Module 2.7: Linearly Separable Boolean Functions
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@ So what do we do about functions which are not linearly separable 7
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@ So what do we do about functions which are not linearly separable 7

@ Let us see one such simple boolean function first 7
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I X9 XOR

0 wo + Z?:l w;x; < 0
wo + 22221 w;x; > 0
wo + Z?Zl wiz; > 0
wo + Z?:l w;x; <0
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S =
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I X9 XOR
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0<0 = wo <0
120 = wo > —wy
020 = w; > —wy

120 = wy +wy < —wy
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X9 XOR

_ o = O

_ =0 O
S =

wo + E?:l w;x; <0

wo + 22221 wix; >0

wo + Z?Zl wiz; > 0
2

wo + Zi:l w;z; < 0

wo + w1
wo + Wi
wo + wq

wo + wq

-0+ wo
-0 4 we
-1 4+ wo
-1+ wo

0<0 = wp <0

120 = wo > —wy
0>0 = wy > —wy
120 = wy +wy < —wy

@ The fourth condition contradicts conditions 2

and 3
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120 = wy +wy < —wy

@ The fourth condition contradicts conditions 2

and 3

@ Hence we cannot have a solution to this set of
inequalities
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r1 x2 XOR x

0 0 0 wo+y . wz<0

1 0 1  wo+ X, wz>0 (0,[1) (1,1)

0 1 1  wo+Y2, wa>0 y

1 1 0 wo + 2?21 w;x; <0
wo+w;-0+wy-0<0 = wyg<O0 _ .
wo+wi-0+we-1>0 = wy > —wy (Oa'O) (1:0) o
wo +wy - 1+wy-020 = w1 > —wo @ And indeed you can see that
wo+wy-1+we-1>20 = w; +wy < —wp it is impossible to draw a

line which separates the red
e The fourth condition contradicts conditions 2 points from the blue points
and 3

@ Hence we cannot have a solution to this set of
inequalities
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@ Most real world data is not linearly separable
and will always contain some outliers

~
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@ Most real world data is not linearly separable
and will always contain some outliers

o In fact, sometimes there may not be any out-
liers but still the data may not be linearly sep-
arable
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@ Most real world data is not linearly separable
and will always contain some outliers

o In fact, sometimes there may not be any out-
liers but still the data may not be linearly sep-
arable

e We need computational units (models) which
can deal with such data
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Mitesh M. Khapra

Most real world data is not linearly separable
and will always contain some outliers

In fact, sometimes there may not be any out-
liers but still the data may not be linearly sep-
arable

We need computational units (models) which
can deal with such data

While a single perceptron cannot deal with
such data, we will show that a network of per-
ceptrons can indeed deal with such data
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o Before seeing how a network of perceptrons can deal with linearly inseparable
data, we will discuss boolean functions in some more detail ...
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e How many boolean functions can you design from 2 inputs 7
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o Let us begin with some easy ones which you already know ..
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e How many boolean functions can you design from 2 inputs 7
o Let us begin with some easy ones which you already know ..

x1 x2  fi fe fi6
0 0 0 0 1
0 1 0 0 1
1 0 0 0 1
1 1 0 1 1
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e How many boolean functions can you design from 2 inputs 7
o Let us begin with some easy ones which you already know ..

1 22 fi fo fs fs fie
0 0 o 0 O 0 1
0 1 o 0 O 1 1
1 0 0 0 1 1 1
1 1 0 1 0 1 1
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e How many boolean functions can you design from 2 inputs 7
o Let us begin with some easy ones which you already know ..

x1 x2 fi fo fs fa fs fo fr fs fo fio fuu fiz fiz  fia  fis  fie
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

o Of these, how many are linearly separable 7

Mitesh M. Khapra CS7015 (Deep Learning) : Lecture 2



e How many boolean functions can you design from 2 inputs 7
o Let us begin with some easy ones which you already know ..

x1 x2 fi fo fs fa fs fo fr fs fo fio fuu fiz fiz  fia  fis  fie
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

e Of these, how many are linearly separable ? (turns out all except XOR and
IXOR - feel free to verify)

Mitesh M. Khapra CS7015 (Deep Learning) : Lecture 2



e How many boolean functions can you design from 2 inputs 7
o Let us begin with some easy ones which you already know ..

x1 x2 fi fo fs fa fs fo fr fs fo fio fuu fiz fiz  fia  fis  fie
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

e Of these, how many are linearly separable ? (turns out all except XOR and
IXOR - feel free to verify)

o In general, how many boolean functions can you have for n inputs ?

Mitesh M. Khapra CS7015 (Deep Learning) : Lecture 2



e How many boolean functions can you design from 2 inputs 7
o Let us begin with some easy ones which you already know ..

x1 x2 fi fo fs fa fs fo fr fs fo fio fuu fiz fiz  fia  fis  fie
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

e Of these, how many are linearly separable ? (turns out all except XOR and
IXOR - feel free to verify)

o In general, how many boolean functions can you have for n inputs ? 22"

Mitesh M. Khapra CS7015 (Deep Learning) : Lecture 2



e How many boolean functions can you design from 2 inputs ?

o Let us begin with some easy ones which you already know ..
1 w2 fi fo fs fa fs fo fr fs fo fio fuu fiz fis fia fis  fie
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

Of these, how many are linearly separable 7 (turns out all except XOR and
IXOR - feel free to verify)

In general, how many boolean functions can you have for n inputs ? 22"

(]

o How many of these 22" functions are not linearly separable ?
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e How many boolean functions can you design from 2 inputs ?

o Let us begin with some easy ones which you already know ..
1 w2 fi fo fs fa fs fo fr fs fo fio fuu fiz fis fia fis  fie
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

e Of these, how many are linearly separable ? (turns out all except XOR and

IXOR - feel free to verify)
o In general, how many boolean functions can you have for n inputs ? 22"

o How many of these 22" functions are not linearly separable ? For the time being,
it suffices to know that at least some of these may not be linearly inseparable
(I encourage you to figure out the exact answer :-) )
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