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Chapter 7

Analysis of stochastic gradient
algorithms

7.1 SG algorithm and a useful lemma

xk+1 = xk → ωkg(xk, εk). (7.1)

Assumption 7.1. Eωk [g(xk, εk)] = ↑f(xk) and Eωk [↓g(xk, εk)↓
2
2]→ ↓Eωk [g(xk, εk)]↓

2
2 ↔ ϑ2.

Assumption 7.2. f(x) ↗ f̄ for all x

Lemma 7.1 (Improvement in gradient step). Under Assumption 7.1, we have

Eωk [f(xk+1)]→ f(xk) ↔ →ωk(1→
1

2
ωkL)↓↑f(xk)↓

2
2 +

1

2
ω2
kLϑ

2. (7.2)

Proof. Using L-smoothness of f and the update iteration (7.1), we obtain

f(xk+1)→ f(xk) ↔ ↑f(xk)
T (xk+1 → xk) +

1

2
L↓xk+1 → xk↓

2
2 (7.3)

↔ →ωk↑f(xk)
T g(xk, εk) +

1

2
ω2
kL↓g(xk, εk)↓

2
2. (7.4)

Taking expectation wrt εk, we obtain

Eωk [f(xk+1)]→ f(xk) ↔ →ωk↓↑f(xk)↓
2
2 +

1

2
ω2
kLEωk [↓g(xk, εk)↓

2
2] (7.5)

↔ →ωk(1→
1

2
ωkL)↓↑f(xk)↓

2
2 +

1

2
ω2
kLϑ

2. (7.6)

The claim follows.
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7.2 Strongly convex case 39

7.2 Strongly convex case

Theorem 7.2. Let f be a m-strongly convex function. Then, the SG algorithm governed by (7.1)
and with ωk = ω s.t. 0 < ωL < 1, satisfies

E[f(xn)→ f(x→)] ↔
ωLϑ2

2m
+ (1→ ωm)n↑1

(
f(x1)→ f(x→)→

ωLϑ2

2m

)
. (7.7)

Proof. From Lemma 7.1, we have

Eωk [f(xk+1)]→ f(xk) ↔ →ωk(1→
1

2
ωkL)↓↑f(xk)↓

2
2 +

1

2
ω2
kLϑ

2.

Since ωk = ω and 0 < ωL < 1, we have

Eωk [f(xk+1)]→ f(xk) ↔ →
1

2
ω↓↑f(xk)↓

2
2 +

1

2
ω2Lϑ2. (7.8)

Since f is m-strongly convex, the PL-condition holds, i.e.,

f(x)→ f(x→) ↔
1

2m
↓↑f(x)↓22, ↘x.

Using PL-condition in (7.8), we obtain

Eωk [f(xk+1)]→ f(xk) ↔ →mω(f(xk)→ f(x→) +
1

2
ω2Lϑ2. (7.9)

Subtracting f(x→) on both sides and re-arranging, we obtain

Eωk [f(xk+1)→ f(x→)] ↔ (1→ ωm)[f(xk)→ f(x→)] +
1

2
ω2Lϑ2. (7.10)

Taking expectations followed by straightforward simplifications, we obtain

E[f(xk+1)→ f(x→)]→
ωLϑ2

2m
↔ (1→ ωm)E[f(xk)→ f(x→)] +

ω2Lϑ2

2
→

ωLϑ2

2m

= (1→ ωm)

(
E[f(xk)→ f(x→)]→

ωLϑ2

2m

)
. (7.11)

Since ωm < m
L < 1, a repeated application of the above inequality leads to the following bound:

E[f(xn)→ f(x→)] ↔
ωLϑ2

2m
+ (1→ ωm)n↑1

(
f(x1)→ f(x→)→

ωLϑ2

2m

)
. (7.12)

The claim follows.

Remark 7.1. Taking limits as k ≃ ⇐ in (7.7), we obtain

E[f(xk)→ f(x→)] ≃
ωLϑ2

2m
as k ≃ ⇐. (7.13)

The result above implies that a constant stepsize SG algorithm does not converge to the optima,
and instead gets to within a ball around the optima.
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5.3. The strongly-convex case 135

The claim follows.

Remark 5.8. In contrast to the constant step size case handled pre-
viously, with a diminishing step size, we have a bound that vanishes
as m æ Œ. However, the step size choice requires the knowledge of
the strong convexity parameter µ, while the constant step size case
in Theorem 5.4 did not assume such information. On a related note,
it is possible to obtain a bound of O

!
1/

Ô
m

"
with a step size choice

that does not require the knowledge of µ, and more importantly, with
a bound that does not scale inversely with µ. Such a bound may be
preferable for ill-conditioned problems, where µ is very small. The reader
is referred to (Nemirovski et al., 2009) for the details.

5.3.2 SG with biased gradient information

As before, we consider the update iteration in (5.21). Unlike the previous
section, where we assumed unbiased gradient estimates (i.e., the condi-
tion A5.1 holds), here the estimate ‚Òf(◊k) is a biased approximation
to the gradient of the objective function f at ◊k.

As in the asymptotic analysis in Section 4.1.2, the biased gradient
estimate ‚Òf(◊k) can be decomposed as follows:

‚Òf(◊k) = Òf(◊k) + —k + ÷k, where (5.29)

—k = E
Ë

‚Òf(◊k) | Fk

È
≠ Òf(◊k),

÷k = ‚Òf(◊k) ≠ E
Ë

‚Òf(◊k) | Fk

È
,

where Fk is a ‡-field generated by {◊i, i Æ k}. In the above, —k is the
bias in the gradient estimate and ÷k, n Ø 0, is a martingale di�erence
sequence.

Using a simultaneous perturbation-based gradient estimate implies
—k = O(”2

k), where ”k is the perturbation parameter used in forming
the estimate (see Chapter 3 for several examples). While the bias goes
down as ”2

k, the variance of the gradient estimate scales inversely with
”2

k. This has been formalized earlier in assumptions A5.2–A5.3.
We now present a non-asymptotic bound in expectation for the SG

algorithm (5.21) with inputs from a biased gradient oracle that satisfies
the aforementioned assumptions.



136 Non-asymptotic analysis of stochastic gradient algorithms

Proposition 5.1. Suppose the objective function f is L-smooth (see
Definition 3.1), and assumptions A5.2–A5.3 hold. Then, we have

E Î◊m+1 ≠ ◊úÎ2 Æ 2 exp(≠2µ�(m)) Î◊0 ≠ ◊úÎ2
¸ ˚˙ ˝

initial error

+ 2
nÿ

k=1
a2

k exp(≠2µ(�(m) ≠ �k))c2
1”4

k

¸ ˚˙ ˝
bias error

+

nÿ

k=1
a2

k exp(≠2µ(�(m) ≠ �k))c2”≠2
k

¸ ˚˙ ˝
sampling error

, (5.30)

where �(k) :=
kÿ

i=1
ai.

Proof. Let zm = ◊m ≠ ◊ú denote the error at time instant n of the
algorithm (5.21). Using Òf(◊ú) = 0, we have

3⁄ 1

0
Ò2f(◊ú + ⁄(◊m ≠ ◊ú))d⁄

4
zm = Òf(◊m).

Using the fact above, we arrive at a recursion for zm from (5.29). Letting

Jm :=
⁄ 1

0
Ò2f(◊ú + ⁄(◊m ≠ ◊ú)d⁄, we have

zm+1 =(I ≠ a(m)Jm)zm ≠ a(m) (—m + ÷m)

=�mz0 ≠
nÿ

k=1
a(k)�m�≠1

k (—k + ÷k),

where �m :=
nŸ

k=1
(I ≠ a(k)Jk).

By the conditional Jensen’s inequality, we obtain

(Em Îzm+1Î)2 Æ Em(Èzm, zmÍ)

= Em

Q

aÎ�mz0Î2 +
.....

nÿ

k=1
a(k)�m�≠1

k —k

.....

2
+

.....

nÿ

k=1
a(k)�m�≠1

k ÷k

.....

2

≠
K

�mz0,
nÿ

k=1
a(k)�m�≠1

k —k

L

≠
K

�mz0,
nÿ

k=1
a(k)�m�≠1

k ÷k

L

Oct Tic Aic f Ok

f is µ strongly convex

F 04 0 0 10m of dx
F 10m

shorthand for
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5.3. The strongly-convex case 137

≠
K

nÿ

k=1
a(k)�m�≠1

k —k,
nÿ

k=1
a(k)�m�≠1

k ÷k

LB

(5.31)

Æ 2 Î�mz0Î2 + 2
nÿ

k=1
a(k)2

...�m�≠1
k

...
2

c2
1”4

k

+
nÿ

k=1
a(k)2

...�m�≠1
k

...
2
E Î÷kÎ2 . (5.32)

For the last inequality, we have used the following facts: (i) ÷k is a
martingale di�erence implying the last two cross terms in (5.31) are
zero; (ii) —k Æ c1”2

k from A5.3; and (iii) Cauchy-Schwarz inequality for
the first cross term in (5.31).

Now, we bound each of the square terms in (5.32) separately.
Since the objective is strongly convex, we have that ÎI ≠ a(m)JmÎ Æ
exp(≠µa(m)). Hence,

...�m�≠1
k

...
2

=

......

nŸ

j=k+1
(I ≠ ajJj)

......
2

Æ
nŸ

j=k+1
Î(1 ≠ ajµ)I ≠ aj(Jj ≠ µI)Î2

Æ
nŸ

j=k+1
Î(1 ≠ ajµ)IÎ2 Æ

nŸ

j=k+1
(1 ≠ ajµ)

Æ exp (≠µ(�(m) ≠ �(k))) . (5.33)

From A5.3, we can infer that the second moment of the martingale
di�erence is bounded above by c2/”2

k. The main claim now follows by
plugging the bound on ÷m and (5.33) into (5.32).

By specializing the result in the proposition above, we derive a
non-asymptotic bound of the order O(1/

Ô
m).

Theorem 5.6. (Biased gradients and strongly convex objec-

I
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138 Non-asymptotic analysis of stochastic gradient algorithms

tive) Let a(k) = c/k and ”k = ”0/k”. Then,

E Î◊m ≠ ◊úÎ Æ
Ô

2 Î◊0 ≠ ◊úÎ
mµc

+
Ô

2cc1”2
0Ô

2µc ≠ 4” ≠ 1
m≠

1
2 ≠2”

+
Ô

c2c

”0
Ô

2µc + 2” ≠ 1
m”≠

1
2 .

Remark 5.9. Choosing ” = 0, one can obtain a bound of the order
O

1
m≠1/2

2
for simultaneous perturbation schemes that lead to biased

gradient estimates, and this bound matches the corresponding bound
with unbiased gradient information up to constant factors. Contrast
this with the di�erence in rates between biased and unbiased gradient
information for the non-convex and convex cases in the previous sections.

Remark 5.10. Using L-smoothness of f and Òf(◊ú) = 0, we have

E [f (◊m)] ≠ f(◊ú) Æ L

2 E Î◊m ≠ ◊úÎ2 = O
3 1

m

4
.

Proof. Bounding a sum by an integral, we obtain

exp(≠µ�(m)) Æ exp(≠µc ln m) = m≠µc.

Plugging a(k) = c/k and ”k = ”0/k” into the bias error term in
(5.30), we obtain

mÿ

k=1
a(k)2 exp(≠2µ(�(m) ≠ �k))c2

1”4
k Æ

mÿ

k=1

c2

k2 n≠2µck2µcc2
1

”4
0

m4”

Æc2n≠2µcc2
1”4

0

mÿ

k=1
k2µc≠4”≠2

Æ c2c2
1”4

0
(2µc ≠ 4” ≠ 1)m≠1≠4”.

Along similar lines, the sampling error term in (5.30) can be upper-
bounded as follows:

mÿ

k=1
a(k)2 exp(≠2µ(�(m) ≠ �k)) c2

”2
k

Æ c2c2
”2

0(2µc ≠ 4” ≠ 1)m≠1+2”.


