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Analysis of stochastic gradient
algorithms: ch. by o v

Cone
7.1 SG algorithm and a useful lemma vek 2
Spchest G rodied =}
Tyl = Tp — Oékg(iﬂk,ék)-/? (7.1)

Assumption 7.1, Ee, [g(w, &)] = V/ (vx) and Ee, [lg(ax, &) 13] — [Ee,[o(n, £0)]13 < 0

SN~—m—"_—

i f 2 pA
Assumption 7.2. f(x) > f forall x E_ ‘al < 74+ | Ea 0 .
Lemma 7.1 (Improvement in gradient step). Under Assumption 7.1, we have = Z—{- \Va@ \

1 1
Be,[f (wk41)] = flan) < —on(1 = 5o L)V F (@) 5 + §a%%02. (72)

N 9f LeLipronhy

Proof. Using L-smoothness of f and the update iteration (7.1), we obtain

1
Flapsr) — flan) < VF(ae) (Tpe — 2p) + §LH$k+1 — a3 (7.3)

1
< gV f (k) g2k, &) + SR Lllg(n, &)|3- (7.4)

Taking expectation wrt &;,, we obtain

1
Ee, [f(zp+1)] — flazn) < —awl|Vf(zr)|15 + §O‘zLE€k[“g($k7§k)H§] (7.5)
1 1
< —on(l = Sk L)V f () I3 + 5o Lo®. (7.6)
The claim follows. L]

38



7.2 Strongly convex case 39

7.2 Strongly convex case

Theorem 7.2. Let f be a m-strongly convex function. Then, the SG algorithm governed by (7.1)
and with a, = a s.t. 0 < aL < 1, satisfies

aLo?

Elf(a) - £ < 22

(0] O'2
+ (1 —am)* ! (f(xl)—f(x*)— 2Lm ) (1.7)

Proof. From Lemma 7.1, we have

Eg¢, [f(xk11)] — f(or) < —ag(1 — %%L)va(xk)llg + %a%LUQ.

Since o, = avand 0 < o < 1, we have

e, [f (axen)] — Flax) < 50l V(@) [} + Lo’Lo a8

Since f is m-strongly convex, the PL-condition holds, i.e.,

—

Fa) @) < 5 IVF@), ve. J7 07 wnd

Using PL-condition in (7.8), we obtain
B, [f(@)] — f(ox) < —malf(ey) — f&") + Sa*Lo 19

Subtracting f(z*) on both sides and re-arranging, we obtain
Ee, [f(zx41) — f(@)] < (1= am)[f(xx) — f27)] + %a%? (7.10)

Taking expectations followed by straightforward simplifications, we obtain

aLo? a’Lo? aLo?
E — )] — <(1- E — * —
Fonen) = 1@ = S5 < (1= am)E[f () — ()] + 57 = 22
" aLo?
— (- am) (B - 1] - B2 ) . @
Since am < 7t < 1, a repeated application of the above inequality leads to the following bound:
Lo? Lo?
Blf () — 7] < G (= am)™ (o) - S0 - G ) . )
The claim follows. O
Remark 7.1. Taking limits as k — oo in (7.7), we obtain
L 2
E[f(zk) — f(z¥)] — BT sk — 0. (7.13)

The result above implies that a constant stepsize SG algorithm does not converge to the optima,
and instead gets to within a ball around the optima.
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The claim follows. L]

Remark 5.8. In contrast to the constant step size case handled pre-
viously, with a diminishing step size, we have a bound that vanishes
as m — oo. However, the step size choice requires the knowledge of
the strong convexity parameter p, while the constant step size case
in Theorem 5.4 did not assume such information. On a related note,
it is possible to obtain a bound of O (1/y/m) with a step size choice
that does not require the knowledge of 11, and more importantly, with
a bound that does not scale inversely with p. Such a bound may be
preferable for ill-conditioned problems, where p is very small. The reader
is referred to (Nemirovski et al., 2009) for the details.

5.3.2 SG with biased gradient information

As before, we consider the update iteration in (5.21). Unlike the previous
section, where we assumed unbiased gradient estimates (i.e., the condi-
tion A5.1 holds), here the estimate V f(6},) is a biased approximation
to the gradient of the objective function f at 6.

As in the asymptotic analysis in Section 4.1.2, the biased gradient
estimate V f(6) can be decomposed as follows:

A~

Vf(br)=Vf(0r)+ Br + nk, where (5.29)
B =E |V(6r) | Fir| = V(6).
me = Vf(Or) — E Wf(ek) | ]:k:] :

where Fj, is a o-field generated by {6;,7 < k}. In the above, § is the
bias in the gradient estimate and 7, n > 0, is a martingale difference
sequence.

Using a simultaneous perturbation-based gradient estimate implies
Br = 0(6,%,), where i is the perturbation parameter used in forming
the estimate (see Chapter 3 for several examples). While the bias goes
down as 62, the variance of the gradient estimate scales inversely with
6%. This has been formalized earlier in assumptions A5.2-A5.3.

We now present a non-asymptotic bound in expectation for the SG
algorithm (5.21) with inputs from a biased gradient oracle that satisfies
the aforementioned assumptions.
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Proposition 5.1. Suppose the objective function f is L-smooth (see
Definition 3.1), and assumptions A5.2-A5.3 hold. Then, we have

E (6,11 — 62 < 2exp(~2uT(m)) |6 — 0°|°

initial error

+2  af exp(—2u(T(m) — Ty))cio) +

biaszrror
n
> ai exp(—2u(I'(m) — Ti))c26;, %, (5.30)
k=1

~"

sampling error

where T'(k) ::zk:ai. S 'F[(CS FEN{S) f—@) SK @ﬁ')ér\
=l - £f (@w’)

Proof. Let z, = 60, — 0" denote the error at time instant n of the
algorithm (5.21). Using V f(68*) = 0, we have

1
(/ V2F(6" + A(Oy — 0*))d>\> 2 =V (6m).
0
Using the fact above, we arrive at a recursion for z,, from (5.29). Letting

1
= / V2£(0" + A(f — 67)dA, we have
0

Zmt1 =1 — a(m)Jm)Zm - a(m) (ﬁm + 77m>

=Inz0 — Y a(kYILI1; )(Br + k),
=1

where 11, := ﬁ (I —a(k)Jg).

=1 S | 1—@ a(y) 3

By the conditional Jensen’s inequality, we obtain

(Em Hzm+1”)2 < En((2m; 2m))

7 gk«&b\.&l Qof

\_J

n

d?.. —f-l

n

D a(k)InIT; ﬁk

n

+ 11> a(k)IL, IO, gy
k=1

—E,, (||Hmz0||2 i

HmZO,Za(k>HmHklﬁk> —1< m~<0, CL H Hk T]k>
k=1 k=1
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T1<i a<k)HmH];15k, i a<k)HmHle]k>> (5.31)
k=1

k=1

< 2| Mnzo0l® + 2 f: a(k)? HHmH;HQ 25
k=1

£ a0 [ttt B . (5.32)
k=1

For the last inequality, we have used the following facts: (i) nx is a
martingale difference implying the last two cross terms in (5.31) are
zero; (i) B < ¢10: from A5.3; and (iii) Cauchy-Schwarz inequality for
the first cross term in (5.31).

Now, we bound each of the square terms in (5.32) separately.
Since the objective is strongly convex, we have that ||I — a(m)J,| <

exp(—pa(m)). Hence,
T

2 ™

n - (:
< I 1@ =ajm)I —a;(J; — p)], 20\ 2)

j=k+1 y2
< 1] I@—=amIl, < I @ —a;n)

j=k+1 Jj=k+1
<exp (—pu(L(m) —T'(k))). (5.33)

From A5.3, we can infer that the second moment of the martingale
difference is bounded above by ¢3/62. The main claim now follows by
plugging the bound on 7,, and (5.33) into (5.32). ]

By specializing the result in the proposition above, we derive a
non-asymptotic bound of the order O(1/y/m).

Theorem 5.6. (Biased gradients and strongly convex objec-
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tive) Let a(k) = ¢/k and 6, = 6p/k°. Then,
V2|60 — 6| N V2cc1 8 1%
e V2pue — 46 — 1

+ \/Ec md_%.
(50\/2,&6 +20—1

E[6m — 67| <

Remark 5.9. Choosing 6 = 0, one can obtain a bound of the order
@, (m_l/ 2) for simultaneous perturbation schemes that lead to biased
gradient estimates, and this bound matches the corresponding bound
with unbiased gradient information up to constant factors. Contrast
this with the difference in rates between biased and unbiased gradient
information for the non-convex and convex cases in the previous sections.

Remark 5.10. Using L-smoothness of f and V f(6*) = 0, we have

L 9 1
E m)] — f(0%) < =E|8,, — 0%||" = — .
£ @)~ £6%) < 5E [0~ 72 = O )
Proof. Bounding a sum by an integral, we obtain
exp(—ul'(m)) < exp(—pclnm) = m™He.

Plugging a(k) = ¢/k and &, = dp/k° into the bias error term in
(5.30), we obtain

- C C 5
> a(k)” exp(~2u(D(m) — Tp))ot < z Cnegne s S0,
k=1
<c m2,uc 264 Z k2uc—45—2
k=1
C 0150 —1-46
“Que—45—1) "

Along similar lines, the sampling error term in (5.30) can be upper-
bounded as follows:

m 2

3 alk)® exp(~2u(T(m) - )5 <pae G "




