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Fast LSTD using SA

Background

MDP Set of States X,

Value function V7 (s

Set of Actions A,  Rewards r(x, a)

E Br(se, m(s:)) | so =

Bellman Operator 7™ (V)(s) := r(s, w(s)) + ﬁZp (s,7(s

V(s
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Fast LSTD using SA

TD with Function Approximation

Linear Function Approximation.
Vi)~ 0 ¢(s)

Parameter § ¢ R? Feature ¢(s) € RY
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Fast LSTD using SA

TD with Function Approximation

Linear Function Approximation.

T
Vi(s)= 6 o(s) ’_\
Parameter § ¢ R? / Feature ¢(s) € R

TD Fixed Point

O 0= II T ()

Feature Matrlx—/ \Orthogonal Projection

with rows ¢(s)", Vs € S toB={®0|0c R}
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Fast LSTD using SA

LSTD - A Batch Algorithm

Given dataset D := {(s;,ri,s}),i=1,...,T)}
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Fast LSTD using SA

LSTD - A Batch Algorithm

Given dataset D := {(s;,ri,s}),i=1,...,T)}

LSTD approximates the TD fixed point by

Or = A7 'br ; O(d*T) Complexity
where A7 = Z o(si)( — Bo(s)T

B 1L

br = T z; rig(si).
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Fast LSTD using S/

Complexity of LSTD [1]

Policy
Evaluation

Policy Q-value Q™

Policy
Improvement

Figure : LSPI - a batch-mode RL algorithm for control
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Fast LSTD using SA

Complexity of LSTD [1]

Policy
/ Evaluation \1
Policy Q-value Q™
\ Policy /
Improvement
Figure : LSPI - a batch-mode RL algorithm for control

LSTD Complexity
@ 0(d’T) using the Sherman-Morrison lemma or

@ 0(4>*") using the Strassen algorithm or 0(4**”) the
Coppersmith-Winograd algorithm
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Fast LSTD using SA

Complexity of LSTD [2]

Problem

Practical applications involve high-dimensional features (e.g. Computer-Go:
6

d~10°) = solving LSTD is computationally intensive

Related works: GTD !, GTD2 2, iLSTD ?
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Fast LSTD using SA

Complexity of LSTD [2]

Problem

Practical applications involve high-dimensional features (e.g. Computer-Go:
d~ 106) = solving LSTD is computationally intensive

Related works: GTD !, GTD2 2, iLSTD ?

Solution
Use stochastic approximation (SA)
Complexity O(dT) = O(d) reduction in complexity
Theory SA variant of LSTD does not impact overall rate of convergence

Experiments On traffic control application, performance of SA-based LSTD
is comparable to LSTD, while gaining in runtime!

Sutton et al. (2009) A convergent O(n) algorithm for off-policy temporal difference learning. In: NIPS
Sutton et al. (2009) Fast gradient-descent methods for temporal-difference learning with linear func- tion approximation. In: ICML

Geramifard A et al. (2007) iLSTD: Eligibility traces and convergence analysis. In: NIPS
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Fast LSTD using SA

Fast LSTD using Stochastic Approximation

Pick i, uniformly Update 6,
0,, —_— . _— . 0 E—— 0n+l
in {1,...,T} using (si, i, S7,)
Random Sampling SA Update
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Fast LSTD using SA

Fast LSTD using Stochastic Approximation

Pick i,, uniformly Update 6,
en I . —_— . ’ 0n+l
in{1,...,T} using (s;,,7i,,5;,
Random Sampling SA Update
Update rule:

Op =01+ In (rin + ﬁe;l;—lgb(s;,,) _ 0;—1¢(Sin)) ¢(sin)

Step-sizes > K Fixed-point iteration

Complexity: O(d) per iteration
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Fast LSTD using SA

Assumptions

Setting: Given dataset D := {(s;,ri,s.),i =1,...,T)}
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Fast LSTD using SA

Assumptions

Setting: Given dataset D := {(s;,ri,s.),i =1,...,T)}

Bounded features

(A1) ||o(si)], < 1 ———
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Fast LSTD using SA

Assumptions

Setting: Given dataset D := {(s;,ri,s.),i =1,...,T)}

Bounded features

AD o) <1 —

(A2) |ri| <Rpmx <00 — Bounded rewards
= max A
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Fast LSTD using SA

Assumptions

Setting: Given dataset D := {(s;,ri,s.),i =1,...,T)}

Bounded features

AD o) <1 —

(A2) ‘ri| < Rmax <OO—

.
1 e .
(A3) Amin < E b(s1)d( Si)T) Co-variance matrix

Bounded rewards

= > [ .
T 4 ; =l hasa min-eigenvalue
i=
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Fast LSTD using SA

Convergence Rate

Step-size choice

= —+nc with (1 — B)2uc € (1.33,2)

Prashanth L A Fast LSTD using SA November 24, 2014 10/39



Fast LSTD using SA

Convergence Rate

Step-size choice
c
= ———~= with (1-5)? 1.33,2
W= ey Vi (1= B ke € (133,)

Bound in expectation

K

Vn+c

E|

9,, - éTH S
2
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Fast LSTD using SA

Convergence Rate

Step-size choice
= —+nc with (1 — B)2uc € (1.33,2)

Bound in expectation

K

Vn+c

E|

9,, - éTH S
2

High-probability bound

]P’( en—éTHzg = )21—5,

vn—+c
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Fast LSTD using SA

Convergence Rate

Step-size choice
= —+nc with (1 — B)2uc € (1.33,2)

Bound in expectation

K

Vn+c

E|

9,, - éTH <
2
High-probability bound

P (o, ], < ) =1

vn+c
By iterate-averaging, the dependency of ¢ on p can be removed
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Fast LSTD using SA

The constants

- WHGO - éTHz (1= B)ch*(n)
N GEGorEy 5 :

(1 — B)e/logé—!

2 (%(1 - B)2pc — l)

Kl (l’l)

Ky (n) = + Ki(n),

where

(k) :=(1 + Rmax + 8)* max ((Hﬂo - 9}H2 +inn+ Héer>4 ’ 1)

Both K| (n) and K;(n) are O(1)
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Fast LSTD using SA

Iterate Averaging

Bigger step-size + Averaging
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Fast LSTD using SA

Iterate Averaging

Bigger step-size + Averaging

Bound in expectation

E|

B . KIA(I’Z)
_ < 1V
b QTHZ = (n+c)?
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Fast LSTD using SA

Iterate Averaging

Bigger step-size + Averaging

(0% —
=52 (%) Bt = (01 + ...+ 6,)/n

Bound in expectation

E|

B . KIA(I’Z)
_ < 1V
b QTHZ = (n+c)?

High-probability bound
P (‘
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Fast LSTD using SA

Iterate Averaging

Bigger step-size + Averaging

Bound in expectation

E|

B . KIA(I’Z)
_ < 1V
b QTHZ = (n+c)?

High-probability bound

7|

n+ c)e/?

ot 0n)/n

e SR

Dependency of ¢ on p is removed dependency at the cost of (1 — «)/2 in the rate.
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Fast LSTD using SA

The constants

_ € eo —on] h(me(1 - B)
(007 a1 — gyt

", ~ Vlogs—T |, 20 2972
2= {3 gt 5

Ki'(n) :

, and

1

1A
i TR

As before, both K™ (n) and K2 (n) are O(1)
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Fast LSTD using SA

Performance bounds

True value function v Approximate -yalue function v, := ®6,

5 [lv —Tv|r d
lv— 3, llr < —F=—= +0 (= BPuT
—_———
approximation  error estimation error computational error

"
I3 = 771 S (), for any function £.
i=1

2Lazaric, A., Ghavamzadeh, M., Munos, R. (2012) Finite-sample analysis of least-squares policy iteration. In: JMLR
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Fast LSTD using SA

Performance bounds

} [lv —IIv||r d 1 1
[ v— 3, lIr < ey +0 < A= T 5)2MT> +0 ( A= F)en In 6) !
—_———

approximation error estimation  error computational error
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Fast LSTD using SA

Performance bounds

} [lv —IIv||r d 1 1
T +0< - 5)%)”( e B)Wlné)l
—_——

approximation error estimation  error computational error

Artifacts of function approximation and
least squares methods
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Fast LSTD using SA

Performance bounds

} [lv —IIv||r d 1 1
T +0< - 5)%)”( e B)Wlné)l
—_——

approximation error estimation  error computational error

Artifacts of function approximation and
least squares methods

Consequence of using SA for LSTD
Setting n = In(1/0)7/(dp), the convergence rate is unaffected!
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Outline

© Fast LSPI using SA
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Fast LSPI using SA

LSPI - A Quick Recap

Policy
/» Evaluation \v

Policy Q-value Q™

k Policy J
Improvement
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Fast LSPI using SA

LSPI - A Quick Recap

Policy
/» Evaluation \v

Policy Q-value Q™

k Policy J
Improvement

O™ (s,a) = E [>72 B'r(st,m(s1) | s0 = s,a0 = a]

m'(s) = argmax . 4 0" ¢(s,a)
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Fast LSPI using SA

Policy Evaluation: LSTDQ and its SA variant

Given a set of samples D := {(s;, a;, r;,s}),i=1,...,T)}
LSTDQ approximates Q™ by
Oy = A7'br where
1T

T
Ar = 53 0lsi @) (6(sisa) = Bo(sfym(s))))", and br = T7' Y rig(si, ).

i=1 i=1
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Fast LSPI using SA

Policy Evaluation: LSTDQ and its SA variant

Given a set of samples D := {(s;, a;, r;,s}),i=1,...,T)}
LSTDQ approximates Q™ by

Oy = Az'by where

T T
Ar = % > olsia)(@(si,ai) — Bo(sh,m(s1)T, and by = T' Y rip(si, ).

i=1 i=1
Fast LSTDQ using SA:

Ok = Ok—1 + i (ri + BO_ 0(s,, 7(s],)) — Op_ B(siy, ai)) H(siy, ai,)
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Fast LSPI using SA

Fast LSPI using SA (fLSPI-SA)

Input: Sample set D := {s;, a;, i, )},
repeat

Policy Evaluation

Fork=1tor
- Get random sample index: iy ~ U({l,...,T})
- Update fLSTD-SA iterate 6,

0 0., A=0-0],
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Fast LSPI using SA

Fast LSPI using SA (fLSPI-SA)

Input: Sample set D := {s;, a;, i, )},
repeat

Policy Evaluation

Fork=1tor
- Get random sample index: iy ~ U({l,...,T})
- Update fLSTD-SA iterate 6,

0 0., A=0-0],

Policy Improvement

Obtain a greedy policy 7' (s) = arg max 6" ¢(s, a)
acA

00, ma

until A < ¢
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Outline

© Experiments - Traffic Signal Control
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Signal Control

Experiments -

Simulation Results on 7x9-grid network

Tracking error Throughput (TAR)
10
—— i 112
0.6 O — br
05 15h
= 04r
= A
| 3
< &
02} osl
0.1}
somgoos, — LSPI
U ! ‘ ‘ ‘ ‘ 0 —fLSPL-SA
0 100 200 300 400 500 :

Il Il Il Il Il
0 1,000 2,000 3,000 4,000 5,000

step k of fLSTD-SA .
time steps
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Experiments - Traffic Signal Control

Runtime Performance on three road networks

10 ‘
2 1.91-10° r
L5 | -
2
g
) - -
£
El
=
Bt
0.5 | -
30,144
4,91 D
0] = 00 159 L7 I
T T T
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(d =504) (d = 1008) (d =2016)

‘ [JLSPI [ ]fLSPI-SA ‘
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Extension to Least Squares Regression

Outline

@ Extension to Least Squares Regression
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Extension to Least Squares Regression

Complexity of Ordinary Least Squares (OLS)

——(—| Choosex, — Observey,

Estimate é,,

Figure : Typical ML algorithm using Regression

OLS Complexity
@ 0(d’) using the Sherman-Morrison lemma or
@ 0(d*"") using the Strassen algorithm or 0(4’°") the
Coppersmith-Winograd algorithm

Problem: News feed platform has high-dimensional features (d ~ 10° )=
solving OLS is computationally costly
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Extension to Least Squares Regression

Fast GD for OLS
Pick i, uniformly Update 6,
0, . . Ont1
m {1’ coo ’n} using (ximyin)
Random Sampling GD Update

Solution: Use fast (online) gradient descent (GD)
o Efficient with complexity of only O(d) (Well-known)

@ High probability bounds with explicit constants can be derived (not fully
known)
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Extension to Least Squares Regression

A linear bandit algorithm

——(()—{ Choose x, Observe y,

Estimate UCBs
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Extension to Least Squares Regression

A linear bandit algorithm

X, := argmax UCB(x)

xeD

4>O_.

Choose x,, Observe y,,
Estimate UCBs
Fast LSTD using SA
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Extension to Least Squares Regression

A linear bandit algorithm

Xp := arg max UCB(x) Rewards y,
xeD s.t. E[yn | xn) = x,0*

——(()—{ Choose x, Observe y,

Estimate UCBs
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Extension to Least Squares Regression

A linear bandit algorithm

Xp := arg max UCB(x) Rewards y,
xeD s.t. E[yn | xn) = x,0*

——(()—{ Choose x, Observe y,

Estimate UCBs

OLS used to compute UCB(x) := X6, + o/ xTA, Ix
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Extension to Least Squares Reg;

fast GD

Pick i, uniformly Update 6,
6 . . Ont1
n {17"'7"} using (xinayin)
Random Sampling GD Update
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Extension to Least S

fast GD

Ont1

Pick i, uniformly Update 6,
2 . .
n {17"'7"} using (xinayin)
Random Sampling GD Update
o Step-sizes
0y =0p—1+ T

Prashanth L A

(i, — 05— 1%i,) X,
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Extension to Least Squares Regression

fast GD

Pick i, uniformly

in{l,...,n}

Random Sampling

o Step-sizes

0p = 0,1 + Tn

Update 6,

using (x;,,yi,)

Ont1

GD Update

(i, — 05— 1%i,) X,

@ Sample gradient \J
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Extension to Least Squares Regr

Assumptions

Setting: y, = x,0" + &,, where &, is i.i.d. zero-mean
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Extension to Least Squares Regr

Assumptions

Setting: y, = x,0" + &,, where &, is i.i.d. zero-mean

Bounded features

/
(A1) sup|jx,|, < 1.
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Extension to Least Squares Regression

Assumptions

Setting: y, = x,0" + &,, where &, is i.i.d. zero-mean

Bounded features

/
(A1) sup|jx,|l, < 1.

Bounded noise
(AZ) ‘fn| S I,Vl’t. \—//’_/)
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Extension to Least Squares Regression

Assumptions

Setting: y, = x,0" + &,, where &, is i.i.d. zero-mean

Bounded features

/
(A1) sup|jx,|l, < 1.

Bounded noise
(A2) &l <1,V —mno  ——

Strongly convex co-variance

T
1
(A3) Awin { D] | > — matrix

i=1
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Extension to Least Squares Regression

Error bound

With ~p = ﬁ with puc € (1.33,2) we have:

High prob. bound For any § > 0,

3 K5
Pl on—ba, < >1-4
n n 2 it c =
Optimal rate O (n’l/ 2)
Bound in expectation
" KLS
E |6n =8, <
" "y = vn—+c¢

1. .
By iterate-averaging, the dependency of ¢ on p can be removed.
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Experiments - News Recommendation

Outline

© Experiments - News Recommendation
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Experiments - News Recommendation

Dilbert’s boss on news recommendation (and ML)

BASED ON YOUR
INTERNET HISTORY.
YOU MIGHT BE DUMB

ENOUGH TO ENJOY
EXTREME SPORTS.

Dilbert com  DilbertCanoonistiigmail com

Prashanth L A

CLICK HERE TO BUY A

TICKET TO BASE JUMP

FROM THE INTERNA-
TIONAL SPACE STATION.

13 22013 SC0M AN, INC. Tut by Unvenl Ucks

I THINK WE
THE INTER—  ep L TIT
MET IS “MACHINE

TRYING TO -
KILL ME. LEC.RNING.
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Experiments - News Recommendation

Application to Bandits'

Fast inUCB

o linUCB: a well-known contextual bandit algorithm that employs OLS in
each iteration.

!"Thanks to Jérémie Mary and Olivier Nicol for help with the framework (ICML 2012
challenge)
2Yahoo! Webscope dataset (2011)
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Application to Bandits'

Fast inUCB

o linUCB: a well-known contextual bandit algorithm that employs OLS in
each iteration.

e Fast GD: provides good approximation to OLS (with low computational
cost) in each iteration of linUCB

!"Thanks to Jérémie Mary and Olivier Nicol for help with the framework (ICML 2012
challenge)
2Yahoo! Webscope dataset (2011)
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Experiments - News Recommendation

Application to Bandits'

Fast inUCB

o linUCB: a well-known contextual bandit algorithm that employs OLS in
each iteration.

e Fast GD: provides good approximation to OLS (with low computational
cost) in each iteration of linUCB

o Experiments:
linUCB+fast GD on Yahoo news recommendation dataset 2

!"Thanks to Jérémie Mary and Olivier Nicol for help with the framework (ICML 2012
challenge)
2Yahoo! Webscope dataset (2011)
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Experiments - News Recommendation

Simulation Results

Tracking error

2
1.4 g, — 91

12

2

0.8
0.6

runtime (ms)

=

0.4

0.2

|
0 20 40 60 80 100
step k of fLS-SA

Fast LSTD using SA

Runtimes
106
O
s 14910
132
- 106
1
6.03 -
0.5 |
3p 444 3s 325 | 2 6335 | 1,264
0|
2 3 4 5
days

‘ [JLinUCB [JfLinUCB-SA
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Outline

© Proof outline
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Proof Outline

Letz, =6, — éT. Then, first bound the deviation of this error from its mean:

62

n )

231

i=1

P([|zall, —E [|zall, > €) < exp | — Ve >0
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Proof Outline

Letz, =6, — éT. Then, first bound the deviation of this error from its mean:

2

P([|zall, —E [|zall, > €) < exp | — Ve >0

2312
i=1
and bound the size of the mean itself:
E ||zull, < exp(—(1 = B)ul's) [[zoll

initial error

1
2

+ (Z h(k) s exp (—2(1 = B)u(T, — Fk+1))> ;
k=1

sampling error
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Proof Outline: High Probability Bound

Step 1: (Error decomposition)

llzall, = EIIZnIIz—Zgﬁ [ei | Fi 1]—ZDH

where D,‘ =g — ]E[g,' |]'—i,1 ], 8i ‘= IE[HZnHZ |9,‘], and ]:, = {91, “ ey 9,,}.
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Proof Outline: High Probability Bound

Step 1: (Error decomposition)

llzall, = EIIZnIIz—Zgﬁ [ei | Fi 1]—2017

where D,‘ =g — ]E[g,' |]'—i,1 ], 8i ‘= IE[HZnHZ |9,‘], and ]:, = {91, “ ey 9,1}.

Step 2: (Lipschitz continuity)

Functions g; are Lipschitz continuous with Lipschitz constants L;.
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Proof Outline: High Probability Bound

Step 1: (Error decomposition)

llzall, = EIIZnIIz—Zgﬁ [ei | Fi 1]—2017

where D,‘ =g — ]E[g,' |]'—i,1 ], 8i ‘= IE[HZnHZ |9,‘], and ]:, = {917 “ ey 9,1}.

Step 2: (Lipschitz continuity)

Functions g; are Lipschitz continuous with Lipschitz constants L;.

Step 3: (Concentration inequality)

aXt &
Bl ~ B lally > ) = (ZD >e> <ep(-agem (9503 12).
i=1

i=1

Prashanth L A Fast LSTD using SA November 24, 2014

37/39



Proof outline

Proof Outline: Bound in Expectation

Let fu(6) := (67¢(s;,) — (ri, + BO7¢(s;,)))$(si,) and F(0) := E; (fu(6)). Then

Zn =0 — éT =0,-1 — éT — n (F(onfl) - AMn) B
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Proof outline

Proof Outline: Bound in Expectation

Let fu(6) := (67¢(s;,) — (ri, + BO7¢(s;,)))$(si,) and F(0) := E; (fu(6)). Then

Zn =0 — éT =0,-1 — éT — n (F(enfl) - AMn) B

Unrolling the above, noting F(f7)) = 0 and taking expectations, we obtain:

2 2
Hnl‘[k’lAMkHz

E(llnll2) < (B({an 2)))¥ = (Emnmu% + > E|

k=1

where 4, = % > " blsi)((si) — Be(s)T and I, := [ | (T — wAy).
i=1

k=1

Rest of the proof amounts to bounding each of the terms on RHS above.
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