
 

A r v X is discrete if it takes values

in a countable set x az 3 Tts

distribution function flak PCX Ex

is a jump function
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Examples of discrete r.ws

Binomial distribution
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Poisson distribution
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Find C s t f is a valid Pmf

Independence
Recall A and B independat if
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Def X Y r.us independent if the

events x x34 Y y are independent

x y i.e

X C 74,92 3 Iffy Lz 3
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Note Can be generalized to X Xa



Examply Poisson flips
A coin is tossed heads turns up w.p p

f hq

X heads Y tails

X t 7 not independent
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Suppose you toss the coin N times

where N N Poisson 1

Then X Y are independent
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Similarly Ptfy7n_LXgjte
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Notes
X Y independent g h 112 7112

Then gCX and NY are independent aswell

Can generalize independence to
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9 IET

finite subset Hai



Conditional independence can be

defined along similar lines

Pair wise independence independence

Binomial to Poisson

Let Xn be Binomial not X o net 2

Then
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Lecture
Expectation Variance Correlation

Toss a coin 5 up for large N

In general Xc Xz Xp of r.us

all with same pmf f

f x Xi x

IT

Average M IN xNffx

Ex f Cx
x

Def Mean Expectation Expected value



of a r v X with pmf is defined as

Ex Ex floe

a ffxDo

whenever this sum is absolutely

convergent

Note ffw is absolutely

convergent if Hao c
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Pffhais pmf f and g B 2K
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Deff k positive integer
Kth moment ME ECXk

Kth Central moment E C m

Mean µ
Mar rI ECG a
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Examples Con next page



Bernoulli r v Xu Berlp

µ p VarCxkpCtp

Binomial r v W tp
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Taylor CSeries expurion
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c Ect 1 where

1 is a constant rv that takes

value I always
Do your own proof

Lemma

Tf X Y independent then

EXTI Ex EY

converse not true

Xie independent Berft
check X 17 IX 71 dependent



but uncorrelated
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Deft X Y uncorrelated

if EXKEXEY

Thins For r v s X Y

i Var Ca X a Varlx

Cil Var City Var Warm

if X 7 are uncorrelated

Do your own proof

Note Variance is not a

linear operator
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Joint distributions
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Deff Joint distribution
function

F R2 Co D of X and Y

is given by

Fla g P XE x and Ky
Their joint man function
F R2 Co D is given by



f x y p a x and Ky

Note Can generalize to
a

bigger collection of r.us

If A Efx x3 and

Bye 7 y3
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Lemmat X and Y independent
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Poisson flips revisited

X heads Y tails

in Nw Poisson A flips
of a coin with bias p



From an earlier lecture
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Similarly Y n Poisson p

Observe that
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so X Y are independent
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Def Covariance of X andY
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Correlation Coefficient of
Dandy is

ecxieklorlx.ie

Notes

Corexit Ext EXEY

So X y uncorrelated

if Cor CX 73 0



Tedious example
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yet if
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Lemma

lecxidl El

with equality Tff
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for some a btR
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ProofI
Cauchy Schwarz inequality
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Tff P aX b 7

for a.BE R at least one of
a b non Zero

Applying to X Exif ET
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Lecture 13

Contribution
expectation

we discussed P BIA

want to generalize to

r v s X and Y i.e

conditional distribution

of 7 given xx



Def conditional distribution

of 7 given XH

denoted by Fy 1 1 Ix is

Fyµ ylxj pfkylxn.se
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Conditional man function
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distribution of 7 has
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which is a function of y

The expected value of

this distribution

y f y gla is

the conditional expectation

of 4 given X x
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De Let Yat ECHED

XCX is called the

conditional expectation
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So

F f ECHx DPCx D

Example
A hen lays N eggs
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Each egg hatches w p P

independent of other eggs
K eggs that hatched
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Generalizing ECE lxD EID

theorem yea F Gtd

EGG glxD ECYgCxD

for any g
for which both

expectations exist
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X 7 independent
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Tower property

F El 41 271 x

ENIX

E EHlxYx z

mm

P TO



Sums of r v S

Z Xt Y f x g jointpmf

Want to find pmf of 2
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G l p2C p

2 2,3

In general 2 is the waiting

time until r heads
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Negative binomial r v



A brief tour of concentration

inequalities

X 0 with pmf f k Ko 1,2
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For any positive m
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Markovitz
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Why Apply Markov inequality to
2

Weak law of large numbers

X t Xn Xi i i d

F Xi µ Var Xi T's a
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Applying C ing

PCI ul E E I Heo
n E

2

Recall that for the Bernoulli case we had
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