Module 3.4: Learning Parameters : Gradient Descent
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Now let us see if there is a more efficient and
principled way of doing this
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Goal

Find a better way of traversing the error surface so that we can reach the
minimum value quickly without resorting to brute force search!
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vector of parameters,
say, randomly initial- =00 g sm--------

ized /
M 0 = [w, D]
K—~—> A0 = [Aw, Ab]
n- A0 Af

change in the
Onew = 0+ 1 - AO /\

values of w, b
Question: What is the right Af to use
?

// We moved in the direc-
/ tion of A6

Let us be a bit conservat-
ive: move only by a small
amount 7

The answer comes from Taylor series
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For ease of notation, let Af = u, then from Taylor series, we have,

sh M. Khapra 37015 (Deep Learning) : Lecture 3



For ease of notation, let Af = u, then from Taylor series, we have,

3 4

2
Z(0 4+ nu) :.,2”(9)+77*UTV.$(0)+%*uTvzf(ﬁ)u—i—%*...+%*...
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= 2(0) + nxul'V.2(0) [ is typically small, so n*,13,.. = 0]
Note that the move (nu) would be favorable only if,
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For ease of notation, let Af = u, then from Taylor series, we have,

Ui Ui '
LO+nu) =20)+nxu' VLO)+ = xul V2L (O)u+ = % ... + — % ...

2! 3! 4!
= 2(0) + nxul'V.2(0) [ is typically small, so n*,13,.. = 0]
Note that the move (nu) would be favorable only if,

L0+ nu) — ZL(0) <0 [i.e., if the new loss is less than the previous loss|

This implies,

u'VZL(9) <0
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Okay, so we have,
u'VZ(6) <0

But, what is the range of u’'V.Z(6) ?
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Okay, so we have,
u'VZ(6) <0

But, what is the range of u?'V.Z(0) ? Let us see....
Let 3 be the angle between u’ and V.Z(6), then we know that,

B cos(B) — uT'VZL(0)
L cos(B) = vz <1

multiply throughout by k = ||u|| * ||VZ(0)]]

—k<kxcos(B) =u'VL0O) <k
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Okay, so we have,
u'VZ(6) <0

But, what is the range of u?'V.Z(0) ? Let us see....
Let 3 be the angle between u’ and V.Z(6), then we know that,

B cos(B) — uT'VZL(0)
L cos(B) = vz <1

multiply throughout by k = ||u|| * ||VZ(0)]]
—k<kxcos(B) =u'VL0O) <k

Thus, Z(0 + nu) — Z(0) = uT'V.L(0) = k * cos(B) will be most negative when
cos(f) = —1 i.e., when 3 is 180°
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Gradient Descent Rule
o The direction u that we intend to move in should be at 180° w.r.t. the gradient
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Gradient Descent Rule
o The direction u that we intend to move in should be at 180° w.r.t. the gradient

o In other words, move in a direction opposite to the gradient

Parameter Update Equations

W1 = wy — NVwy
biy1 = by —nVby
b
where, Vw; = % , Vb

8’[1) at w = w¢, b= bt ab at w = wt,b = by
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Gradient Descent Rule
o The direction u that we intend to move in should be at 180° w.r.t. the gradient

o In other words, move in a direction opposite to the gradient

Parameter Update Equations

Wit = wp — NVwy

biy1 = by — Vi

b
where, Vw; = 0L (w,b) , Vb = 0L (w,b)

8’[1) at w = w¢, b= bt ab at w = wt,b = by

o’

So we now have a more principled way of moving in the w-b plane than our “guess
work” algorithm
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o Let us create an algorithm from this rule ...
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o Let us create an algorithm from this rule

Algorithm: gradient_descent()

t <+ 0;
max_iterations <— 1000;
while t < maz_iterations do
Wiyl < wp — NVWwy;
biy1 < by —nVby;
end

o To see this algorithm in practice lest first derive Vw and Vb for our toy neural
network
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§2.5,0.9)
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S701



Let’s assume there is only 1 point to fit
1
f(ﬂf) = 1+87(w~z+b) (w7 y)

§2.5,0.9)

0.2 $40.5,0.2)
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Let’s assume there is only 1 point to fit

f(@) = m (@, y)
1 2
Z(wb) = 5 #(f@) ~)
. 42.5,0.9) ag(w’ b) 8 1 2
Vw—T—%[i*(f(Cﬂ)—y) ]
02 405,0.2)
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Vo = L[ (f(2) o)’

= S * 25 (f(@) ~ ) * (&) ~ )]
= (@)~ 9) * (@)

&
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Vi = o[+ (f(@) — )]
0

= S * 25 (f(@) ~ ) * (&) ~ )]

w

= (@)~ 9) * (@)
0

= (@) =) % ()
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o 1 9 L
Vu = o= [5x (f(@) = )] %(m)
= L2 (1) ) (F () )]

= (@)~ 9) * (@)

= (@) =) % ()
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0 .1 0 1
Vo =5l * U@ v ou (T o)
0 _
= 3+ Rr (@)~ @ | = S (e

= (@)~ 9) * (@)

= (@) =) % ()
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D ()~ )
L 2
25 (@) ) ¢ e (f () )]

(F(&) ) * (£ (&)

(f(z) —y)

0

m

(

S S
1+ 6—(wx+b)>

Mitesh M. Khapra

0 1
%(1 + e—(W$+b)>
-1 0
(1 + e—(wx+b))2 %
—1
(1 4 e—(wx+b))2

(e—(wa:-‘rb)))

0
S (—(wr 1)

% (ef(warb))
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() — )+ 2 (7))

(f(z) —y)

ow
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m

(
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1+ 6—(wx+b)>
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% ( 1+ e—l(W$+b) )
-1 0

—(wz+b
(1+€—(wx+b))2%(e (wr )

-1 0
_ —(wz+b)y Y
(1 + 6_(wx+b))2 * (6 )8’11)( (wx + b)))
B -1 e— (wz+b)
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1 ef(wx+b)
= (z)

(1 + e—(wa+d)) * (1 + e—(wasd)) *
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o 1 d 1
Vw = 2[5 (f(@) =) ow )

1 8 _1 8 —(wx
UM (2% (f(2) C; y)* éTw(f(x) —vll| = (1 + e~ (wetd))2 %(e (weth)))
= (f(2) = y) » 88w(f(sc» 1 -3 e_‘(ix+b))2 (@ 19) (1))
= (f(x) —y) * %(m) B 1 e—(wz-+b)

(14 e (watd)) . (1 4 e~ (waz+b)) * (=)
1 e*(wx+b)

(14 e o) * (14 e (wath)) * ()

= fle)x (1= f(x)) * =z
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V= 2w () ~ )] o1}

Ow \1 4 e—(wz+b)
1 0 _
=5 * 2 (@) C; Y* U@ =l = 1+ e—(im))z %(6_(“’“”)))
S %(f(x» 1 - (1+ e—_(zlux+b))2 * (e(warb))ai)(_(wx +0)))
=@ - oo () | -1 el -
= (f( ) ) f( ) (1 . f( )) . N (1 +6_(w:r:+b)) (1 + 6—(wx+b))
1 e*(wx+b) . (x)

= i+ e,(wﬁb)) * 1+ e,(wwb))
= f(@)*« (1= f(z)) 2
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So if there is only 1 point (x,y), we have,

§25,0.9)

0.2 40.5,0.2)
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So if there is only 1 point (x,y), we have,

Vw = (f(x) —y) * f(2) * (1 = f(z)) *x

§25,0.9)
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) So if there is only 1 point (x,y), we have,
(@) = et

Vw = (f(x) —y) * f(2) * (1 = f(z)) *x

e For two points,

§25,0.9)
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) So if there is only 1 point (x,y), we have,
(@) = et
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) So if there is only 1 point (x,y), we have,
(@) = et

Vw = (f(x) —y) * f(2) * (1 = f(z)) *x

10 500 For two points,
0.8 2
Vw =3 (f(a) — i) * fl@i) « (1= ) * 24
0.4 Z:1
40.5,0.2) 2
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def f(w,b,x) :
1.0

(1.0 + np.exp(-(w'x + b)))
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def f(w,b,x) :
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def error ( b)
err
X,y zip(X,Y)
fx = f(w,b,x)
err (fx - y)
err
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Random search on error surface
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Random search on error surface

def f(w,b,x)
1

(1.0 + np.exp(-(w'x

def error b)
err = ¢
X,y zip(X,Y)
fx = f(w,b,x)
err (fx
err

error
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discuss its variants

o For the time being it suffices to know that we have an algorithm for learning
the parameters of a sigmoid neuron
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o Later on in the course we will look at gradient descent in much more detail and
discuss its variants

o For the time being it suffices to know that we have an algorithm for learning
the parameters of a sigmoid neuron

@ So where do we head from here ?
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