly from the background.

6.1.5 Restriction of Energy Functions

This section deals with the following question: Which properties of a function are
necessary such that it can be minimized via graph cuts? This question is important,
because its answer can be used to guide the design of suitable energy functions as
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well as to decide whether graph cuts can be employed for a given problem or not.
The paper of [14] investigates this issue and we will briefly mention the main
points here.

The energy function defined in (6.4) being used for segmentation is one example
of modeling a binary problem by a function which can be minimized by a graph cut
algorithm. A generalization of (6.4) can be written as

E)=Y.D,0,) + X7,,0,.1,) (6.7)

peP {p.ajeN

where P denotes the image domain, /, defines some kind of binary assign-
ment to each pixel p (i.e., [, € [0,1]), D, models the penalty of assigning label
I, to p, and V,,, models the cost of assigning /, to p and /, to g, with p and ¢ being
adjacent pixels. Despite their compact and simple formulation, energy functions
in the form of (6.7) are hard to optimize, mainly because the dimensionality of
the space of unknowns is extremely large, as every pixel is treated as a separate
unknown. Hence, such problems often contain millions of unknowns. Conse-
quently, fast and efficient optimization algorithms are required (related to the
number of unknowns), and that’s where graph cuts come into play.

According to [14], energy functions of the type of (6.7) can be minimized via
graph cuts if the following condition holds:

Vg (0,0) + Vg (1,1) < Vpg(0,1) + Viy(1,0) (6.8)

In other words, the sum of costs of assigning the same labels to p and ¢ has to be
at most equal to the sum of costs when p and ¢ are assigned to opposite labels. Such
functions are said to be submodular. In the energy definition of (6.4), the §-function
ensures that the cost of assigning the same label to neighboring pixels is always
zero. Consequently, (6.8) holds if we assume nonnegative costs V).

Informally speaking, the D, ’s are data-driven cost terms and ensure that
the solution, i.e., the assigned labels, “fit well” to the observed data. The V,,’s
represent some prior information about the optimal solution. Because only neigh-
boring pixels are considered, the V), ’s essentially enforce spatial smoothness
by penalizing adjacent pixels with different labels.

This interpretation of (6.7) fits well into the demands of quite a variety of vision
applications including segmentation, object extraction, video texture synthesis, and
stereo reconstruction. Fortunately, the restrictions imposed by (6.8) are rather loose
and can be fulfilled in many cases as well. Together with the fact that graph cuts can
be extended to the multi-label case (which will be shown in the next sections), this
explains to a large extent why graph cuts have become increasingly popular among
the vision community over the last decade.
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6.2 Extension to the Multi-label Case

With the graph cut methods presented up to now, only binary optimization
problems, which assign one out of two possible states to each pixel in an image
(or, more generally, voxel in a N-D data volume), can be solved. Because graph cut
optimization methods have the nice property of finding a global optimum, it is
desirable to extend the proceeding from the two-label case to the more general
multi-labeling problems, if possible.

In the multi-labeling problem, the task is to assign a label /, to each pixel p with
l, €[1,2,...,L],i.e., each label can take one value out of a finite set of values with
cardinality L. If we want to find an optimal labeling, the same kind of energy
function as in (6.7) can be applied, but now the /,’s (and /,’s) can take more than two
values.

As we will see below, there exist two ways in order to achieve this:

» Adaption of the topology of the graph: Essentially, each pixel is represented by
multiple nodes here. The number of nodes being necessary to represent one pixel
is in accord with the number of labels L: each pixel is represented by as many
nodes as are necessary such that one edge exists for each label. This means that
in order to get L edges, each pixel has to be represented by L — 1 nonterminal
nodes. This results in an extension of the graph to higher dimensions. When
calculating the minimum cut, it has to be ensured that exactly one of the edges
connecting the nodes belonging to the same pixel is severed by the minimum cut.
Now the severed edge uniquely identifies the value of the label of that pixel.
Observe that this proceeding is only applicable if the labels satisfy the so-called
linear ordering constraint (see below).

e Conversion into an iterative approximation scheme: Here, the multi-label prob-
lem is converted into a series of binary labeling problems, which are iteratively
solved and finally give an approximation of the multi-label solution. While an
exact calculation of the global solution typically is not possible, it can be shown
that the approximate solution lies within some constant factor of the “true”
global optimum. In other words, the approximate solution is sufficiently
“good” in many practical applications.

6.2.1 Exact Solution: Linearly Ordered Labeling Problems

A special case of multi-label problems is problems where the labels can be linearly
ordered. Informally speaking, this means that considering any two labels a and b,
there exists a measure which allows us to decide which of the two labels is smaller.
Moreover, we can assume that ifa < band b < ¢, a has to be smaller than ¢ (a < ¢).
Now we’re in the position to order all labels of the finite set in a linear ascending
order,ic,a<b<c<....
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For example, consider the task of estimating disparities d in the two-camera
stereo matching problem, where we have to find a disparity d for each pixel. The
disparity d defines the position shift between a pixel in the left camera image and the
corresponding pixel in the image of the right camera, which depicts the same point
of the 3D scene being covered by the cameras. After a proper quantization of d, the
problem of identifying the (quantized) disparities for each pixel is a multi-labeling
problem where the labels (i.e., the quantized disparities) are linearly ordered. For
example, it is obvious that a disparity value of one pixel is smaller than a disparity
value of two pixels.

In contrast to that, consider a multi-label segmentation, where the image is
partitioned into multiple regions and each region is described by a unique label.
These labels cannot be linearly ordered, because it doesn’t make sense to define one
label as “smaller” than another.

6.2.1.1 Graph Construction

If a linear ordering of the labels is possible, we can give a natural definition of the
pairwise costs V,,,, which depends on the difference between their labels /, and /,. In
the simplest case, V), can be set to the absolute differences |lp - lq]. Then, the
energy function can be written as

E(l): ZDP([P) + z/lpq‘lp _lq‘ (6.9)

peP {p.afeN

where /,,, is a weighting factor for setting the relative importance of the smoothness
term, which can be chosen differently for each pair of pixels, but is often set to a
constant: 4,, =4 V p,q.

Without loss of generality, let’s further assume that the labels are integer values
in the range [1,2,...,L]. Then, the graph can be constructed as follows (see also
Fig. 6.9 for the simple illustrative case of only two pixels p and ¢g). As usual, the
graph contains the two terminal vertices s and ¢. Additionally, L — 1 nodes p;, p»,

..,pr—1 are introduced for each pixel p.

These nodes are connected with the edges e, ,ep,p,, ..., €p,_,; (black lines in
Fig. 6.9). Hence, there exist L such edges in the graph for each p and consequently,
each edge defines a (possible) labeling with one specific value. Therefore, let’s call
these edges “label edges.” The weights of those edges directly depend on the data-
driven costs D, which specify the cost of applying a specific label to a node. We can
set wy, ., = D,(I) + K,, where K, is a constant (i.e., K,, takes identical values
for all edges relating to node p). The meaning of K, will become clear later on.

Additionally, the graph also contains edges e, connecting neighboring nodes
(cf. gray edges in Fig. 6.9. As we have only two pixels p and ¢, each node contains
only one of those edges for this example). Usually a 4-neighborhood is assumed.
The weight wy,,, of these edges should reflect the penalty when assigning different
labels to neighboring nodes. Therefore, these edges are also called “penalty edges.”
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Fig. 6.9 Exemplifying the graph construction for multi-label problems with just two pixels p
and ¢, where each pixel is related to the black nodes of one row of the graph. The terminal
nodes are indicated by red and blue color

Fig. 6.10 Illustrating how a cut (green) helps identifying the label assignment

The weight of those edges is set equal to the smoothness weighting factor: wy,,,
=Aps V 1 €[1,2,...,L]. The reason for this will be clear soon.

A cut separating s from 7 (green line in Fig. 6.10) severs label edges as well as
penalty edges (dashed lines in Fig. 6.10). The severed label edges directly define the
labels assigned to each node. If, for example, the cut severs the edge e,,p,, the label
I, = 2 is assigned to pixel p. In the example of Fig. 6.10, based on the cut, we can
make the assignments /, = 2 and [, = 4.

Observe that the number of penalty edges of adjacent nodes p and ¢ being severed
by the cut is equal to the absolute difference of the labels assigned to these nodes,
I, — lq|. The sum of the weights of the severed edges should be equal to V).
Considering the definition of V,,, in (6.9) (which is Vg = Ay, - |, — I,]), this can be
achieved by setting the weight of each penalty edge w4, t0 Apy,.

If the cut shall uniquely define the labeling of each node (which is what we aim
for), it has to be ensured that it severs exactly one of the label edges belonging to
one node, i.e., the graph must not contain “folds.” This can be enforced by an
appropriate choice of K,,: if the K),’s are sufficiently large, a cut severing multiple
label ledges belonging to the same pixel will become too costly. Therefore, the K, is
set slightly larger than the sum of the weights of all penalty edges belonging to pixel
piK, =1+ (L-1)-% *p4 where N, » defines the neighborhood of p. As the same K,

q9eN,

i.e.,

is added to all label edges relating to node p, the relative influence of the D, (l,,) is
not affected by the introduction of the K,,.

Please note that the property of finding the global optimum can only be assured
through the special design of the V), term of the energy function, which takes the
L1 norm.

On the other hand, however, the L1 norm might tend to produce oversmoothing
in the vicinity of sharp boundaries in the data (e.g., large jumps of disparity in stereo
matching), because large jumps between adjacent pixels lead to a costly cut
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severing many penalty edges. Consequently, the optimization intends to minimize
the number of pixels where such a large jump occurs and therefore irregularly
shaped object boundaries tend to be smoothed. This behavior could be improved by
truncating the L1 norm, but truncated L1 norms cannot be represented by the graph
topology introduced in this section. Truncated, discontinuity-preserving energy
functions can be treated by the approximation methods presented in Sect. 6.2.2.

6.2.1.2 Example: Stereo Matching

Graphs with a topology just described are suitable for usage in stereo matching (see
[17, 18]). Consider the standard two-camera stereo setup, where the same scene is
captured by two spatially separated cameras, whose optical axes are parallel, i.e.,
they have the same viewing direction. Due to the displacement between the two
cameras, the same scene position is depicted with a slight shift when we compare
the images acquired by the two cameras. This shift is called disparity d.

The disparity d directly relates to the geometry of the setup of the two cameras.
In the standard setup, the cameras are shifted only horizontally, i.e., the line
connecting the two camera centers (also called baseline) is parallel to the x-axis.
As a result, the positions in the two camera images depicting the same scene point
also feature a horizontal shift, i.e., I (x,y) = L(x — d, y).

If we know the disparity d as well as some camera calibration parameters, we can
infer the depth of the scene position from the tuple [x,y,d]. Therefore, the task
of stereo matching results in identifying the disparity d for each [x, y]-position of one
of the two camera images. Without loss of generality we further assume that /; is
acquired by the left of the two cameras. As a consequence, d is always nonnegative.

As we know that pixels depicting the same scene point must be located upon
straight lines (which are called epipolar lines), it is sufficient to perform indepen-
dent searches along these epipolar lines (which are horizontal lines in our case), i.e.,
jointly estimate the disparity for one row of the image in a separate step and then
move on to the next row. The optimization of each row can be solved efficiently
with a dynamic programming approach, for example.

However, the independent optimization leads to artifacts, because the disparity
usually tends to be smooth in both directions in the image plane. This effect can be
tackled by a post-processing of the calculated disparities after estimating them for
each row independently. It would be more convenient though to perform a global
optimization of the entire image plane, which could incorporate smoothness
constraints in both directions (x and y) in a natural way.

This can be achieved by the usage of graph cuts adapted for multi-labeling
problems as presented in the previous section. In order to apply graph cuts, we have
to quantize and constrain the search space such that the searched disparities can be
expressed by a finite set of integer values: d € [0,1,...,dma] - In [17], it is
suggested to construct the graph as follows (see also Fig. 6.11):

Each pixel p is represented by dpnax + 2 nodes in the d-direction, which are
connected by label edges as described in the previous section. Consequently, there
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Fig. 6.11 Depicting the graph topology utilized in [17] for stereo matching. Please note that the
axes denoted as a and b correspond to x and y, which is the notation used in the text (From Roy
[17], with kind permission from Springer Science and Business Media)

exist dmax + 1 label edges for each pixel p, and each label edge represents one
disparity of the set [0, 1,...,dnax]. In order to catch the whole image, there exist
W x H nodes at each disparity level (where W and H denote the image dimensions).
All “front” nodes pg are connected to the source s of the graph, whereas all “back”
nodes p,, . +1 are connected to the sink ¢. Adjacent nodes of the same disparity level
(which are of equal d value) are connected by penalty edges. As can be seen in
Fig. 6.11, a 4-neighborhood is assumed (cf. the encircled close-up).

A cut through this graph separating s from ¢ can be interpreted as a hyperplane
separating the matching volume. The label edges severed by the cut define the
disparities as follows: if edge e,,,., is severed by the cut, then the disparity d is
assigned to pixel p.

Concerning the edge weights, the weights of all #-links connecting s or ¢ to some
other node are set to infinity. This ensures that these edges are never severed by the
minimum cut. The weight of all penalty edges is set to a constant K, which is a
smoothness factor. If K = 0, there is no penalty even for large disparity jumps
between adjacent pixels. On the other hand, a value of K = co would enforce that
no penalty edge is severed at all by the minimum cut, and consequently all pixels
would be assigned to the same disparity. Reasonable values of K are in between
these two extremes and should lead to a well-balanced trade-off between data
fidelity and smoothness.

The weight of the label edges should reflect the suitability of a given disparity to
explain the data. If the assumption that we have a certain disparity d at pixel p
= [x, y] is correct, the intensity [ (x, y) observed in the first camera image at position
[x,y] should be very similar to the intensity I, (x — d, y) of the second camera image
observed at position [x — d,y], because both pixels depict the same scene object.
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Fig. 6.12 Illustrating the performance of graph cuts used in stereo matching. The fop row shows a
pair of stereo images, whereas the bottom row shows the solutions obtained with the standard DP
approach of stereo matching (/eft), DP with post-processing (middle), and graph cuts (right) (From
Roy [17], with kind permission from Springer Science and Business Media)

Consequently, the weight w,,,., can be set to the L2 norm of the intensity
difference between corresponding pixels in both camera images:

Wpape = 1(x,y) = L(x —d,y)]> + C (6.10)

where C is a constant which is chosen sufficiently large enough in order to ensure
that exactly one label edge is cut for each pixel (and thus prohibits folds of the cut).
If the intensity difference between I (x,y) and I;(x + d, y) is low, this indicates that
the corresponding disparity is a good solution and consequently wy, .., is low.

Now the graph is completely defined. As it is a two-terminal graph, the minimum
cut can be calculated with any max-flow method, such as the augmenting path
algorithm presented in Sect. 6.1.2.

An example of the performance of the method can be seen in Fig. 6.12, which
shows a pair of stereo images depicting a house wall with some shrubs and a sign
placed in front of it (first row). The second row shows disparity maps calculated by
various methods. The left map is calculated by a standard dynamic programming
approach, which performs separate optimizations for each row. The artifacts in the
vertical direction introduced by separately optimizing disparities for each row are
clearly visible. Post-processing (middle map, histogram equalized) improves the
situation but cannot eliminate the artifacts completely. The usage of the max-flow
graph cut method presented in this chapter (right map), however, clearly gives the best
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Fig. 6.13 Depicting the role of the smoothing parameter K of the min-cut method for the stereo
image pair presented in Fig. 6.12 (From Roy [17], with kind permission from Springer Science and
Business Media)

results, as disparities are smoothed in both directions such that a global optimum of the
underlying energy function is found. Please note, however, that dynamic programming
approaches typically are significantly faster than the max-flow method used here.

This indicates that the quality of the solution can significantly be improved by
the spatial smoothing introduced with the weights of the penalty edges, which is set
to K. The influence of different choices of K is visualized in Fig. 6.13 (also for the
shrub example depicted in the top row of Fig. 6.12). Whereas not considering any
smoothing at all (K = 0) produces very noisy results of poor quality, it can be seen
that a fairly wide range of smoothing parameters lead to good results (middle
images). Of course, very high smoothing parameters lead to oversmoothed results
(right image).

6.2.2 lIterative Approximation Solutions

One drawback of the exact solution of the multi-labeling problem presented in the
previous section is that it requires non-discontinuity-preserving interaction
potentials such as V), o ‘lp -1 ’ However, such functions tend to oversmoothing,
because V), is not bounded and can get very large at discontinuities where the labels
I, and [, differ significantly between adjacent pixels p and ¢ (which will occur at
some position in most images). Consequently, the algorithm tends to avoid large
discontinuities by reducing the number of pixels they occur at as much as possible.
A possible solution is to bound the cost of assigning different labels, such as
Vg = Apg -min(|l, — I4|,K) , where 4,,-K is the upper bound. Now, large
discontinuities don’t lead to increased costs any longer and therefore are chosen
with higher probability by the optimization algorithm. A special case is the simplest
of such bounded functions, the so-called Potts model, where all different labelings
between adjacent pixels are punished by the same cost:

0 it 1,=1,
p (6.11)

Vg =2pg - T(l, #1,) with T:{1 il A
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Fig. 6.14 Illustrating different single moves of an iterative approximation. Suppose an initial
labeling consisting of three labels @, f, and y (a). In a standard move, which is used by many
iterative optimization schemes, the label of only one pixel is allowed to change during a single
iteration (highlighted by a white circle in (b)). An a — f — swap move (c) allows all pixels with
current label aror fto swap their label. An expansion move (d) allows the expansion of the label ato
many pixels with a previous labeling different from « at once. As clearly can be seen, both move
types allow for significant changes in a single step

Observe that the Potts model can also be used for problems where the values of
the unknowns cannot be linearly ordered. Imagine a segmentation problem where
the task is to partition the image into multiple regions. Setting the interaction
potentials according to (6.11) allows to equally punish all positions where the labels
of adjacent pixels are different, regardless of the actual values.

Such bounded functions, however, don’t allow for a global minimum cut
solution, even for the simplest case of the Potts model. Therefore, Boykov et al.
[4] suggested an iterative scheme, which approximates the solution. They also
showed that the approximate solution lies within a small multiplicative constant
of the global optimum, which makes the method interesting for practical use.

At each iteration, the authors of [4] propose to solve a binary decision problem,
which can be modeled by a two-terminal graph we are already familiarized with.
Hence, each of those binary problems can be solved by the min-cut/max-flow
algorithm already presented.

Iterative algorithms for that type of energy minimization problems were already
used before graph cuts emerged. A formerly quite commonly used algorithm is the
so-called simulated annealing method (see, e.g., Chap. 2 or [10]). However, many
of those algorithms performed what the authors of [4] call a “standard move” at
each iteration. Within a standard move, the labeling of just one single pixel is
allowed to change. As a consequence, a very large number of iterations have to be
performed until the solution is finally found.

In order to overcome this drawback, Boykov et al. proposed to perform the
so-called large moves. During execution of each large move, the labeling of many
pixels is allowed to change in a single iteration. They suggested two types of such
moves, namely, expansion moves and swap moves (see also Fig. 6.14).

During one swap move, all pixels with current label a are allowed to change their
label to f, and, respectively, all pixels with current label f are allowed to change
their label to a, if this reduces the total cost. All pixels labeled different from a or
have to keep their label (see (c) in Fig. 6.14, where the transition between the red
and blue areas in the lower part of the image is rectified).
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In one o — expansion move, the label a is allowed to “expand,” i.e., the label of
all pixels with current labeling different from a is allowed to be changed to « if this
improves the situation. Moreover, all pixels with current label @ maintain their label
(see (d) in Fig. 6.14, where the red area of all pixels labeled « is expanded).

The possibility to change the labels of many pixels simultaneously in one
iteration step significantly accelerates the optimization, which is quite obvious if
we compare the labeling changes of (c) or (d) with (b) in Fig. 6.14.

An important observation is that the decision which label has to be assigned to
each pixel during one expansion move or swap move essentially is a binary
decision. Due to the nature of the large moves, the pixels either keep their labels
or change it, but there is only one value to which the labels can switch. In a —
expansion moves, for example, all pixels labeled different from a can either keep
their current label or change it to a. Similarly, all pixels labeled a (or ) can either
keep their label or change it to  (or a, respectively) in one swap move.

These binary decisions are well suited for being represented by a two-terminal
graph, which reveals the optimal decision through the calculation of its minimum
cut. Observe that in contrast to the examples of Sect. 6.1, the topology of the graphs
involved here depends on the current labeling, and, consequently, a different graph
has to be built at each iteration.

As far as the overall proceeding when expansion moves are employed is
concerned, we can iterate through the set of all possible labels [1,2,...,L], by
beginning with an a — expansion move with ¢ = 1 (i.e., solve this binary decision
problem by calculating the min-cut/max-flow of the according graph), then con-
tinue to do the same with & = 2, and so on, until @ = L is reached. This is what is
called a “cycle” in [4]. Consequently, a cycle consists of O(L) single moves. If any
of these L expansion moves was able to make any progress, i.e., could achieve a
reduction of the overall cost, the system performs another cycle, and so on, until
none of the expansion moves of the cycle was able to reduce the total cost (see also
the flowchart of Fig. 6.15). Similarly, one cycle of @ — # — swap moves consists of
finding a minimum graph cut for every combination of « and f labels.

6.2.2.1 Graph Cut Optimization with Swap Moves

If swap moves are to be utilized, we have to perform an a —  — swap move for all
possible combinations of a and f in each cycle with the only restriction that it
suffices to consider only combinations where a < . This is because V), has to be
symmetric, as we will see later. Therefore, combinations witha > f can be omitted.
Furthermore, swapping doesn’t make sense if a = . Hence, each cycle contains
O(L?) single moves when a — 8 — swap moves are carried out.

Now let’s turn to the question how to build the graph for solving the binary
decision problem of each single move. For swap moves, we just have to include all
pixels into the graph whose current label is @ or f, because the label of all other
nodes/pixels must not change and therefore these pixels don’t need to be



6.2 Extension to the Multi-label Case 205

Y, Build [, Find optimal |, Update
graph large move labels

yes E reduced in

Fig. 6.15 Flowchart of the optimization of multi-labeling problems with iteratively performed
binary graph cuts

Fig. 6.16 Illustrating the graph utilized when calculating the optimal @ — § — swap move

considered. For clarity, let’s denote the set of all pixels with label a or f by Py
(where P denotes the set of all pixels).

An illustrative 1D example of such a graph with just seven pixels p1 to p7 can be
seen in Fig. 6.16. Neighboring pixels are connected by the n-link edges €12, €,2,3,
etc. Observe that some neighboring nodes in the graph may not be connected by an
edge, because they don’t correspond to adjacent pixels in the image. Pixels/nodes
p3 and p4 in Fig. 6.16 are an example of this. The reason is that all neighboring
pixels of p3 as well as p4 may have a labeling different from a or § (i.e., are all¢P ,p)
and therefore are not included in the graph. Additionally, the two terminal nodes
of the graph represent the labels a and . Each nonterminal node is connected to both
terminals by the edges ep3, and e,3; (¢-links). The thickness of the connections of
the nodes in Fig. 6.16 indicates the edge weights.

Asin Sect. 6.1, a graph cut separates the nodes into two disjoint subsets such that
each of the two terminals is contained in a different subset. This fact ensures that a
specific labeling is uniquely defined, because then it can be assumed that the cut
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severs exactly one #-link of each nonterminal node. In contrast to the examples of
Sect. 6.1, however, here a node is assigned to the label whose corresponding edge is
actually severed. For example, if the cut severs e, 3, the pixel p1 is assigned to label
p. This can be ensured by a proper choice of the edge weights.

Moreover, the weights have to be chosen such that the minimum cut defines a
labeling of all pixels p € P, which reduces the cost function as much as possible.
This is in fact just a local minimum of the total cost, because the labeling of all other
pixels is enforced to remain constant during one o — # — swap move and therefore
the global optimum is not reached. We can set the weights w),, of the n-links to V,,,,
because if a cut severs neighboring nodes, this means that one pixel is assigned to
label a and the other to f and, according to the definition of the cost function (6.7),
this assignment should be punished by the quantity V,,(a, ).

As far as the weights of the 7-links are concerned, they are set according to

Wpa =D, la) + 3 qu(a’lq) L wyp =D, (B) + 3 qu(ﬂ’lq) (6.12)
qeN ,.q2P, geN,.q2l

Clearly, these weights should contain the data term D,,. Additionally, some costs
for all pixels adjacent to p with a labeling different from a or f (i.e., 7€ N ,.q £ F.p)
have to be included. The reason for this is that the interaction costs of the pixel pairs
consisting of p and one of those pixels are not considered in the current graph so far,
simply because those pixels are not included in the current graph. Therefore, these
costs should be added to the according #-link cost.

If we assign the label ato p, for example, this induces pairwise costs for all pixels
¢q adjacent to p with a labeling different from a (i.e., [, # a). Some of those pixels
already are included in the current graph (namely, the ones with label f), and,
consequently, their pairwise cost is considered by the weight of the n-link linking
both nodes. However, all neighbors of p which are not contained in P, are missing
in the current graph and therefore these pairwise costs are added to wp,. Similar
considerations can be made for the w);.

Now the graph is completely defined, the minimum cut can be efficiently
obtained by a max-flow algorithm, such as the one presented in Sect. 6.1.

As a— fp — swap moves work with undirected graphs with positive edge
weights, we have to constrain the pairwise costs such that they are symmetric and
nonnegative, i.e., V,4(a, ) = Vp, (B, a) > 0. Furthermore, the V,, is set to zero
where the neighbors p and ¢ are assigned the same value: V,,(a,a@) = 0. Any
function V), satisfying these two conditions is said to be a semi-metric. Hence, a
—f — swap moves are applicable if V), is a semi-metric.

Pseudocode

function multiLabelOptSwap (in image /, in data-driven cost
functionD,, inpairwise cost functionV,,, in initial label-
ing I° (arbitrary), out optimized labeling I*)

k—0
// main iteration loop (one pass is one cycle)
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repeat
// loop for all swap moves within one cycle (all
combinations of @ and f)
bSuccess « false // flag indicating whether reduction of
total cost was possible in current cycle
fora=1tolL
forf=a+1tolL
// construction of graph G = (N,E)
N «— {s,,,t/;} // add the two terminals
for all pixelspeP
if p € Pypthen // label of p is eitheraorf
N —NU{p} //addp to node set
E—EU {epa,ep/;} // connect p to src and sink
set wy, and wys according to (6.12)
end if
next
for all neighboring pixelsp € Pggand g € Py
E—EU{ep}, Wy Vpgla, )
next
// find optimal o — } — swap move
calculate minimum cut C* of G
forall pixelsp € Py
if e¢,, € C* then
lﬁ“ —a // assign label a to pixelp
else
llli“ —p // assign label f to pixel p
end if
next
// check convergence
if (") <E(I) then
bSuccess «+ true // total energy could be reduced
end if
next
next
k—k+1
until bSuccess == false

// set solution to current labeling
¥ — lk

6.2.2.2 Graph Cut Optimization with Expansion Moves

The other possibility of approximating multi-label optimization by iteratively
solving binary problems suggested in [4] is to perform a — expansion moves,



208 6 Graph Cuts

Fig. 6.17 Tllustrating the graph utilized when calculating the optimal @ — expansion move, where
pl is currently assigned to a, p2, p3, and p4 are all assigned to some other label f, whereas p5 is
assigned to label y

where the label a is allowed to “expand,” i.e., any pixel currently labeled different
from ais allowed to change its label to a at each iteration, whereas all pixels already
labeled a keep their label. As with swap moves, the optimal a — expansion move
can also be found by the construction of an appropriate two-terminal graph,
followed by the calculation of the minimum cut of this graph as follows.

The two terminals of this graph represent the labels a and & (see Fig. 6.17). Pixels
associated to the a-terminal keep their current labels, which are different from a.
Like with expansion moves, all edges severed by a cut indicate to which terminal a
particular node/pixel p belongs: If edge e, is severed by the cut, the label of pis a; if
epq 18 severed, p keeps its current label /,, which is different from a.

Because every pixel of an image is labeled either to a or to @, all pixels are
included in the graph here. Every node is connected to both terminals by the edges e,
and e,5, where the weight w,, is set to the data-driven cost of assigning a to p:
Wpa = Dp(a). As far as the weights w,; are concerned, we have to distinguish
whether the current label of p is a or not. Because the region of pixels labeled @ can
be expanded only, we have to ensure that no node with current label « is assigned
to the a-terminal by the cut. This can be done by settingw,,; = oo for all pixelsp € P,
(p1 in Fig. 6.17). For all other nodes p ¢ P,, we can set wyz = D, (I,), where I,
denotes the current label of p.

As far as the n-links are concerned, there is a fundamental difference between
neighbors p and ¢ which are assigned to the same label and neighbors with different
labeling.

If p and g share the same label /,, an assignment of one of them to a and the other
to @ means that the cut must sever the n-link e, between them. Because both nodes
previously had the same label, the cost w,, for this assignment can be set to V),
(I, @), regardless of whether p or g is now assigned to a.

Obviously, for pairs p and g with different labels (/, # /,), this does not work any
longer. Here, the costs are different depending on whether p or ¢ is assigned to a
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Fig. 6.18 Exemplifying the two possibilities of a cut when p and ¢ are assigned to different labels
(cut in bold green)

after the current move (i.e., V), (lp, a) or Vy, (lq, a)). This can be resolved by the
introduction of an auxiliary node a, which is placed in between p and ¢ (there are two
examples of such auxiliary nodes in Fig. 6.17, which are shown in green, as [, # I,»
and/,4 # l,5). Now we have two n-links e, and e,,, where we can define the weights
Wpa = Vpg(lp,@) and wyy = Vye(a,l,) . Now the costs of both possibilities are
modeled in the graph.

But how to connect the auxiliary node to the terminals and how to choose the
weights for those links? Figure 6.18, where a part of the graph containing an
auxiliary node a is shown, helps to explain the choice. First, we note that a is
only connected to the a-terminal. Then, there exist two possible ways of a cut which
assigns p to a and g to a (left and right part of Fig. 6.18, cut in green). Both possible
cuts sever edges e,; and e,, (indicated by dotted edges), but the cut on the left
additionally severs e,,, whereas the cut on the right severs e, and e,,.

Obviously, the left cut is “correct,” because it correctly accounts for the pairwise
cost Vp, (I, @) to be considered as p is assigned to a (i.e., keeps its current label /)
and ¢ is labeled with a. An appropriate choice w,; should make sure that the graph is
always cut in this way. When we setw,g = V) (l s lq), it can be enforced that the cut
severs ey, if we impose additional constraints on the pairwise cost function. More
specifically, the so-called triangle inequality has to hold:

Vg (lm 0‘) < Vg (lzn lq) + Vg (lqv a) (6.13)

Additionally, V), has to be nonnegative and symmetric as well, because it has to
be ensured that V), (,,1,) = 0, which are the same constraints as with swap moves.
All conditions are fulfilled if V), is a (true) metric. For example, the Potts model
(6.11) meets all of these conditions.
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Observe that the constraints for swap moves are not as restrictive as for expan-
sion moves (no triangle inequality required), which makes swap moves applicable
to a broader range of applications. In terms of runtime, however, expansion moves
typically converge faster, mainly because each cycle contains less single moves.
This overcompensates the effect that each single move has a higher complexity
compared to swap moves.

Pseudocode

functionmultiLabelOptExpansion (in imagel, in data-driven
cost function D,, in pairwise cost function V,,;, in initial
labeling I’ (arbitrary), out optimized labeling I¥)

k+—0
// main iteration loop (one pass is one cycle)
repeat
bSuccess « false // flag indicating whether reduction of
total cost was possible in current cycle
// loop for all expansion moves within one cycle
fora=1tolL
// construction of graph G = (N,E)
create one node for each pixel
N — N U {sq, 1z} // add the two terminals
// add t-1inks to both terminals for each node/pixel
for all pixelspeP
E—FU {epmepa}
set t-link weights appropriately
next
for all neighboring pixels p and g
if lg #* lg then //pandq have different labels
N — NU{a} // add an auxiliary nodea
E—EU {e[,a,eaq,ea;x} // connecta top, q and sink

Wag + Vpq (111;7 l’;), Wpa < Vg (l;j, a), Wag < Vpq (a, l’;)
else // p and q have the same label

E—FEU {epq}, Wpg — qu(lf,,a>
end if
next
// find optimal o — expansion move
calculate minimum cut C* of G
for all pixelspeP
if ¢,, € C* then

l;j“ —a // assign label a topixelp
else
e // keep current labeling forp
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end if
next
// check convergence
if (") <E(1') then
bSuccess « true // total energy could be reduced
end if
next
k—k+1
until bSuccess == false

// set solution to current labeling
I* — lk

6.2.2.3 Example: Nonrigid Cat Motion

Boykov et al. tested the performance of their algorithm in various applications. One
of them, namely, a motion prediction (aka optical flow), is presented here. Taking a
pair of images depicting the same scene at different times, the task is to predict for
each scene element how much it has moved within the period of time between both
image acquisitions, i.e., to calculate the disparity between a pixel showing the same
scene element.

Because motion is two-dimensional, we have a vertical as well as a horizontal
displacement. Two-dimensional disparity can be modeled by a labeling such that
the label of a pixel p consists of two components: lﬁ indicating horizontal motion and
[, indicating vertical motion, respectively. As graph cuts only work with scalars,
every combination of l[’j and /; can be represented by a scalar number /.. In [4], eight
horizontal and five vertical displacements are used; hence, this amounts to 40 labels
altogether.

As with stereo, the displacements attributed to adjacent pixels should be similar
for most positions. However, usually discontinuities occur at the borders of moving

objects. Therefore, the pairwise cost V), (l,,, lq) is set to the truncated measure V),

(I,,1;) = K - min [8, (lg - ZZ)Z + (I}J - l;’)z] . Because this measure doesn’t fulfill
the triangle inequality, the swap algorithm is used for optimization.

Figure 6.19 shows an example of a cat moving in front of a highly textured
background (a). Despite texture helps to calculate a dense motion field, its calcula-
tion still is a difficult task as the cat’s motion is nonrigid. The horizontal movement
result is shown in (b) and vertical movement in (c) (gray coded). As can be seen,
the cat is clearly separated from the background and was accurately detected by the
algorithm. The running time reported in [4] has to be seen in the context of the
hardware available at reporting date and should be in the order of seconds for
images of several 100,000 s of pixels with up-to-date hardware.
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Fig. 6.19 Illustrating the horizontal (b) and vertical (¢) motion of a cat moving before a highly
structured background (a) as calculated by the swap move graph cut approximation (© 2001 IEEE.
Reprinted, with permission, from Boykov et al. [4])

6.3 Normalized Cuts

Shi and Malik [19] proposed a segmentation method which is based on graph cuts,
too, but compared to the algorithms presented up to now, their scheme mainly
differs in two respects:

»  Graph construction: The graph G = (N, E) suggested in [19] doesn’t contain
terminals. Furthermore, the connections between the nodes are not restricted to
adjacent pixels. This makes it possible to model the influence of more pixels on
the state of a certain pixel. At the same time, though, the considerable increase in
the number of edges implies higher computational efforts.

e Solution calculation: Because finding the exact solution is computationally too
complex for the graph topology suggested in [19], they apply an approximation
method in order to save runtime. Namely, they suggest to embed the problem
into a continuous space. Now the (relaxed) continuous solution can be computed
by solving a generalized eigenvalue problem. The final solution is then found in
a subsequent discretization step.

In the following, the method is presented in more detail. First, let’s have a closer
look at the graph topology. As already mentioned, the graph does not contain
terminals. Each pixel p of the image to segment is represented by one node in the
graph.

Additionally, the nodes are connected by edges e, but in contrast to most graph
cut methods, these n-links are not restricted to adjacent pixels. In fact, every node
can be connected to all other nodes of the graph. However, in practice links are
usually limited to nearby nodes which have a distance below some upper bound in
order to keep the running time feasible. The weights w),, of the edges should reflect
the “similarity” of pixels p and ¢, and consequently the weight is high if both nodes
are likely to be in the same region. Some examples of definitions of wj,, will be
given below.
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Fig. 6.20 Illustrating the strong bias of non-normalized graph cuts in the absence of terminal
nodes. The green dashed line indicates a suitable cut of the point set, whereas non-normalized cuts
rather produce cuts indicated by the dotted red curve

A cut of the graph partitions the node set N into two disjoint subsets A and B and
therefore defines a binary segmentation. The cost of the graph cut amounts to the
sum of the weights of all edges it severs:

C(A,B) = Z Wi (6.14)

PpEA.GEB

Optimal segmentations could be found by minimizing (6.14). However, please
note that in the absence of terminals and #-links, a direct minimization of (6.14) has
a strong shrinking bias, i.e., tends to produce solutions where either A or B contains
very few nodes, because then only a few edges have to be severed. An example of
this is illustrated in Fig. 6.20. The points show there can clearly be separated in two
groups: the densely populated region on the upper left and the “sparse” region in the
lower right part. If we set the edge weights inversely proportional to the distance
between two points, we suppose the algorithm to sever the set according to the
green dashed line. However, a direct minimization of (6.14) would rather lead to a
cut as shown by the red-colored dotted curve, because then very few edges would
have to be severed.

Therefore, Shi et al. suggested performing a normalization step such that the
normalized cost reflects the ratio of the weight sum of all severed edges as defined
in (6.14) to the total sum of edge weights from the nodes of each set to all nodes in
the graph:

C(A,B) n C(A,B)
Do Wi > Wi

pEA,geN PEB.gEN

Cn(A,B) = (6.15)

As can be seen, the normalization factor contains the sum of all edge weights
from every node of set A (or B respectively) to all other nodes in the graph, whereas
the enumerators just sum up all edge weights connecting nodes of different sets.
Suppose we want to evaluate the cost of a cut which severs G such that A contains
just very few nodes. Then there should exist only a few edges connecting two nodes
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which are both elements of A. Consequently, a large fraction of all edges connecting
anode of A to some other node is severed by the cut (as there should be more edges
ey, connecting p € A to some node g € B than edges connecting p € A to g € A).
As a result, the first summand of (6.15) should be near 1 and therefore the relative
cost of such a cut should be high compared to other cuts.

Now, we are interested how to find a cut which minimizes (6.15). Assume that
the binary segmentation is indicated by a vector x of dimensionality n (where n
denotes the number of pixels), whose elements can take two values. If x,, = 1, then
p is assigned to A, whereas a value of x, = —1 indicates that p € B. Moreover, the
total sum of the weights of all edges containing p is denoted by d, = > wp,. Now

q

we can rewrite the cut cost in terms of x and the dj,’s. In order to find a proper
segmentation, we have to minimize the following expression:

Do WpgXpXg D TWpgdpXg
X,>0,x,<0 X,<0,x,>0

+
pr>0 dl’ pr<0 dl’

X" = argmin Cy(X) = arg min (6.16)
X X

However, it turns out that finding the exact solution x* is NP-complete
and therefore infeasible, because typically n can amount up to hundreds of
thousands or even millions. Therefore, Shi et al. suggest calculating an approxi-
mate solution. Let D be a diagonal matrix of dimensionality n X n, whose diagonal
elements are set to the d,’s and W denote the n X n matrix with its elements
equal to the edge weights, i.e., W(p,q) = w,,. Together with the introduction of

k= pr>0d,,/2pd,,, b=, and y = (1+x) — b(1 —x), the authors of [19]

showed that a minimization of (6.16) is equal to the following relation:

"m-w
y" = argmin Cy(x) = arg min vl v (6.17)
x ¥

y Dy

where the elements of y can take the binary values {—b, 1},i.e.,y, € {—b, 1}. Please
observe that the right part of (6.17) is the well-known Rayleigh quotient. If we relax
the binary constraint and allow the y, to take real values (i.e., embed the problem in
a continuous space), then we can make use of the fact that the Rayleigh quotient can
be minimized by calculating the eigenvectors of the generalized eigensystem
(D — W)y = ADy (see, e.g., [12]). In other words, Shi et al. transform the original
problem to a more convenient representation (we now seek an indicator vector y
instead of x) and then employ a continuous spectral (i.e., eigenvalue) method to
obtain the graph cut (which is discrete by nature). Of course, this is totally different
to the discrete methods described up to now in this chapter.

For the relaxed continuous problem, there exist n generalized eigenvectors v;,
which can be sorted according to their eigenvalues 4;. Please note that there always
exists the trivial solution 4; = 0, v; = 1, because by definition d, is the sum of all
edge weights associated with node p, which are exactly the elements of the pth row
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of W. Without going into details, a property of the Rayleigh quotient is that we can
obtain our solution by taking the eigenvector v, associated to the second smallest
eigenvalue (see [12]): y* = v,.

Because v, is real-valued, we have to threshold its elements in order to determine
the segmentation, i.e., transform the solution back to the discrete domain. To this
end, various simple methods exist, e.g., a simple thresholding operation, where the
pixels corresponding to all elements above the threshold ¢ are assigned to one node
set and the pixels corresponding to all elements below ¢ are assigned to the other
node set, respectively. As far as the choice of ¢is concerned, it can, e.g., be set to the
median of the elements of v,.

Overall, the algorithm comprises the following steps (see also flowchart of
Fig. 6.21):

1. Graph construction: Given an image I, build the graph G = (N, E) such that any
pixel p is represented by one node and is connected to the other nodes according
to the weights w),, (examples of a proper choice of the weighs will follow below).

2. Rayleigh quotient formulation: Derive D and W from the edge weights.

3. Spectral solution: Calculate the eigenvalues of the generalized eigenvalue
system (D — W)y = ADy.

4. Binary decision: Take the second smallest eigenvector v, and perform a binary
partitioning of the image according to the values of the elements of v, (above or
below threshold 7).

The suitability of the spectral solution of the normalized cut is illustrated in
Fig. 6.22, which shows a baseball sports scene (a) for which some generalized
eigenvectors are calculated as described above ((b)-(i)). The eigenvector
corresponding to the second smallest eigenvalue is depicted in (b). It clearly
structures the scene such that a separation of the dominant object (the player in the
lower left area of the image) is possible by a simple thresholding of the pixel values.

In their contribution, Shi et al. pointed out that for most scenes, there doesn’t
exist a single best solution of the segmentation problem. If a human person is asked
to segment a scene manually, he/she generally produces different segmentations
depending on the level of detail. At a “coarse” level, it suffices to perform a binary
segmentation which separates a dominant object from the rest of the scene. If
details are to be taken into account, it is usually necessary to do a multi-label
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Fig. 6.22 Depicting a baseball sports scene (a) as well as some generalized eigenvectors
associated with the smallest eigenvalues of the relaxed Rayleigh quotient solution of the graph
cut problem ((b)—(i)). A binary segmentation can be performed based on the eigenvector belonging
to the second smallest eigenvalue (b), whereas eigenvectors of higher eigenvalues (¢)—(i) can be
used for a multi-label segmentation (© 2000 IEEE. Reprinted, with permission, from Shi and
Malik [19])

segmentation resulting in multiple regions, where each region shows a particular
detail/object. The number of regions depends on the level of detail requested.
Consider a scene depicting a house in front of a garden as background. At a coarse
level, there are two dominant regions: house and garden. However, a more detailed
segmentation further partitioning both regions (door, windows, roof, etc. for the
house and trees, bushes, etc. for the garden) is also “valid”.

The normalized cut method can easily be extended to produce more detailed
segmentations, because this information is contained in the eigenvectors related to
the higher eigenvalues. This is illustrated if we take a look at these eigenvectors of
the baseball example ((c)—(i) in Fig. 6.22). As clearly can be seen, these
eigenvectors can be utilized to generate finer segmentations. For example, the
second player could easily be extracted using the eigenvector shown in (e), whereas
the vector of (i) indicates the logo visible in the background. In fact, several ways to
perform a multi-label segmentation are proposed in [19]:

* Recursive iteration: In a first step, a binary segmentation is derived from the
eigenvector belonging to the second smallest eigenvalue as described above.
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Next, for each of the both regions, the whole method is applied again, i.e., a new
subgraph for all pixels of one region is built, spectrally solved, and so on. This
leads to a further binary partition of both regions. The recursion stops when the
normalized cut cost exceeds a certain threshold. In that case a region is not split
any further. This proceeding produces stable results but is computationally
wasteful, because only the second smallest eigenvector is used at each iteration.
The information contained in the other eigenvectors is ignored.

e Recursive splitting: Here, the generalized eigensystem is calculated only once.
After performing a binary segmentation with the second smallest eigenvector,
we can use the eigenvector of the third smallest eigenvalue to recursively
subdivide the regions by thresholding this eigenvector (e.g., by calculating a
separate threshold for each region, where the threshold is based on a subset of the
eigenvector values belonging to this region). Next, we move on to the vector of
the fourth smallest eigenvalue, which further sub-partitions the subregions, and
so on, until the normalized cut costs exceed a certain threshold (see [19] for
details). While this is computationally more efficient, some care is required here:

— There may exist eigenvectors which are not suited for partitioning, because
their values vary smoothly. A simple way of dealing with this problem is to
skip these eigenvectors, e.g., by checking the distribution of the values of the
eigenvector elements, i.e., the histogram of the element values (see [19] for
details).

— Because the segmentation is derived from a real-valued approximation, the
approximation error accumulates at each step and eventually makes the
segmentation unreliable.

o Simultaneous splitting: Here, for each pixel a vector z, is built, which
accumulates all “its” values of the eigenvectors of the M smallest eigenvalues
(i.e., for pixel p this vector contains all v, ,, where 2 < m < M). These vectors
are clustered, e.g., by a k-means algorithm into k clusters, yielding a segmentation
into kregions. Practically, kis chosen such that an over-segmentation is produced.
In a subsequent cleanup step, regions are combined again, if necessary.

Let’s now turn to some implementation issues. The first is how we should choose
the edge weights wp,,. Shi and Malik proposed a weight which considers both
similarity of the appearance of pixels p and ¢ as well as their spatial distance. As the
weights should reflect the likelihood that p and ¢ belong to the same object, w),
should be large in case of similar appearance as well as spatial proximity. Both
terms can be combined as follows:

Wpq = €Xp <M> . {exp(%?(q)lz) if |X(p) —X(g)Il < "}

o> :
F 0 otherwise

(6.18)
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Fig. 6.23 Depicting a weather radar image (a) along with the multi-label segmentation (b)—(g)
calculated by the normalized cut method (© 2000 IEEE. Reprinted, with permission, from Shi and
Malik [19])

where F(p) denotes an appearance parameter, which could, e.g., be chosen to the
brightness of p, its RGB values for color images, or some more elaborate function
like a descriptor. X(p) denotes the position of p such that ||X(p) — X(q)|| is the
Euclidean distance between p and ¢. o7 are parameters controlling the falloff
rate of the exponential terms. If the distance between p and ¢ exceeds a certain
maximum distance r, the w,, will become zero and therefore the threshold r
effectively leads to graphs which are connected only locally.

Another point is that computing the complete generalized eigensystem
would be computationally too expensive, as D and W are matrices of size n X n,
with n denoting the number of pixels. However, please note that due to local
connectivity W is usually sparse and, additionally, we’re only interested in just a
few eigenvectors. An efficient solver taking these two circumstances into account is
the so-called Lanczos method (see, e.g., [12]), which makes the running times
feasible. A usage of the Lanczos method is possible, because we can transform
the generalized eigensystem into an “ordinary” eigensystem, which is denoted by
D '/2(D — W)D~ /2y = Jy.

The performance of the method is illustrated in Fig. 6.23, where a weather image
is separated into multiple segments (multi-labeling is performed with the “recursive
splitting” method). Observe that the objects here have rather ill-defined boundaries
but could be segmented quite accurately by the system.
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Pseudocode

function normalizedCutSegmentation (in image/, in pairwise
cost function w, out segmentation labelingl")

// set-up of graph (i.e. calculation of the weights w),,)
forall pixelsp eP // P denotes set of all pixels inl
for all pixelsqg € P
if |[X(p) —X(q)|| <r&&p #qthen //distance betweenp and
q below threshold — p and q are “connected”
derive F(p) and F(p) from/ and set wy, according to (6.18)
else // no connection betweenp andq
Wpq 0
end if
next
next

// spectral (eigenvalue) solution (in continuous domain)
set-up of W (n x n): arrange all wy, intomatrix form
set-up of D (n x n): diagonal matrix with D), = Zq Wpg

solve real-valued eigensystem D_%(D — W)D_%y =y with a fast
solver, e.g. Lanczos-method vyielding the “top” M
eigenvectors y,;m€ [l,2,...,M] related to the M smallest
eigenvalues

// derive discrete solution (simultaneous splitting)
// for each pixel, stackall of itsM eigenvector elements in
a vectori,
Z—{)
forp=1ton

form=2toM // consider M top eigenvectors

Zym—1 < Vmp // stack all values related top inz,

next

Z—ZU{z}
next
// over-segmentation
cluster set Z into k' >k clusters, e.g. with k-means algo-
rithm, yielding a labeling ], = CL(Z,,) for each pixel p, where
CL(Z,,) denotes the cluster to which z, belongs to.
// clean-up until desired number k of segments is reached
while k' >k
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merge two segments into one, e.g. according to k-way mini-
mum cut criterion (see [19] for details) (i.e. adjust
labelingl)

K—k -1

end while

//

set solution to current labeling

" —1
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Chapter 7
Dynamic Programming (DP)

Abstract Some problems of computer vision can be formulated in a recursive
manner. For this class of problems, the paradigm of dynamic programming (DP)
represents an interesting tool in order to obtain a fast discrete solution. Here, the
overall problem is broken down into a series of sub-problems, which are built upon
each other and can therefore be solved iteratively. This way computation can be
sped up considerably through the reusage of information gathered in already solved
sub-problems. This chapter starts with presenting the well-known method of
Dijkstra as an example of shortest path algorithms, which are closely related to
DP. “Intelligent scissors” interactively segmenting an image are one example
application. Furthermore, this chapter deals with two ways of applying the dynamic
programming paradigm. First, dynamic programming is applicable if optimal
positions or labels are to be found for a sequence of points, where the optimality
criterion for each point depends on its predecessor(s). The task of calculating active
contours can be reformulated in this manner. Second, some problems show a
treelike structure, which makes a recursive formulation possible, too. The recogni-
tion of objects which are modeled as a configuration of parts is one example of this.

Dynamic programming (often abbreviated by DP) is based on the work of Bellman
and is more a paradigm than a specific algorithm. It can accelerate discrete optimiza-
tion considerably if the problem at hand has a special structure. Dynamic program-
ming algorithms try to split the overall problem into a series of smaller sub-problems,
which are easier to solve. Typically, the solution of the first sub-problem is more or
less obvious or at least very simple. The other sub-problems get increasingly complex
but can be solved quite fast as well in a recursive manner, because their solution is
based on the solutions of the sub-problems they depend on.

In other words, we start by solving the smallest sub-problem and then iteratively
go on with solving increasingly larger sub-problems, where we can make use of the
solutions already obtained. This is a typical bottom-up approach, where information
about the solutions of the sub-problems is stored and can then be reused when
calculating the solutions of the larger problems.

M.A. Treiber, Optimization for Computer Vision: An Introduction to Core Concepts 221
and Methods, Advances in Computer Vision and Pattern Recognition,
DOI 10.1007/978-1-4471-5283-5_7, © Springer-Verlag London 2013
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However, such a proceeding requires that there exists a direct relation between
the larger sub-problems and the sub-problems they depend on. This relation is
termed the Bellman equation in literature.

In order to decide whether the dynamic programming paradigm is applicable for
a given problem, we can check whether the problem features the following two key
characteristics:

e Optimal substructure: This means that the solution of the problem can be
derived from a combination of the solutions of some sub-problems. Usually,
this is the case if a recursive problem formulation is possible.

e Overlapping sub-problems: Ideally, the solution of all sub-problems can be
calculated by the same proceeding, e.g., by applying the same recursive formula.
This is desirable because it allows for a straightforward implementation. Hence,
this property states that there are at most just a few calculation rules for the
solution of the sub-problems. If every sub-problem had its own rules, an efficient
implementation in a computer program would not be possible.

After this short rather general introduction, we directly go on to some application
fields of dynamic programming, because a deeper understanding of the working
principle behind dynamic programming is probably best obtained by examining the
applications. We start with shortest path algorithms and subsequently present
dynamic programming along a sequence and in a tree.

7.1 Shortest Paths

7.1.1 Dijkstra’s Algorithm

Consider a graph G = (N, E) consisting of nodes of the set N, which are linked by
edges of the set E, where each edge e;; has a nonnegative weight w;;. A quite common
question is to find a shortest path between two nodes u and v, i.e., the path fromutov
which has the smallest sum of edge weights. One well-known application of this
shortest path algorithm is the problem to find the shortest route in a satnav system.
Here, the ¢;; corresponds to roads and the wy; to their lengths.

Such problems can be solved with Dijkstra’s algorithm (see [3]). Dijkstra makes
use of the fact that if a specific path between u and v actually is the shortest path
between these two nodes, the sub-path between u and any “intermediate” node r
along the path as well as the sub-path between r and v are shortest paths, too.

This observation directly leads to a recursive formulation of the problem, where
the total length of the shortest path between u and v can be calculated based on the
lengths of the shortest paths between 1 and all neighbors of v. Let /,,, be the length of
the shortest path between u and v. Furthermore, R(v) shall denote the set of all
neighbors of v, where each r; € R(v) is connected to v by just one edge with weight
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Wr. We can then calculate /,, by examining the /,,, as well as the w,,,.. The relation
between /,, and the /,,, is given by

L, = min (I, +w,, 7.1
,-féléfi)( W) (7.1)

The relation of (7.1) helps to identify the shortest path as follows. Suppose we
pick one node x where the shortest path length /,,, between u and x is already known.
This information can now be utilized for an update of the of the shortest path length
estimates between u and all neighbors of x: suppose that for a neighbor r; of x, there
already exists an estimate lﬁr,» of the length of the shortest path form u to r;. From
(7.1) we now know that the new estimate under consideration of x can be set to
11 = min (lk e+ w) .

We can start at « and then iteratively expand the knowledge of the shortest paths
across the graph by applying the same update formula at each iteration. This clearly
shows that the problem has optimal substructure, which relates Dijkstra’s method
closely to dynamic programming.

Please observe that such a proceeding does not try to go straight to the destina-
tion node. Instead, the algorithm assumes that the destination will be reached
anyway sooner or later and just goes on until exactly this happens. In other
words, because the scheme performs an iterative update of the path lengths of all
neighbors, it has no bias that the nodes under consideration gravitate quickly toward
the destination node.

Before we describe how algorithm works in detail, let’s first state that the node
set N can be split into three disjoint subsets in the following way:

e Analyzed nodes: This set A contains all nodes where the calculation is “finished”,
i.e., the lengths of the shortest path from u to r;r € A are already known.

» Candidate nodes: Nodes of this set B already have been considered at least once.
When we use the algorithm presented below, this means that there is at least one
estimate for the length of the shortest path betweenu and x;; x; € B. In contrast to
the nodes of set A, however, not all edges which connect x; to some other node
have been examined yet. Therefore, it might still be possible to reduce the
shortest path length estimate. At each iteration, Dijkstra’s algorithm picks one
node out of set B.

» Unvisited nodes: This set C consists of nodes which have not been considered
at all, i.e., have never been visited so far. Therefore, currently there is no
estimate for the length of the shortest path from # to any node of this set
available yet.

Utilizing this node classification, we can assign a cost /,, between the starting
node u and more and more nodes r and try to expand the set of known shortest paths
to the neighbors of r as the iteration proceeds. Because usually we don’t want to just
calculate the lowest cost but also the route of the shortest path, the algorithm
additionally remembers the incoming edge which belongs to the shortest path
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Select node x Update path
@——> Init »{ with shortest »{ length estimates
path length of neighbors of x;,
v
Destination Updtatj nl;) de
node ued? sets 4, 5,
and C

Fig. 7.1 Flowchart of the Dijkstra algorithm

from u to r for each node of set A. With the help of this information, the shortest path
can be traced back from any node of set A to the starting node u.

The proceeding of the scheme first initializes the node sets with A = {} (empty),
B = {u} (contains just the starting node 1), and C = N — {u}. The length of the start
node u to itself is equal to zero: [, = 0. All other lengths are set to infinity as we
don’t know anything about these values yet. The iteration which reveals the shortest
paths comprises the following steps, which are performed repeatedly (see also
flowchart in Fig. 7.1):

1. Take the node x; from B, which has the lowest current shortest path estimate:
X, = argmin(/,, ). This node is considered most promising when trying to
enlarge the set A.

2. Examine all neighbors r; of x; which are not part of A already (r; ¢ A). If 1,
+wy,r, < Ly, then we have found a shorter path from u to r;. This new estimate of
the shortest path from u to r; passes through x;. We can update the shortest path
length estimate according to [, = [,x, + wy,,. In order to be able to restore the
route of the shortest path, we additionally remember a pointer to x; for each
updated r, i.e., the edge s(r;) between r; and x;. We also transfer r; to B, if it still is
part of C (i.e., visited for the first time).

3. Transfer x; from B to A, because now all edges connecting x; are already
examined and consequently /,,, will not change any longer.

This iteration terminates if either the destination node v is added to A (and hence
the desired solution is found, so we can stop the iteration) or the set B gets empty. If
B gets empty before v is reached, this means that v is unreachable from u. If v is
reached, we know the total sum of edge weights along the shortest path. In order to
recover the course of the shortest path, we trace back the stored edges, starting with
s(v), and collect them in the set S, until we reach the start node u.

Efficient implementations of the method have a complexity in the order of
O(E -1og(N)).
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Fig. 7.2 Exemplifying a
graph, where the shortest
path from node a to node g
has to be found. The edge
weights are given next to
each edge

Example

The working principle of the method is best shown with a small toy example.
Consider the graph shown in Fig. 7.2, where the shortest path from node a to node
g has to be found. The weights of the edges along the path are given next to
each edge.

In the initialization stage of Dijkstra’s algorithm, the node sets are initialized as
follows: A = {},B = {a},and C = {b,c,d,e,f, g} The distance estimate to a is set
to zero (I,, = 0), whereas all other distance estimates are set to infinity (/,, = /[,
=...=l4 = 00). A complete overview of the proceeding of the method for this
example can be seen in Table 7.1.

In the first iteration, we pick node a from B (as it is the only node of this set) and
update the distance estimates of the neighbors b, ¢, and e according to the weights of
the edges between these nodes and node a. Moreover, these nodes are transferred
from set C to B. Because all of its edges are now examined, a is transferred from B to
A (for a summary, see column “Iter. 1” of Table 7.1). In order to be able to trace
back the shortest path, set s(b) = s(c) = s(e) = a.

Iteration 2 starts with picking the node of set B with the smallest distance
estimate, which is node b. The only neighbor of b which is not examined completely
yet is node d, which is transferred to B. The distance estimate is set to /,; = I
+wpg =24 6 = 8, s(d) = b. All other updates can be seen in column “Iter. 2 of
Table 7.1.

The third iteration (see “Iter. 3”) begins with the selection of node e, which can
be used for a first estimate of /,r and /,,. Moreover, we can see that the route tod viae
is shorter than the previous estimate, as l,, + w,q = 4 + 2 = 6 < 8. Consequently,
we reduce /4 to six and change s(d) to e. From now on, each node is visited at least
once, and accordingly set C gets empty.

The main impact of iterations 4 and 5 is the reduction of /,; from 12 to 10 and
7, respectively, because we find a shorter path forf in each step. Additionally, s(f) is
finally changed to d.

In the last iteration, we find a better route to the destination node g. Tracing back
the predecessors, the path ¢ — f — d — e — a is revealed (see Fig. 7.3).
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Fig. 7.3 Same path as in
Fig. 7.2, where the shortest
path from node a to node g is
shown in bold green

Pseudocode

function shortestPathDijkstra (in graph G = (N,E), in start
node u, in destination node v, in edge weighs W = {wlj} , out
edges of shortest path § = {s(x)}

// initialization

A—{}
B—{u}; L, — 0
C—N-—{u}

// main loop
repeat
// step 1: select the most “promising” node x;, of B
Ly, < FLOAT_MAX
for all nodes b of B
if Iy <y, then
Ly < Lup
Xy —b
end if
next
// step 2: examine all neighbors r; of x; which are ¢A
for all nodes r; linked to x; by an edge e,,,, && ri¢A
if [y, +wy, <l then
// shorter path between u and r; found
Ly, < L, + Wy, // update shortest path estimate
s(ri) — ey, // remember edge for path tracing
if r, € C then
B — BU{r;}
C—C—{r}
end if
end if
next
// step 3: update node sets
A—AU {Xk}
B +— B — {Xk}
until v, ==v (convergence) || B=={} (abort)
// trace back shortest path
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X <V
repeat

S —SU{s(xw)}

set x; to the “other” node of s(x)
until x;, == u (start node reached)

A disadvantage of Dijkstra’s algorithm is that it does not make any effort to
directly search the shortest path from u to the destination node v. This just happens
“accidentally” sooner or later. As a consequence, the scheme does a lot of unneces-
sary work in unfavorable situations.

In order to overcome this weakness, some variants have been proposed over the
years. Especially to mention is the A* method [10], which is a variant of Dijkstra’s
algorithm, which tries to select a “better” node x; at each iteration than the original
algorithm does. In this context, “better” means that the node choice is steered
toward the destination node.

To this end, the node selection in step 1 is modified such that the decision value
not only reflects the cost of the path traveled so far but also includes a term d,,,,
which estimates the distance to the destination node. We can now define the
modified decision value /d,,, by ld,., = l,x, + dy,». Consequently, the A* algorithm
selects the node x; of B with the lowest Id,,,, .

However, some care is required, because the d,,, must not overemphasize the
distance to the destination node. Otherwise we might choose nodes with a current
shortest path estimate which could be reduced if we had considered all of its neighbors.
This situation can be avoided if the following relation holds: |dy, — d,,| < wyy,
i.e., the absolute difference of the d.,’s between adjacent nodes x and y is at most
the weight w,, of the edge connecting these two nodes.

7.1.2 Example: Intelligent Scissors

Shortest path algorithms can also be used for vision applications. One method
utilizing shortest paths is termed “intelligent scissors” [11], which is a scheme for
an interactive segmentation of images.

The segmentation of images, i.e., the separation of one or more objects shown in
an image from the background, is a difficult task, among other reasons because both
objects as well as the background can be highly structured, which makes it difficult
to recognize them as connected regions. As a consequence, a fully automatic
segmentation is often error-prone. Therefore, an interactive scheme for segmenta-
tion, which is guided by user input, is suggested in [11].

The general proceeding of the method is an interactive derivation of a curve,
which separates an object from its surrounding background. To this end the user
first selects a “seed point” where the curve should start. This point is placed at the
boundary of the object to be segmented. Subsequently, the system automatically
calculates “optimal” segmentation curves from the seed point to every other pixel of
the image. These curves should follow the object boundary as much as possible. As
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l/ l/

Fig. 7.4 Exemplifying the representation of a pixel grid as a graph. Each pixel (square) is
represented by a node (circle), which is connected to its eight neighbors (left grid: one pixel is
highlighted red as an example). Right grid: a segmentation is represented by contiguous edges in
bold green

the user moves a mouse pointer within the image, the system displays the “optimal”
curve from the seed point to the pixel currently covered by the mouse pointer. If the
user wants to accept the curve as part of the object boundary, she/he can select it via
mouse click.

In the next step, the user can select another starting point in order to define the
next segment, probably near the end of the just determined curve segment. Again,
the system calculates optimal curves to all other points, and one of them is selected
by the user. This process is repeated until the segmentation is fully defined.

Now let’s turn to the question how to calculate “optimal” curves from a seed point
to all other pixels. To this end, the image is represented by a graph, where each pixel
is represented by a node. Neighboring pixels p and g are connected by edges e, such
that each pixel is connected to all pixels in its 8-neighborhood (see Fig. 7.4).
Consequently, a segmentation can be represented by a set of contiguous edges (see
edges marked green in the right part of Fig. 7.4). In order to select the edges which
represent a segmentation, a weight w(p, ¢) is attributed to each edge e,,. The weight
should reflect the suitability of an edge of being part of the segmentation. High
probabilities of being part of an object boundary should lead to low edge weights.

Within this setup, we can determine the “optimal” segmentation curve from start
pixel sto a termination pixel # with a shortest path algorithm. In order to calculate the
shortest paths between s and all other pixels of the image, Mortensen et al. [11]
utilize a variant of Dijkstra’s algorithm, which proceeds until all pixels of the image
are contained in set A.

The edge weights w(p, ¢) between the pixels p and g are composed of three terms:

e Laplacian: Second-order derivative information can be useful in order to judge
whether a pixel p is likely to be located on the boundary of an object. Usually,
the object intensity or color is different from the background. Positions where
the second derivative of image intensity changes its sign (zero-crossing) indicate
object boundaries, because zero-crossings in the second derivative correspond to
local maxima (or minima) of the gradient. In order to approximate the second
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derivative of the image intensities, the image [/ can be convolved with a
Laplacian kernel K, i.e., L(x) = I(x) * K., where * denotes the convolution
operator. The Laplacian-based edge weight wy(¢) can be calculated as follows:

(7.2)

w, (q)= {0 if sign(L(g)) = sign(L(r)); r € Ny (q)

1 otherwise
where N (¢) denotes the 8-neighborhood of pixel g. In other words, wy (¢), which
has the meaning of a cost, is set to zero if a zero-crossing of L occurs between
pixel ¢ and any of its 8 neighbors; otherwise it is set to one.

* Gradient Magnitude: 1t is well known that gradient strength is a good indicator

for object boundaries, too. Usually, the larger the gradient magnitude G(g) =

\/ (81(q)/0x)* + (01(g)/dy)” of a pixel ¢ gets, the higher is the probability of ¢
being part of an object boundary. Consequently, we can use G(g) as another
contribution wg(g) to w(p, q):

Gla)

we(q) =1 G

(7.3)

where G, is the maximum gradient of the entire image, which ensures that
wg(q) is between 0 and 1. Please note that wg(g) is small if G(g) is near the
maximum gradient and large otherwise.

* Gradient direction: Object boundaries typically don’t have many sharp changes
of direction when we move from one boundary pixel to a second one being
adjacent to it. Therefore, the third term wp(p,q) should reflect this bias to
smooth edges by penalizing sharp changes in boundary direction. To this end,
gradient directions can be used as follows. Consider the direction d(p) =
[01(p) /By, —01(p)/dx]", which is perpendicular to the direction of the intensity
gradient of p and usually reflects the direction of the object boundary if the
boundary is straight. We can therefore compare d(p) as well as d(g) with the
direction1(p, ¢) of the link between p and ¢. If1(p, ¢) deviates much from d(p) or
d(g), this indicates that we have a sharp change of boundary direction. “Smooth”
boundaries in turn have only small deviations between l(p, ¢) and d(p) or d(g).
Consequently, wp (p, ¢) should be small for smooth boundaries. The dot product
(-) is a good measure for direction differences, and the authors of [11] suggest to
calculate wp(p, g) by

wp(p )—l[ : + 1
D\ 4) =7 cos({(d(p),1(p,q))) cos({l(p,q) d(q)))

g—p if{d(p),g—p)=0
p—q if(d(p),q—p) <0

(7.4)
with 1(p,q) = {

Overall, w(p, q) is calculated by
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Fig. 7.5 Exemplifying the proceeding of the intelligence scissors method (Mortensen and Barett
[11] © 1995 Association for Computing Machinery, Inc. Reprinted by permission)

w(p,q) = a-wr(q) + - wel(q) +7v-wp(p,q) (7.5)

where a, f#, and y are weighting terms reflecting the relative influence of the

corresponding term and are chosen empirically.

The application of (7.5) in a shortest path algorithm together with interactive
user assistance yields a quite powerful and easy to handle method. Figure 7.5
illustrates the proceeding as well as the result. There you can see how the user
moves the mouse pointer after selecting a seed point (white curve). Different
positions on the white curve involve different shortest paths, which follow the
true object contour as much as possible, and the branch to the current mouse pointer
position (orange — true boundary, green paths: “branches” through the background
to some selected mouse pointer positions). The orange path is the shortest path to
the last known mouse pointer position as calculated by the system. As can easily be
seen, this path is a very good approximation of the true object contour.

The image in Fig. 7.6 illustrates that the method works well even in challenging
situations. This exemplifies the performance of the method, which is achieved with
very little user input.

Usually, the user-selected endpoint does not lie exactly on the object boundary.
A convenient possibility to “correct” this is to select the next starting point some
pixels away from the current endpoint such that it coincides with the object
boundary. Another possibility is to use the snap-in functionality of the algorithm,
which forces the mouse pointer to positions of maximum gradient magnitude within
a small neighborhood, e.g., 11x11 pixel.
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Fig. 7.6 Illustrating the performance of the shortest path-based scheme, even in challenging
situations (Mortensen and Barett [11] © 1995 Association for Computing Machinery, Inc.
Reprinted by permission)

A modification of the method is to modify (7.3) such that wg(g) reflects the
expected properties of the gradient. This can be achieved by utilizing the last part of
the already calculated object boundary in order to train the expected gradient
properties (e.g., a gradient histogram). The calculation of wg(g) can then be
modified such that wg(g) takes low values if the gradient strength is within the
expected range of the gradient magnitudes observed in the training segment, e.g., if
the trained histogram shows a high frequency for this gradient magnitude. This
modification allows the system to select paths along object boundaries with rather
low brightness changes to the background, even if very strong gradients are present
in its vicinity.

7.2 Dynamic Programming Along a Sequence

7.2.1 General Proceeding

Consider the following situation: suppose we have a sequential arrangement of N
elements p, and we want to assign a label x,;n€[1,2,...N] to each
of those elements. Each x, can take a specific value from a discrete label set
L=A{l};k€[1,2,...,K] consisting of K elements. The assigned labels can be

summarized in a vectorx = (x1,xz, . .., Xy ). Moreover, we can define a cost (which
we can also term energy, as in the previous chapters) E(x) for each labeling.
The task then is to find the solutionx* = (x},x3, ... ,x}%), which minimizes the total

cost: x* = arg min[E(x)]. As both the set of elements p, as well as the label set are
finite, we talk about a discrete optimization technique here.
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In many applications, E(x) can be defined to have the following structure (see
also [6]; examples will follow later on):

N N—1
E(x) =) Dalva) + Y V(X ut1) (7.6)
n=1 n=1

Usually, the D, (x, ) are data-dependent terms, which describe the cost of assigning
the label x, to the nth element of the sequence, based on some observed data. The
V (X, X,41) represent priors, which should reflect the probabilities of a joint labeling
of two successive elements of the sequence. They are independent of the data and can
therefore be calculated in advance for any possible combination of labels.

A closer look at (7.6) reveals that the energy defined here has the same structure
as many energies utilized in the previous chapters: it is also composed of two terms,
where one reflects the fidelity to some observed data, whereas the other incorporates
some kind of prior knowledge, e.g., smoothness constraints. However, observe that
the sums are taken along a (one-dimensional) sequence of elements, which is
opposed to the two-dimensional sums along a pixel grid we already encountered.

In order to find the solution x*, dynamic programming can be used. The special
case that the elements p, are arranged along a one-dimensional sequence enables us
to formulate the calculation of the energy in a recursive manner. Consider a labeling
of a part of the sequence (x1,x2,...,x,);n < N. The cost for this labeling depends
on the cost of the labeling of the subsequence (x1,x,...,X,—1) Where the last
element p, is excluded as follows:

E(x1,x0, ..., %) = E(x1,%2, ..., xp—1) + Dy(n) + V(xp—1, %) (7.7)

Clearly, this is a recursive formulation. This fact can be exploited in dynamic
programming by first calculating the minimum energy for a part of the sequence
(i.e., solving a smaller sub-problem) and then reusing this information when
extending the sequence by one additional element (i.e., extending the solution to
a larger problem), until the minimum cost for the entire sequence is found.

In practice, for each element p, of the sequence, a table B, can be calculated,
where each entry of B, (x,) denotes the minimum cost of the subsequence from the
first to the nth element p,,, under the assumption that the label x,, takes a specific
value /. Therefore, each B,, is composed of K elements. The initialization for the first
element of the sequence is trivial, because we can simply set By(x;) = D;(xy). The
entries of all other tables can be calculated via the recursive formulation:

B, (x,) = Dy (x,) + min (By—1(xp—1) + V(x4—1,%,)) (7.8)

Xn—1

In other words, after starting with the trivial calculation of the minimum costs for
the first table B, we can recursively extend the solution by one element in each step
according to (7.8). Observe that previously computed tables B, are reused in a later
iteration, which is a typical characteristic of the dynamic programming paradigm.
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Fig. 7.7 Flowchart of the general dynamic programming algorithm flow. The forward step can be
seen in the fop row, the backward step in the bottom row

n=N

This speeds up calculations, because the reusage of previous computations
accelerates the solution of each sub-problem significantly.

Up to now, we just calculate minimum costs, but we haven’t determined the
optimal labeling yet. However, as soon as the last element is reached, we can
determine the labeling of the last element by examining the values of By (xy): The
solution.xy, can be identified such that the energy associated to.xy becomes minimal:
Xj = arg Il}:/n (Bn(xy)). Once x3 is determined, we can trace back the solution

according to

X, = arg min (B,,(x,,) + V(x,,,xflﬂ)) (7.9)

Xn

until the first element of the sequence is reached. Again, we can see that previously
computed B, (x,) are reused to find the solution.
To sum it up, the general proceeding consists of two steps (Fig. 7.7):

1. Forward step: First, the optimal costs B, (x,) under the assumption that the last
element of the sequence is labeled with the specific value are calculated recur-
sively using (7.8) and stored in the tables B, while moving “forward” from the
first element to the last.

2. Backward step: Once the optimal costs are known, we can trace back the
solution according to (7.9) while moving “backward” from the end of the
sequence to the beginning.

The complexity of the algorithm is given by O(NK?), because we have N
tables to be filled, where each of them consists of K entries. The time necessary
for calculating each table entry is of O(K). Without giving any details here, let’s
note that this complexity can be reduced in many cases through the usage of
so-called distance transforms (e.g., the interested reader is referred to [4]).

Observe that the problem given here can also be represented by a graph
(see Fig. 7.8). Each element of the (horizontally arranged) sequence is represented
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Fig. 7.8 Illustrating how the problem of finding a sequence of minimum cost can be represented
by a graph (see text for details)
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by K nodes (one vertical column in Fig. 7.8), which amounts to NK nodes for
the whole sequence. Each node is connected to all K nodes of the subsequent
element, which results in NK(K —1) edges in total. Moreover, a weight
D1 (xpe1 = o) + V(x4 = k1, Xpe1 = L) can be attributed to the edge from
node (n,k1) to node (n—+ 1,k2). Additionally, two “special” nodes s and ¢ are
introduced (red nodes), where the edges from sto (1, k) are weighted by D; (x; = i),
whereas all edges to node r have weight zero. Figure 7.8 shows such a situation with
N=6and K =4.

With this setup, it is possible to obtain the solution by an algorithm, which finds
the shortest path from s to ¢. If we apply Dijkstra’s algorithm, for example, the
overall complexity is of O(NK? - log(NK)) (because there are approximately NK?
edges and NK nodes). Compared to the recursive dynamic programming approach,
the higher complexity of Dijkstra’s algorithm can be explained by the fact that those
algorithms can handle more general situations, i.e., graphs with cycles. The DP
method presented here is faster, because it exploits the special structure of the
problem. This is another piece of evidence that, in general, optimization methods
specializing in the problem at hand also are very fast.

7.2.2 Application: Active Contour Models

Now that the theory is clear, let’s turn to the question which problems can be
formulated such that their solution can be obtained by finding the optimal path
through a sequence of points. Interestingly, it turns out that the method outlined
above can be applied to the problem of finding a suitable deformable curve, which
we encountered when dealing with active contours (see also Chap. 4).

Briefly summarized, active contours try to find a curve which fits best to the
observed data, i.e., is located upon locations of high intensity gradient, but also
satisfies some smoothness constraints, i.e., its first- and second-order derivatives
should be rather low. The “classical” approach to find a solution is to set up an
energy functional, which is based on data fidelity (“external energy”) as well as
smoothness constraints (“internal energy”), and obtain a solution by a variational
approach, which seeks a solution of the Euler-Lagrange equation derived from the
functional.

However, a problem with this proceeding is that a solution satisfying the Euler-
Lagrange equation only provides a necessary condition for optimality. Consequently,


http://dx.doi.org/10.1007/978-1-4471-5283-5_4

236 7 Dynamic Programming (DP)

there is no guarantee that the result is a global or even at least a local minimum in fact.
Moreover, the calculations involve the estimation of higher-order derivatives, which
are typically numerically derived from discrete data and therefore prone to sensor
noise. In contrast to that, the DP approach guarantees to find the global optimum
within the specified search space. However, it is a discrete optimization technique, so
if we want to apply it to find a continuous contour, we must find a way to reformulate
it as a discrete optimization problem (see, e.g., [1]).

Discretization can be done if we approximate the contour to be estimated by a
finite set of N control points p,; 1 < n < N. Furthermore, the location x, of each
control point can be approximated by a finite set of K discrete positions (see [6]).
This approximation allows us to use the model described in the previous section as
follows:

« Each control point can be interpreted as a specific element of a sequence of
points.

« Each of the K possible positions of a specific control point can be interpreted as a
state (or a label) of an element of the sequence just defined.

The data-dependent term D, (x,) can be derived from the intensity gradient at
position x,. Hence, the D, (x,) can be seen as a representation of the external energy
used in variational optimization. D,(x,) should be low at positions where the
gradient is high, as these positions are likely to be part of an object border. For
example, a linear dependence on the intensity gradient G(x,) can be used:

Dy(xy) =1 — G(x)/Gmax With

G(x,) = \/(8[()6,,)/3}()2 + (81(x,)/0y)*;  Gmax = max G(x,y)

(xy)el

(7.10)

The pairwise cost V(x,,x,.1) can be set proportional to the distance between
successive control points, which steers the solution toward short curves. For
example, we can take

V(o xn1) = - [, — x| (7.11)

where ||-|| denotes the L2 norm and «a serves as a weighting factor controlling the
relative influence of the different terms during optimization.

However, an important part of the internal energy in variational optimization is
the bending energy, which is high if the second derivative of the curve is high.
Therefore, considering the bending energy in the energy functional devalues parts
of high curvature and encourages the solution to be smooth. Second-order deriva-
tive information can be approximated by considering three successive control
points, e.g., by

H(X, X1, Xs2) = B+ [0 — 2 Xt + Xag|)? (7.12)

Again, f# is a weighting factor. H is high at positions of high curvature and
therefore penalizes such control point position combinations.
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Fortunately, there is a way of incorporating H into the dynamic programming
approach. To this end, E(x) is extended to

N N—1 N-2
E(x) = ZDn(xn) + Z V(Xn, Xps1) + ZH(xllaxn+laxn+2) (7.13)
n=1 n=1 n=1

If we want to perform a recursive update of the solution, the introduction of H
leads to the following modifications. Now each B, depends on two variables, i.e.,
the position x, of the current control point p, as well as the position x,_; of the
preceding control point p,_;. That is, the table B,(x,_i,x,) now depends on
the position of two control points and represents the minimum cost from the start
of the curve to p, under the assumption that the position of p, is fixed to x, and the
position of p,_; is fixed to x,_;. Consequently, each table B, is a two-dimensional
array consisting of K entries.

An exception is the table of the first control point p;, whose elements can simply
be set to By (x1) = D (x;). The table entries of the second control point are given by
By (x1,x2) =Dy (x1) + Da(x2) + V(x1,x2) . All following tables are calculated
recursively by

Bn(xnflvxn) :Dn(xn) + V(xnflaxn)"_
+ min [anl (xn72; xnfl) + H(xn72axnflvxn)]

Xo—2

(7.14)

The forward step can be performed through the usage of (7.14). In the
backward step, we can set the solution of the last two points according to
(xy_1,xy) = arg min (By(xy_1,xy)) and then trace the solution back with

X, = arg rriin (Bn+l (xn,x:H) + H()c,,,x:;+l »XZ+2)) (7.15)

Observe that until now, this proceeding only works for open curves. However,
many applications require determining a closed contour, which leads to terms like
H(xy_1,Xn,x;) in the energy function, for example. These cyclic relationships are
prohibitive for dynamic programming, because this means that the table entries of
the “start” depend on values of the “end” of the sequence. Fortunately, there is a
way out of this dilemma if we specify the position of two successive control points
prior to optimization, leave these positions unchanged during optimization, and
optimize just the remaining control point positions as just described.

In contrast to variational optimization, the discrete DP approach guarantees to find
the global optimum if the set of values for each x, ranges over the entire image, i.e.,
each p, is allowed to take the position of any pixel. However, such a proceeding
usually is infeasible in terms of runtime, as there are (W - H )N possible combinations
to examine (W: image width; H: image height). In order to alleviate this problem, we
limit the set of positions each.x, can take to a neighborhood around an initial estimate.
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Fig. 7.9 Illustrating the proceeding of finding the optimal contour of avocado pits (see text for
details) (© 2011 IEEE. Reprinted, with permission, from Felzenszwalb and Zabih [6])

Consequently, each solution calculated by (7.15) is only a local minimum. The
convergence area can be enlarged by an iterative application of the same proceed-
ing at the just found solution. This is in line with the need to fix two of the control
points of a closed contour, because now we can fix two different points at each
iteration step such that eventually all control points are optimized.

An example can be seen in Fig. 7.9. The initial estimation can be seen in the image
on the left (step 1 (a) where the position of each control point is indicated by a black
circle). The neighborhood around each control point being considered during optimi-
zation is indicated by a blue square. The two control points without square are fixed in
the first iteration. The solution can be seen in stepl (b): Most of the optimized
positions are located upon the true object contour, but some points in the lower
right part are not optimal yet, simply because the correct solution was located outside
the control point neighborhoods. However, principally due to the internal constraints,
their position has moved considerably toward the correct solution.

The repeated calculations (Step 2) are done with modified neighborhoods. The
control points being fixed in the current iteration have moved, too. The result of this
second iteration already is the desired optimum (d).

Pseudocode

function optimizeActiveContourWithDP (in image I, in start
positions of control points x’ = (x?,xg, o ,x?,) (closed curve),
in convergence criterion &, out optimized control point

positions x* = (x},x3,...,x%)

// initialization
calculate intensity gradient magnitudes G(x,y) and set
Gax = max G(x,y).
(xy)el
// main loop: repeated optimization until convergence is

achieved
k—0
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repeat
// forward step: calculate minimum costs
randomly choose two successive points x,_; and x; as “fixed
points” (where the position doesn’t change in current
iteration); 1 <s<N
init of recursion: B,_ 1(xé 1) :DS,l(x_’;l) and B; ( o l,xk) =
Dy () 4 Ds () + V(xy,x5) -
n—s+1
if n> N then
n—n—N // “cyclic” permutation
end if
whilen #s
for all positions of the neighborhood around current
estimate xt
for all positions of the neighborhood around cur-
rent position estimate xf‘;_l
calculate B,(x,_1,x,) according to (7.14)
next
next
n« (n mod N)+1 // “cyclic” increment
end while
re-calculation of total cost for the two fixed points by

usage of B; (xA l,xﬁ‘) = min [Bs_l (xs_z,x/;_]) +H(xs_2,x/§_l,x’§)]
Xs—2

// backward step: trace back and update solution

X — xk // position is fixed
X5 <—xk // position is fixed
n<—s—2

if n<1then
n—n+N // “cyclic” permutation

end if
repeat
calculate x}, according to (7.15)
n—n-—1
if n <1 then
n—n+N // “cyclic” permutation
end if
until n==sy

// prepare next iteration
N

a3 -
n—

k—k+1

xk — x*
until A<e // A<¢e indicates convergence (A is cumulative
displacement between solutions of two successive

iterations)
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Please note that the pseudocode given above works for closed curves, as this is
more common than open curves. However, for closed curves we have to take care
that all indices s — 1, n — 1, etc. have to be within the bounds given by [1,...,N].
This can be ensured by a cyclic permutation, i.e., by setting N + 1 to 1, N to 0, and so
on. For reasons of clarity this cyclic permutation is not explicitly performed for all
indices used in the pseudocode above, but of course has to be done in a real
implementation.

7.3 Dynamic Programming Along a Tree

As we will see in this section, some applications make use of a tree-shaped model,
e.g., object recognition tasks, where the object model can be split into several parts
which are allowed to move with respect to each other. Consider so-called articulated
shapes, for example. This object model dates back to [9] and consists of several
parts, where some of them have a special relationship between each other. A model
of the human body, for example, could be split into different parts, such as head,
torso, legs, and arms. Some of the parts are “connected” to each other in a hierar-
chical manner, e.g., arms to head and hand to arm. Articulation here means that the
parts are allowed to move with respect to each other, at least up to a certain extent.

If we want to detect objects of varying appearance due to articulation, the modeling
by a tree is an elegant way of incorporating these intra-class variations. It makes the
object detection method more invariant to those variations, because despite the overall
appearance of the object can vary considerably, the appearance of each part remains
rather static and can therefore be detected more reliably. Through usage of the
articulation model, we can bring together the individual detections of the object parts.

It turns out that dynamic programming is applicable to tree-based models as
well. The next section describes what has to be done in general such that DP can be
applied to the optimization of tree-shaped models. After that, the example of
utilizing such tree-shaped models for object recognition is presented in more detail.

7.3.1 General Proceeding

Consider a tree consisting of a set of nodes N = {n;};1 <i < ||N||, where |||
denotes the cardinality of a set (i.e., the number of its elements). Furthermore,
we can assign a label x; to each node n; with x; € L; ||L|| = K, where L = {I;};
k €[1,2,...,K] represents the set of labels which can be applied to each node with
a cardinality of K.

Moreover, two nodes n; and n; are connected by an edge ¢;; if they have a special
relationship. We can assign a cost V; (x,-, xj) to each ¢;;, depending on the labeling of
n; and n;.

Similar to the sequence case, we can define an energy measure which considers
the labeling of the whole tree and is defined by
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Fig. 7.10 Exemplifying a tree structure (/eft) and illustrating the suitability of trees for dynamic
programming (right)

N
E(xi,x,...x) = E(X) = > _Di(xi) + > _ Vij(xi,x) (7.16)

i=1 €jj

Now the task is to find a labeling x* = (x’{,xj, e ,x}(,) of the whole tree which
globally minimizes (7.16).

The nature of trees prohibits the existence of cycles in the graph. This is essential
for the applicability of a DP approach, because only then it is possible to formulate
the minimization problem in a recursive manner. If the graph contains no cycles,
we can arbitrarily pick one node as the root node n,. The nodes connected to n, are
called children of n,, and n, is called their parent node. A node can have one or
more children, but all nodes (except the root) have exactly one parent. Nodes
without children are called leaf nodes. As a tree doesn’t contain cycles, each
node #; has a certain depth d;, which amounts to the number of edges between n;
and the root n,. The depth of »; and its parent n, differ exactly by one: d; = d, + 1.
An example of a tree can be seen in Fig. 7.10 (left), where the root node is marked
red and all leaf nodes are marked green.

This special structure of a tree can be exploited for a recursive formulation of the
proceeding of finding the global minimum x*. The main observation here is that the
solution of a subtree, i.e., the optimal labeling if we consider only a part of the tree,
doesn’t change if we enlarge the subtree and recalculate the solution. This is
illustrated in the right part of Fig. 7.10: suppose we already have found an optimal
labeling for the subtree marked blue. If we expand the tree by the unique parent
(marked green) and recalculate the solution of the expanded subtree, the optimal
labeling of the blue part remains unchanged.

Consequently, we can start at the leaf nodes, where the minimum cost can be
found very quickly, and then enlarge the solution by expanding the subtrees by
including parent nodes. Based on this, we can calculate the solution of the whole
tree in two steps (just as in the sequence case) as follows:

1. Forward step: In this step, we want to find the minimum costs of the subtrees
starting at the leaf nodes up to a certain node n; under the assumption that the last
element of the subtree is labeled with the specific value x;. That is, our aim is to
calculate the optimal costs B;(x;) for all nodes, where each B;(x;) is a table
consisting of K elements. One element contains the minimal subtree cost under
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the assumption that x; = /, as in the sequence case. We start at the leaf nodes,
where we can simply set B;(x;) = D;(x;). After this, all subtrees (which after the
first step consist of only one leaf node) are expanded iteratively by inclusion of
the unique parent of the “newest” node (i.e., the node which was included most
recently in the subtree currently under consideration) until the root is reached. If
we include a node »; in the subtree, we set the B;(x;) according to

Bi(x;) = Di(x;) + Y _ min(B;(x;) + Vi (xi, x;)) (7.17)

I’l,‘EC,’

where C; denotes the set of all children of #;. Just a quick look at (7.17) reveals
that the table entries can be calculated once and be reused in later iterations when
examining the parent nodes.

Please note that in order to calculate the B;(x;) as defined in (7.17), the B; (xj)
of all child nodes have to be known already. This implies certain constraints,
which have to be fulfilled when we choose the subtree which is to be expanded
next. One idea is to take only nodes where the cumulated costs of all children are
known already. An example of the proceeding is given in Fig. 7.11, where the
nodes already processed are marked blue and all possible expansions are marked
green. Observe that not all parent nodes are marked green, because the minimum
costs of the subtrees of those potential parents are not known for all subtrees. An
alternative approach is to expand the subtrees according to the depth of the
nodes. Starting with all nodes having maximum depth of the tree (which by
definition must all be leaf nodes), we can expand all nodes of the same depth at
each step. In each iteration, the depth is decreased by one until the root is
reached: decreasing by one ensures that all child nodes of the “new” nodes
have been processed already.

2. Backward step: Once the optimal costs are known, we can trace back the
solution starting at the root node and moving “backward” to the child nodes
until a leaf node is reached. At the root, we can pick the label x; according to
Xt =arg rI}in (B+(x,)). If we move backward to some child;, its label x} is given by

x; = argmin (Bi(x,-) + Vi (xiax;‘k)) (7.18)

where x; denotes the solution of the (unique) parent node n; of n;. This proceeding
stops if the optimal labeling of all nodes is determined.

The computational complexity of this proceeding is given by O(||N|| - K?),
because the runtime is largely determined by the forward step where we have to
calculate a table of optimal values for each of the nodes of the tree, each table
consists of K entries, and for each entry, O(K) operations are necessary for
finding the minimum according to (7.17). This can be further reduced through
the usage of distance transforms.
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Fig. 7.11 Illustrating the proceeding of the forward step of the dynamic programming approach
considering a tree. At start, the costs of the leafs can be calculated (marked green in the graph on
the right side of the first row). All possible expansions are shown in the left graph of the second
row. Right to this, we can see the expansions of the next iteration. This proceeding is repeated until
the costs of the root node can be calculated (right graph of the bottom row)

7.3.2 Example: Pictorial Structures for Object Recognition

7.3.2.1 Framework

A major challenge in object recognition is to handle the large intra-class variations
of some object classes. Consider the task of detecting human persons, for example.
Their appearance can vary considerably, because particularly the limbs can take
quite different positions compared to the rest of the body. Consequently, a detector
relying on a rather rigid object model will run into difficulties.

One way of tackling this problem is to split up the model into multiple parts:
Here, the model consists of a separate modeling of each part (e.g., head, torso) as
well as their spatial relationships with respect to each other. By splitting the model
into parts and allowing to move each part around its expected position (relative to
the object center), we get extra degrees of freedom allowing to handle local
deformations of the object, which could be articulation in our case. This paradigm
was first introduced in [9]. A further example is a scheme proposed by
Felzenszwalb and Huttenlocher, which is called “Pictorial Structures for Object
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Recognition” [5]. In the meantime, this quite powerful method has been refined by
the same research group (cf. [7], [8]) and shall be presented in more detail in the
following.

As already mentioned, Felzenszwalb and Huttenlocher adopt the approach of
splitting the object into different parts, too. Each part n; is described by some
appearance parameters u; and its position l;. The relationship between the parts is
modeled by a graph G = (N, E), where the nodes N = {ny,...,ny} correspond to
the M parts. A pair of nodes n; and #; is linked by an edge (n,-, n_,-) € Eif n; and n;
feature a characteristic relationship. The properties of this relationship, in turn, is
modeled by some connection parameters ¢;;.

Now let’s assume that G has the form of a tree, i.e., does not contain any cycles.
For most object classes, this assumption not really constitutes a noteworthy restric-
tion. If we prohibit cycles in G, however, we are able to apply dynamic program-
ming in the object recognition process. A part-based modeling in a tree is quite
natural for many object classes. For example, in [5] it is suggested to model the
human body by a tree of ten parts, consisting of head, torso, and the four limbs,
which are split into two parts each (cf. left image of Fig. 7.12). This configuration is
flexible enough for modeling considerable articulation, as the right image of
Fig. 7.12 shows.

Star-based models have also been suggested. They are composed of a root node
which covers the whole object at coarse resolution and leaf nodes where each node
covers one part of the object at a finer resolution. Hence, a star-based model is a
simple form of a tree, which consists of the root and leaf nodes only. This simple
model is suitable for modeling a large variety of object classes (like cars, different
kind of animals), where the relative position of the parts is subject to variations,
e.g., due to viewpoint change, local deformations, and so on.

During recognition, the aim of the method is to find the positions of all parts of
the searched model in a query image. This can be summarized in a vector L =
(Ly,...,ly) called configuration by the authors of [5], where each 1l; denotes the
(center) position of a part. To this end, we can define an energy function F, which is
composed of two terms:

1. Appearance-based term m;(l;,u;) measuring the degree of mismatch between
model and query image if part i is placed at location I; in the query image.
Usually, m;(l;,u;) is calculated by comparing the image content in a neighbor-
hood around I; (appearance) with the part model (represented by the appearance
parameters u;). These appearance parameters u; have to be learned in a training
stage.

2. Deformation-based term d;; (ll-7 1, cij) reflecting the degree of deformation if we
place part i at location I; and part j at location l;. Observe that d;; (l,—7 1, c,-j) is only
calculated if »; and n; are connected by an edge e;;. During training, we can learn
the likelihood of particular location combinations. This distribution is
represented by the connection parameters c;;.



7.3 Dynamic Programming Along a Tree 245

Fig. 7.12 Illustrating the
human body model of [5],
where each part is
represented by a rectangle.
Connections between parts
are indicated by red circles at
the joints between the parts.
The basic configuration can
be seen in the /left part,
whereas an example of an
articulated model is depicted
in the right part

In total, we have

M
FIL)=>"mw)+ > dj(.l,cy) (7.19)

i=1 (n, n/ cE

Now the goal is to find the configuration L* = arg rnLin F(L) which minimizes

(7.19). Observe that L* is a global minimum of L, which jointly considers the
appearance of each part as well as their relative positions. This is in contrast to (and
superior to) many other part-based methods, which first make some hard decisions
about the location of the parts and then evaluate the geometric configuration. The
problem with the joint consideration of appearance and geometry is the computa-
tional complexity, because the search space of eachl, is in the order of the image size,
which can amount up to millions of pixels. However, due to the structure of (7.19)
and the tree model, we can apply dynamic programming, which, together with
further speedups through distance transforms, makes a joint processing feasible.

Another advantage of this approach is that the modeling of the appearance of
each part as well as their positional arrangement takes place separately. Hence, the
object model allows for variations in the appearance of each part and deformations
of the relative positions of the parts at the same time. This kind of object represen-
tation is very generic and can be applied to a large number of object classes. Please
note that (7.19) only provides a framework, and we are free to model the parameters
m;, w;, dj;, and ¢;; such that they best fit to a particular problem at hand.

7.3.2.2 Example: Star Model with HOG Appearance

It was shown in [7] and [8] that a tree-based object model is flexible enough for a
detection of a wide variety of object classes. Felzenszwalb et al. reported similar or
leading recognition performance compared to state-of-the-art algorithms on diverse
VOC (Visual Object Classes Challenge) data sets ([12], [13]), which are
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acknowledged to be very challenging. The research group suggested several ways
of modeling the objects for different applications. In the following, one example of
applying this framework utilizing a so-called star model (consisting of a root node,
which is connected to multiple leaf nodes) together with appearance modeling with
the help of HOG descriptors is presented.

Modeling of Geometry

As far as the geometric modeling of the parts is concerned, the authors of [7],
[8] utilize a star model (as just mentioned), where the entire object at a coarse
resolution is used as a root. The root is connected to all parts, which are
evaluated at twice resolution compared to the root. Because of the reduction
of resolution, it is possible to model the entire object in a single more or less
rigid manner, as variations due to deformation / articulation are reduced during
downsampling, too.

The deformation between the parts and the root (second term of (7.19)) can be
measured by comparing the relative distance of parti to the position of the root (which
shall from now on be denoted by subscript one). If we take l; = [x;, y;] as part position
currently under consideration,l; = [x;, y;]as supposed root position, and v; as nominal
value of the relative displacement between part i and the root, we can calculate the
deformation [dx;, dy;] by [dx;, dy;] = (I, — ;) — v;, i.e., the difference between actual
and expected displacement between the ith part and the root. The deformation cost can
then be set to the sum of the deformations and their squares, weighted by factors w; ({-)
denotes the dot product):

dn (I, 11, vi, wi) = (w;, d;) (7.20)

where the vector d; = [dx;, dy;, dx;?, dy,-z] summarizes the displacement informa-
tion. Hence, the connection parameters ¢;; comprise the expected displacement v;
between the part and root as well as the weighting factors w;. The optimal splitting
of the object into parts, the relative position v; of the parts compared to the root, and
the parameters w; of the deformation cost are all learned in a training stage in an
automatic manner (see below).

Modeling of Appearance

As far as the appearance is concerned, a descriptor-based modeling is suggested in
[71, [8].! To this end, the HOG descriptor (Histogram of Oriented Gradients) [2] is
chosen, which already has been presented in more detail in Chap. 2.

! Please note that in [7] and especially [8] several modifications for performance-tuning are
proposed, which have been omitted here for clarity reasons. In this section, we just describe the
outline of the method. The interested reader is referred to the references for details.
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Briefly summarized, we can represent the appearance by first calculating the
intensity gradient magnitude and orientation at each pixel and quantizing the
orientation into a moderate number of discrete orientations (a typical number of
orientation bins is 9, ranging from 0 to just 180° in order to be contrast-insensitive).
Furthermore, the image is divided into nonoverlapping cells of, e.g., 8 x8 pixels
size, and the discretized orientations of all pixels within one cell are accumulated
into a 9-bin histogram. The contribution of each pixel is weighted by its gradient
magnitude. Finally, the orientation histogram of a cell is normalized with respect to
multiple neighborhoods. Specifically, four separate normalizations are performed,
which eventually leads to a descriptor consisting of 4x9 = 36 elements for
each cell.

Up to now, an open question is how to evaluate the appearance costs m;(1;, u;)
during recognition. In the method presented here, we are only interested in finding
translated and scaled versions of the object model, but don’t consider rotation.”
Therefore, the HOG descriptor is calculated “densely” (i.e., at every possible x/y
location). The concatenation of all descriptors which are supposed to cover part i
(under the assumption that it is located at position ;) can then be compared to the
model (represented by the appearance parameters u;).

Actually, instead of calculating costs, a similarity measure is calculated, which
takes high values when the HOG descriptors are similar to the model. Conse-
quently, during recognition we have to perform a maximization instead of a
minimization. However, this can be done by the same dynamic programming
proceeding; we just have to replace the min-operators by max-operators.

Because we want to consider scale, too, the descriptors are also calculated and
compared at different resolutions, which are obtained by a repeated downsampling
of the original image. This proceeding is illustrated in Fig. 7.13: At first, the image
is downsampled repeatedly by a predefined factor 1 (e.g., A = 1.15, which leads to
five images for each “octave.” Within each octave, the resolution is decreased by a
factor of 2). Stacking all images on top of each other in the order of decreasing
resolution leads to a so-called image pyramid (left part of Fig. 7.13).

For each image of the pyramid, the HOG descriptors are calculated separately
and accumulated in a so-called feature pyramid. This is symbolized in the right part
of Fig. 7.13, where each gray square represents one descriptor. At each location
1 = [x,y, s] (s denotes the scale index, i.e., the pyramid index of the image), we can
calculate a descriptor H(x, y, s) containing the 9-bin histogram of oriented gradients
of a cell whose upper left pixel is located at position [x,y]. Each H(x,y,s) is
normalized with respect to four different neighborhoods, leading to a 36-element
descriptor at each location and scale.

The appearance similarity n;(l;, u;) is then calculated by at first concatenating
the descriptors of all pixels, which are supposed to be covered by part i (termed

2However, the method can be extended to account for rotated versions of the object as well by
introducing a rotation parameter in the l;.
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Fig. 7.13 Illustrating the hierarchical search of the root filter (cyan) and the parts (yellow) (©
2008 IEEE. Reprinted, with permission, from Felzenszwalb et al. [7])

¢(H,x,y,s), illustrated by colored rectangles in Fig. 7.13), and then calculating the
dot product between ¢ and the appearance parameters u; of part i:

mi(li, u;) = (ui, p(H, 1;)) (7.21)

Because the root position has to be calculated at a coarser resolution compared to
the parts, it has to be located at higher levels of the pyramid (cyan rectangle),
compared to the parts (yellow rectangles).

Training Phase

The model parameters are summarized in 0, which consists of the appearance
parameters, the graph structure, and the connection parameters: 8 = (u, E, c). All
parameters of 6 have to be determined in a training stage. With the VOC data set,
this can be done in a weakly supervised manner. The data set contains training
images, where the objects are user labeled by a rectangular bounding box. How-
ever, no partitioning into parts is given. Therefore, Felzenszwalb et al. use a latent
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Support Vector Machine (SVM) approach in order to learn the model parameters,
where the (unknown) positions of the parts are treated as latent variables. Further-
more, the configuration of the parts is automatically determined by the system, too.

As we concentrate on dynamic programming, we do not give any details about
training here and assume that 6 is known for all object classes to be detected.
However, please note that the training stage is critical for good detection perfor-
mance, because the number of model parameters utilized by the system is quite
high. Therefore, we need an effective training procedure as well as rich training
data in order to obtain a correct modeling. If too few training images are used, we
are in danger of running into difficulties called “overfitting,” where the model is not
capable to represent unseen instances of the object sufficiently well. Probably, this
is the reason why simpler methods, which contain much less parameters and
therefore are much easier to train, often achieve quite competitive performance in
practice despite of their limitations.

Recognition Phase

Coming back to the recognition phase, instances of objects are detected by
maximizing the score function

M=
M=

Sy ly) = ) mi(liw) =y din (L, 1y, vi, wi)
=1 i—2
" W (7.22)
= Z (u;, ¢(H, 1)) — Z (Wi, dy)
i1 =2
where the solution is given by (I},...,1};) =argmaxS(l;,...,ly). As a star-

shaped model is used, the forward step of a dynamic programming optimization
of (7.22) consists of just two iterations. A direct application of the DP approach in
the forward step would involve calculating S(1;) = m;(1;, u;) for each part separately
(for every possible location [x, y, s] in the image pyramid) in the first iteration. In the
second iteration, we could then calculate the overall score function S for each
possible location of the root part by fixing l;, calculate the maximum score for that
particular fixedl; on the basis of (7.17), and repeat this proceeding for all possiblel;.
Compared exhaustive combination, the DP approach significantly reduces compu-
tational complexity, because according to (7.17) each non-root part can be treated
separately during maximization. This eventually leads to a computational com-
plexity which is quadratic in the pyramid size.

However, this complexity still is infeasible for typical image sizes. Therefore,
Felzenszwalb et al. make use of a generalized distance transform, which makes it
possible to reduce the complexity to be linear in the image size. The proceeding is
described in more detail in [4], [5], and we give only a short summary here.
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Briefly summarized, the modified proceeding rearranges (7.22) by calculating
the quantities

Di.,s(xay) = 123%); [<uia ¢(H,X + dxay + dyv S)> - <Wia di(dxv dy)>] (723)

which can be interpreted as the maximum possible contribution of part i to the
overall score S, under the assumption that the root is located at position 1;. Fixing I,
involves an expected location of part i at pixel [x,y] (according to the offsets v;
learned during training) and pyramid level s (under consideration of the nominal
offset vector v; only, i.e., in absence of any deformation). The D;(x,y) are
calculated by taking the dot product of the appearance model vector u; with the
concatenated HOG descriptors at position [x + dx,y + dy] (first term in the argu-
ment of the max-operator), considering the deformation cost based on [dx, dy]
(second term in the argument of the max-operator), and maximizing this difference
in a neighborhood around [x, y]. Hence, this operation propagates high appearance
similarities to nearby locations under consideration of the deformation involved if
we move away from the expected part location. By usage of the generalized
distance transform, the D; ;(x,y) can be calculated in a time linear in the number
of pixels. Now, the overall score can be calculated by summing the appearance
similarity of the root part and the D; ;(x,y):

M
S(er,y1,s1) = (wi, p(H, xi,31,81)) + D Dig—((x1,31) = Vi) (7.24)
i

where k denotes the change of scale between the root and the object parts. Through
rearranging (7.22) by the introduction of the D, (x,y), (7.24) can be maximized
with a complexity being linear in the pyramid size.

In addition to that, generalized distance transforms can also be used for the
calculation of optimal displacements P; = [dxf,dyj‘] , which specify the optimal
position of a part, if we already know the position [x“{ , yﬂ of the root. This is needed
in the backward step of DP optimization, when the optimal root position is known
already and where we have to derive the optimal position for each part, given
[x,¥}]. The optimal displacements are given by

P,-(x,y7s) = argmax [<ui7¢(H1x+ dX7y + dy,S)> - <W,‘,d,’(dx, dy)>] (7.25)
dx,dy

Hence, it is possible to store the [dx,dy] which maximize (7.23) for every
D; (x,y) and reuse this data in the DP backward step.

The whole recognition process is visualized in Fig. 7.14. Here, we want to
localize humans in upright position. The model is depicted in the upper right,
where we can see the HOG model of the root in its left picture (dominant gradient
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feature map at twice the resolution

response of part filters

response of root filter
transformed responses
>\ -
+ )
color encoding of filter
response values
_ combined score of
low value high value root locations

Fig. 7.14 Exemplifying the overall measurement flow in the recognition process of part-based
pedestrian detection (© 2010 IEEE. Reprinted, with permission, from Felzenszwalb et al. [8])

orientations are marked as bold white line segments), the part models at finer
resolution in the middle picture (five parts: head, right shoulder, left shoulder,
thighs, and lower legs), and the deformation model in the right picture, where for
each part a rectangle of “allowed” positions exists (bright positions indicate high,
dark positions low deformation costs).
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Fig. 7.15 Exemplifying the recognition performance for challenging images of various object
classes: bottle, car, horse (top row), and person, cat (bottom row) (© 2010 IEEE. Reprinted, with
permission, from Felzenszwalb et al. [8])

In a first step of the recognition phase, the feature maps at all levels of the image
pyramid are calculated. Subsequently, these feature maps are used during the
evaluation of the appearance similarity to the model by calculating the dot product
according to (7.21) (exemplified here for the root, the head part and the right
shoulder part). Observe that the resolution for the parts equals twice the resolution
for the root. Bright location in the similarity filter responses indicate high similarity
values (see color scale at the bottom left corner). Concerning the part similarities,
they are transformed according to (7.23) before finally all similarity values are
summed when calculating the overall score.

For this example we can see that there are two distinct maxima in the score
function, which correctly correspond to locations of the searched human objects.
Hence, we can easily detect multiple instances of the searched object class in one
image. The only thing which has to be done is accepting all local maxima above a
certain threshold instead of just searching the global maximum of the score
function. Observe also that the head part is more discriminative than the right
shoulder part.

In order to illustrate the recognition performance, some correctly detected
objects are visualized as overlays in Fig. 7.15. The test images are taken from the
Pascal VOC Challenge 2007 [12], which is acknowledged to be a challenging data
set. In each image, the object position is indicated by a red rectangle, whereas the
detected part positions are notified by a blue rectangle.
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Pseudocode

function partbasedObjectRecgonition (in image I, in object
model ® = (u,E,v,w), in threshold ..., out object location list
L* = (L}, L3,...,L}))

// build image pyramid

I — 1 // set lowest level of pyramid to input image
fors=1toK // K : number of pyramid levels
I — I, xG // convolvel; with Gaussian kernel G

calculate ;1| by subsampling of I, with factor 4
next

// build HOG feature pyramid
fors=1toK
calculate gradient orientation imagel,; and gradient mag-
nitude image lyqgs
fory=1toH step 8 (cell size 8; H: image height)
forx=1to W step 8 (cell size 8; W: image width)
set H'(x,y,s) as gradient orientation histogram, based
on/,, and weighted by Iyq4g
next
next
calculate H(x,y,s) through normalization of H'(x,y,s) with
respect to 4 different blocks (of size 2x2 cells each)
containing current cell
next

// forward DP step: calculate matching score function S
fors=1toK
fory=1toH step 8 (cell size 8; H: image height)
forx=1toW step 8 (cell size 8; W: image width)
fori=1toM // for each part (including root)
calculate appearance similarity m;(x,y,s,u;) (7.21)
ifi# 1 then // for every non-root part
“spread” similarity to nearby locations,
i.e. calculate D;s(x,y) according to (7.23) with
generalized distance transform
calculate P;(x,y,s) (7.25) for subsequent backward

DP step
end if
next
next
next
next
fors=1toK // calculate optimal matching score contri-

bution for each parti.
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fory=1toH step 8 (cell size 8; H: image height)
forx=1toW step 8 (cell size 8; W: image width)
calculate S(x;,y1,51) acc. to (7.24)
next
next

next

// backward DP step: find all local max. (L},L},...,L})
find all local maxima Ij, (z€[l,2,...,Z]) of root part above

similarity threshold t o
forz=1toZ // loop for all found position candidates

fori=2toM // for each part
lzz — P; (l’{i + Vi, sy, — k)

next

next
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