Module 19.3: Restricted Boltzmann Machines
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e We return back to our Markov Network
containing hidden variables and visible
variables
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e We return back to our Markov Network

@ @ @ containing hidden variables and visible
variables

o We will get rid of the image and just keep the
hidden and latent variables
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e We return back to our Markov Network
containing hidden variables and visible
variables

o We will get rid of the image and just keep the
hidden and latent variables

e We have edges between each pair of (hidden,
visible) variables.
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e We return back to our Markov Network
containing hidden variables and visible
variables

We will get rid of the image and just keep the
hidden and latent variables

(]

We have edges between each pair of (hidden,
visible) variables.

o We do not have edges between (hidden,
hidden) and (visible, visible) variables
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o Earlier, we saw that given such a Markov
network the joint probability distribution can
be written as a product of factors
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o Earlier, we saw that given such a Markov
network the joint probability distribution can
be written as a product of factors

@ Can you tell how many factors are there in
this case?
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o Earlier, we saw that given such a Markov
network the joint probability distribution can
be written as a product of factors

@ Can you tell how many factors are there in
this case?

@ Recall that factors correspond to maximal
cliques
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o Earlier, we saw that given such a Markov
network the joint probability distribution can
be written as a product of factors

@ Can you tell how many factors are there in
this case?

(]

Recall that factors correspond to maximal
cliques

o What are the maximal cliques in this case?
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Earlier, we saw that given such a Markov
network the joint probability distribution can
be written as a product of factors

Can you tell how many factors are there in
this case?

Recall that factors correspond to maximal
cliques

What are the maximal cliques in this case?
every pair of visible and hidden node forms a
clique
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Mitesh M. Khapra

Earlier, we saw that given such a Markov
network the joint probability distribution can
be written as a product of factors

Can you tell how many factors are there in
this case?

Recall that factors correspond to maximal
cliques

What are the maximal cliques in this case?
every pair of visible and hidden node forms a
clique

How many such cliques do we have? (m x n)
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@ So we can write the joint pdf as a product of the
following factors

P(V,H) = %Hﬂ%(vuhj)
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@ So we can write the joint pdf as a product of the
following factors

P(V,H) = %Hﬂ%(vuhj)

@ In fact, we can also add additional factors
corresponding to the nodes and write

P(V,H) = %HH%(%’M) HW(Uz‘)Hﬁj(h;‘)
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@ So we can write the joint pdf as a product of the
following factors

P(V,H) = %Hﬂ%(vuhj)

@ In fact, we can also add additional factors
corresponding to the nodes and write

P(V,H) = %HH%(%’M) HW(Uz‘)Hﬁj(h;‘)

@ It is legal to do this (i.e., add factors for 9;(vi)&;(h;))
as long as we ensure that Z is adjusted in a way that
the resulting quantity is a probability distribution
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@ So we can write the joint pdf as a product of the
following factors

P(V,H) = %Hﬂ%(vuhj)

@ In fact, we can also add additional factors
corresponding to the nodes and write

P(V,H) = %HH%(%’M) HW(Uz‘)Hﬁj(h;‘)

@ It is legal to do this (i.e., add factors for 9;(vi)&;(h;))
as long as we ensure that Z is adjusted in a way that
the resulting quantity is a probability distribution

@ Z is the partition function and is given by

D> T ¢uwihi) [T wstwn) [T &i(ha)
vV H % J

iJ
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o Let us understand each of these factors in
more detail
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@ Let us understand each of these factors in
more detail

e For example, ¢11(v1,h1) is a factor which
takes the values of v; € {0,1} and hy € {0,1}
and returns a value indicating the affinity
between these two variables
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¢11(v1, ha)

0 30
1 5
0 1

1 10
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Mitesh M. Khapra

Let us understand each of these factors in
more detail

For example, ¢11(v1,h1) is a factor which
takes the values of v; € {0,1} and hy € {0,1}
and returns a value indicating the affinity
between these two variables

The adjoining table shows one such possible
instantiation of the ¢1; function
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Let us understand each of these factors in
more detail

For example, ¢11(v1,h1) is a factor which
takes the values of v; € {0,1} and hy € {0,1}
and returns a value indicating the affinity
between these two variables

The adjoining table shows one such possible
instantiation of the ¢1; function

Similarly, 11 (v1) takes the value of v; € {0,1}
and gives us a number which roughly indicates
the possibility of vy taking on the value 1 or 0
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o Let us understand each of these factors in
more detail

e For example, ¢11(v1,h1) is a factor which
takes the values of v; € {0,1} and hy € {0,1}
and returns a value indicating the affinity
between these two variables

o The adjoining table shows one such possible
instantiation of the ¢1; function

e Similarly, ¢; (v;) takes the value of v; € {0,1}

0@15(”153") and gives us a number which roughly indicates
l o the possibility of v, taking on the value 1 or 0
1110 o The adjoining table shows one such possible

) instantiation of the 111 function

0 10
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o Let us understand each of these factors in
more detail

e For example, ¢11(v1,h1) is a factor which
takes the values of v; € {0,1} and hy € {0,1}
and returns a value indicating the affinity
between these two variables

o The adjoining table shows one such possible
instantiation of the ¢1; function

e Similarly, ¢; (v;) takes the value of v; € {0,1}

0@15(”155") and gives us a number which roughly indicates
l o the possibility of v; taking on the value 1 or 0
1110 @ The adjoining table shows one such possible
e instantiation of the 111 function
oy e A similar interpretation can be made for

§1(h1)
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Just to be sure that we understand this correctly let us take a small example
where |V| =3 (ie.,, V € {0,1}?) and |H| =2 (i.e., H € {0,1}?) J
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@ Suppose we are now interested in P(V =<
0,0,0 > H=<1,1>)

1/ \ 1 AQ

U1 V2 U3
Grn(or ) | ra(orha) | G0z n) | Gma(va. o) | G (o ) | G5 )
0 0 20(0 0 6 00 3 00 2 00 6 00 3
0 1 3 01 2 (0 1 3 01 1 01 3 01 1
10 5|10 1010 2|1 0 101 0 5|1 0 10
11 10|11 2 1 1 10|11 101 1 101 1 10

[on(on) | wa(va) | 0(ea) | &) | &alha) |

0 30 (0 100{0 1 0 1000 10

1 1 1 1 1 100 1 1 10
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@ Suppose we are now interested in P(V =<
0,0,0 >, H=<1,1>)

@ @ o We can compute this using the following

function
P(V=<0,0,0>H=<1,1>)
1
:Eqsll(ov 1)¢12(05 1)¢21 (07 1)

U1 v2 v3 $22(0,1)$31(0,1)$32(0, 1)
¥1(0)1p2(0)103(0)€1(1)E2(1)

Sn v k) | da(vr.ha) | do1(va.hn) | @oa(ve,ha) | ¢1(vs, h) | dua(vs, hz)
00 200 600 300 200 6100 3
01 3|0 1 200 1 300 1 1 01 3|0 1 1
10 5|10 1010 2|1 0 101 0 5|1 0 10
11 101 1 2 11 10(1 1 101 1 10|11 10

[W1(v1) | ¢a(v2) | alvs) | &(h) | &lha) |

0 3010 I(I() 0 1 0 1000 10

11 1 1 1 100 | 1 1 1 10
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@ Suppose we are now interested in P(V =<
0,0,0 >, H=<1,1>)

@ @ o We can compute this using the following
function

P(V=<0,0,0>H=<1,1>)
1
:Eqsll(ov 1)¢12(05 1)¢21 (07 1)

U1 v2 U3 $22(0,1)¢31(0, 1)¢32(0, 1)
1(0)2(0)3(0)&1(1)€2(1)
o11(vi.hy) | dr2(vi,ha) | dai(va, hi) | doa(va, ho) | ds1(vs, hi) | ¢sa(vs, ha)
0 0 20[(0 0 6 0 0 3 0 0 2 0 0 6 00 3

01 3|01 201 3|01 1 (0 1 3|0 1 1 .. . . .
10 5010 w0 ? 2 (10 0|10 5|10 0 e and the partition function will be given by

" w1 1 101 1 101 1 10
1 1 1 1 1
v1=0v2=0v3=0 h1=0 ho=1

P(V =< v1,09,v3 >, H =< hy, ho >)

[n(on) | 2) | dalvs) | &) [&(ha) |
U 3') 0 10() 0 1 |0 100 () 10
10|11 10
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o How do we learn these clique potentials:

bij(vi, hj), i (vi), & (hy)?
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o How do we learn these clique potentials:
Gij(vi, hj), i(vi), §5(hy)?

® Whenever we want to learn something what
do we introduce?
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o How do we learn these clique potentials:
i (vi, hj), ¥i(vi), §(hy)?

® Whenever we want to learn something what
do we introduce? (parameters)
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o How do we learn these clique potentials:
i (vi, hj), ¥i(vi), §(hy)?

® Whenever we want to learn something what
do we introduce? (parameters)

@ So we will introduce a parametric form for
these clique potentials and then learn these
parameters

Ve{o,1}m
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o How do we learn these clique potentials:
i (vi, hj), ¥i(vi), §(hy)?

® Whenever we want to learn something what
do we introduce? (parameters)

@ So we will introduce a parametric form for
these clique potentials and then learn these
parameters

o The specific parametric form chosen by RBMs
is

ij(vi, hy) = Vit
" Ve «?(2) 1}m bm Pi(vs) = e
’ &(hy) = ehi
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o With this parametric form, let us see what the
joint distribution looks like

Ve{o,1}m
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o With this parametric form, let us see what the
H e {0,1}" joint distribution looks like

P(V,H) = % H H bij(vi, hy) Hwi(vi) ng(hj)

Ve{o,1}m
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o With this parametric form, let us see what the
H e {0,1}" joint distribution looks like

P(V,H) = %HHQSij('Ui,hj) [ v [T& )
i g i J
=z LI e e [ Tet
] 1 J

Ve{o,1}m
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o With this parametric form, let us see what the
H e {0,1}" joint distribution looks like
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i g i J
=z LI e e [ Tet
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o With this parametric form, let us see what the
H e {0,1}" joint distribution looks like

P(V,H) = %HHQSij('Ui,hj) [ v [T& )
i g i J
=z LI e e [ Tet
] 1 J
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o With this parametric form, let us see what the
H e {0,1}" joint distribution looks like

P(V,H) = %HHQSij('Ui,hj) [ v [T& )
i g i J
=z LI e e [ Tet
] 1 J

— lezz Zj wijvih ezi biviezj' cihj

—_ lezz Zj wijvithrZi biv¢+zj cjhj

by bo bm o le—E(V,H)
Ve {0,1}™ ~Z

where,
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o With this parametric form, let us see what the
H e {0,1}" joint distribution looks like

= I TTout m) TT ot [T& ()
i g i J
_ % TTTT et T b [T e
i i J

— lezz Zj wijvih ezi biviezj' cihj
A

—_ lezz Zj wijvithrZi biv¢+zj cjhj
A

by by bm o 1 —E(V,H)
Ve {0,1}m = Ze where,

E(V, ZZvaZ Zb v; — Zc]
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He{0,1}" E(V,H) = Zwavl Zb% ZCJ

@ Because of the above form, we refer to these
networks as (restricted) Boltzmann machines

Ve{o,1}m
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He{0,1}" E(V,H) = Zwavl Zb% ZCJ

@ Because of the above form, we refer to these
networks as (restricted) Boltzmann machines

w1 werm<n @ The term comes from statistical mechanics
where the distribution of particles in a system
over various possible states is given by

vl vy U .
F(state) ox e &t
b1 bo bm
Ve{o,1}m
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He{0,1}" E(V,H) = Zwavl Zb% ZCJ

@ Because of the above form, we refer to these
networks as (restricted) Boltzmann machines

w1 werm<n @ The term comes from statistical mechanics
where the distribution of particles in a system
over various possible states is given by

V1 V2 Um B
F(state) ox e &t
b1 bo bm
Ve {o,1}m which is called the Boltzmann distribution or

the Gibbs distribution
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