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CLASSIFICATION AND REGRESSION TREES
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CLASSIFICATION AND REGRESSION TREES

* In the example given in previous slide, the first step
divides the whole of the input space into two regions
according to whether x; < 6, orx; > 6, where 6, is a
parameter of the model.

e This creates two sub regions, each of which can then be
subdivided independently.

* For instance, the region x; < 6, is further subdivided
according to whether x, < 6, or x, > 6,, giving rise to
the regions denoted A and B.

* For any new input X, we determine which region it falls
into by starting at the top of the tree at the root node
and following a path down to a specific leaf node
according to the decision criteria at each node.




CLASSIFICATION AND REGRESSION TREES

* Within each region, there is a separate model (function/
value) to predict the target variable.

* For instance, in regression we might simply predict a
constant over each region, or in classification we might
assign each region to a specific class ID.

* EXAMPLE: For instance, to predict a patient’s disease, we
might
e first ask “is their temperature greater than some threshold?”. If
the answer is yes, then

* we might next ask “is their blood pressure less than some
threshold?”.

Each leaf of the tree is then associated with a specific
diagnosis.



Hastie Sec. 9.2 - Also Murphy Sec. 16.2




CLASSIFICATION AND REGRESSION TREES

e Consider first a regression problem in which the goal is to
predict a single target variable t from a D-dimensional
vector X = (x4,...,xp)! of input variables.

* The training data consists of input vectors
{X4,...,Xy} along with the corresponding continuous

labels {t{,..., ty}

* If the partitioning of the input space is given, and we
minimize the sum-of-squares error function, then the
optimal value of the predictive variable within any given
region is just given by the average of the values of t,, for
those data points that fall in that region.
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FIGURE 9.2, Partitions and CART. Top right panel shows a partition of a
two-dimensionel feature space by recursive binary splitting, os uwsed in CART,
applied to some falke data. Top lefi panel shows a general paréition that cannot
be obiained from recursive binary splitting. Bottom left panel shows the tree cor
responding to the portition in the top right panel, and a perspective plot of the
prediction surfoce appears in the bottom right panel.




Regression Trees — popular method for tree-based

regression and classification called CART

We choose the variable and split-point to achieve the best fit. Then one

or both of these regions are split into two more regions, and this process
is continued, until some stopping rule is applied. For example, in the top

right panel of Figure 9.2, we first split at X1 = #,. Then the region X; <,
is split at X; = t5 and the region X; > £, is split at X; = 3. Finally, the
region X, > i3 is split at Xo = f4. The result of this process is a partition
into the five regions Ky, Hs. ..., Hs shown in the figure. The corresponding
regression model predicts Y with a constant ¢, in region H,,, that is,

FX)y=> emI{(X1,X5) € R} (9.9)

=1

This same model can be represented by the binary tree in the bottom left
panel of Figure 9.2. The full dataset sits at the top of the tree. Observations
satisfying the condition at each junction are assigned to the left branch,
and the others to the right branch. The terminal nodes or leaves of the
tree correspond to the regions £4, Ks, ..., Rs. The bottom right panel of
Figure 9.2 is a perspective plot of the regression surface from this model.




]Figure 16.1 A simple regression tree on two inputs. Based on Figure 9.2 of (Hastie et al. 2009
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9.2.2 Hegression Irees

We now turn to the question of how to grow a regression tree. Our data
consists of p inputs and a response, for each of N observations: that is,
(zi,y:) for 1 = 1,2,... N, with z; = (24, %,...,%4p). The algorithm
needs to automatically decide on the splitting variables and split points,
and also what topology (shape) the tree should have. Suppose first that we

have a partition into M regions Ri, Ra, ..., Har, and we model the response
as a constant ¢, in each region:

i
f(z)=) enl(z€ Rp). (9.10)




Now finding the best binary partition in terms of minimum sum of squares
is generally computationally infeasible. Hence we proceed with a greedy
algorithm. Starting with all of the data, consider a splitting variable § and
split point s, and define the pair of half-planes

R.(j,s) = {X|X; <s} and Ry(j,s) = {X|X; > s}. (9.12)

Then we seek the splitting variable 7 and split point s that solve

H]ill[l]li]l Z (yi—ﬂl)z—l—ngn Z {yi—cg]g]. CRE)

- c1

xyEHa(7,5) ryeHa(g,s)




Having found the best split, we partition the data into the two resulting
regions and repeat the splitting process on each of the two regions. Then
this process is repeated on all of the resulting regions.

How large should we grow the tree? Clearly a very large tree might overfit
the data, while a small tree might not capture the important structure.

Rudimentary example in next slide 2

Tree size is a tuning parameter governing the model’s complexity,
and the optimal tree size should be adaptively chosen from the data. One
approach would be to split tree nodes only if the decrease in sum-of-
squares due to the split exceeds some threshold. This strategy is too
short-sighted, however, since a seemingly worthless split might lead to a
very good split below it.

The preferred strategy is to grow a large tree TO, stopping the
splitting process only when some minimum node size (say 5) is reached.
Then this large tree is pruned using cost-complexity pruning, which will be
described later.
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9.9.3 Classification Trees

If the target is a classification outcome taking values 1,2,..., K, the only

classification. In a node m, representing a region B, with V., observations,
let

the proportion of class k observations in node m. We classify the obser-
vations in node m to class k(m) = argmaxy Pk, the majority class in
node m. Different measures (),,(I') of node impurity include the following:

Misclassification error: ﬁ icr, LW F k(M) =1 — Prk(m)-
[ nom M, & H M A,
(Gini index: Zk#kf Pkl = )y Pmk(l — Dmk).

. K A
Cross-entropy or deviance: —)» ;. Pmi 108 Prog.
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Algorithm

Recursive procedure to grow a classification/ regression tree

| function fitTree(node, D, depth) ;

2 node.prediction = mean(y; : i € 1) // or class label distribution ;
s (j°,, Dy Dp) =Gplit(D])

5 refurn node

else
node.test = Ax.r i

10 return IIEIEIE;

min [min E (1; —
jys L e .
T ER1(7,5)

< tF

i
7

8 | nodeleft = itTree(node, Dy, depth+l);
9 | node.right = htTree(node, Py, depth+l)

Node -

¢1)? + min Z
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The split function chooses the best teature, and the best value for that teature, s follo

(J°,f")=arg min  mincost({X;,y; : zij <t}) 4 cost({X;,y; : Lij > 1))
JE{1,....D}i€T;

_

The function that checks if a node is worth splitting can use several stopping heuristics, such

as the following:

¢+ i5 the reduction in cost too small? Typically we define the gain of using a feature to be a
normalized measure of the reduction in cost:

Dy Dy
A £ eost{T) — (—| cost{ Dy, —n:nst Dp ) (16.6)
+ has the tree exceeded the maximum desired depth?

+ 5 the distribution of the response in either 7'y, or Dp sufficiently homogeneous (e.g., all
labels are the same, so the distribution is pure]?

¢ {5 the number of E}Lami]es in either Di‘ 0T E‘i too small?



Regression cost

In the regression setting, we define the cost as follows:

Classification cost

In the classification setting, there are several ways to measure the quality of a split. First, we

fit a multinoulli model to the data in the leaf satisfying the test X; < ¢ by estimating the
class-conditional probabilities as follows:

e D] ZH - (16.8)

=y

where T is the data in the leaf. Given this, there are several common error measures for
evaluating a proposed partition:

# Misclassification rate. We define the most probable class label as §j, = argmax, .. The
corresponding error rate is then

Z Iy #4) =1—y (16.9)

Dl &




+ Entropy, or deviance:

H(#)=— ) #clogh. (16.10)

Note that minimizing the entropy is equivalent to maximizing the information gain (Quinlan
1986) between test X; < £ and the class label ¥, defined by

infoGain(X; < ¢,Y) 2 H(Y)-H(Y|X; <t) (16.11)
= (— > ply=c)logp(y= c}) 16.12)
+ (Z ply = c|X; < t)logp(c|X; < r}) 16.13)

since . is an MLE for the distribution p{c|X; < t).!
* Gini index

Yol —w) =) Fe— ) AI=1-1 7 (16.14)

This is the expected error rate. To see this, note that i, is the probability a random entry in
the leaf belongs to class ¢, and (1 — % is the probability it would be misclassified.
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Students = 20
— A a4 =| Play Cricket=10
= gp Percentage = 50%
d}: = it o = ) Gini index
Above Below
Average Average € " ”
e NP ILXELSES S 3 R I
= ol I-J|}| - [ | ] | c c c
e 4}'4}: t -
| o s ) 2 5 Gini Impurity: sub-node Below Average:
Students = 14 Students = 6 _
Play Cricket = 8 Play Cricket = 2 o _
Do notplay =6 Do notplay=4 Gini Impurity: sub-node Above Average:

Prob. play = 0.57
Prob. Not play = 0.43

Prob. play = 0.33

Prob. Not play = 0.67

Weighted Gini Impurity: Performance in Class:
14/20)*0.49 + (6/20)*0.44 = 0.475

Split on Class

Gini Impurity: sub-node Class IX:

1-[(0.8)%(0.8) + (0.2)*(0.2)] = 0.32 A=0.5-0.475 0.5 -0.32

Weighted Gini Impurity: Class:
1-[(0.2)*(0.2) + (0.8)%(0.8)] = 0.32 {1 U!ED]*{JBZ + {1 D;ED}*DEE = (.32

Gini Impurity: sub-node Class X:



Criteria for Splitting nodes - revisited

anode s split into child nodes.
2
> (X —p)
N

Variance is used for calculating the homogeneity of a node. If a node is entirely homogeneous, then the

Variance =

variance is zero.

Here are the steps to split a decision tree using the reduction in variance method:

1. For each split, individually calculate the variance of each child node
2. Calculate the variance of each split as the weighted average variance of child nodes

3. Select the split with the lowest variance

4, Perform steps 1-3 until completely homogeneous nodes are achieved



Information Gain = 1 — Entropy

Entropy is used for calculating the purity of a node. The lower the value of entropy, the higher the purity of
the node. The entropy of a homogeneous node is zero. Since we subtract entropy from 1, the Information
Gain is higher for the purer nodes with a maximum value of 1. Now, let’s take a look at the formula for

calculating the entropy:

Entropy = — Z p; logs p;
i=1

Steps to split a decision tree using Information Gain:

1. For each split, individually calculate the entropy of each child node
2. Calculate the entropy of each split as the weighted average entropy of child nodes

3. 5elect the split with the lowest entropy or highest information gain

4. Until you achieve homogeneous nodes, repeat steps 1-3




iy Impurity =1 — Gine

Wait - what is Gini?

Gini is the probability of correctly labeling a randomly chosen element if it is randomly

labeled according to the distribution of [abels in the node. The formula for Giniis:

I
Gini = g P
i=1

And Gini lmpurity is:

A Impurity, the higher
Gint Impurity = 1 — pr the homogeneity of
, the node. The Gini
Gl Impurity of a pure
Steps to split a decision tree using Gini Impurity: node is zero.
1. Similar to what we did in information gain. For each split,
individually calculate the Gini Impurity of each child node
2. Calculate the Gini Impurity of each split as the weighted

average Gini Impurity of child nodes
3. Select the split with the lowest value of Gini Impurity
4. Until you achieve homogeneous nodes, repeat steps 1-3
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tree. Fipure generated by dtreeDemolris.




WHEN TO STOP ADDING NODES

* A simple approach would be to stop when the reduction in
residual error falls below some threshold.

* The most common stopping procedure is to use a minimum
count on the number of training instances assigned to each leaf
node. If the count is less than some minimum then the split is not
accepted and the node is taken as a final leaf node.

 However, it is found empirically that often none of the available
splits produces a significant reduction in error, and yet after
several more splits a substantial error reduction is found.

* For this reason, it is common practice to grow a large tree, using
a stopping criterion based on the number of data points
associated with the leaf nodes, and then prune back the
resulting tree.

* The pruning is based on a criterion that balances residual error
against a measure of model complexity.




WHEN TO STOP ADDING NODES

* If we denote the starting tree for pruning by T,, then we
define T < T, to be a subtree of T, if it can be obtained by
pruning nodes from T, (in other words, by collapsing internal
nodes by combining the corresponding regions).

e Suppose the leaf nodes are indexed by
T =1,...,|T|, with leaf node 7 representing a region R of
input space having N, data points, and |T'| denoting the total
number of leaf nodes.

* The optimal prediction for region R, is then given by

Cont’d in next slide:




WHEN TO STOP ADDING NODES

* and the corresponding contribution to the residual sum-
of-squares is then
(27' Z {tn I/T

X, ER -

* The pruning criterion is then given by
Z Qr(T) + AT

* The regularization parameter A determines the trade-off
between the overall residual sum-of-squares error and
the complexity of the model as measured by the number
|T| of leaf nodes, and its value is chosen by cross-
validation.



WHEN TO STOP ADDING NODES

* For classification problems, the process of growing and
pruning the tree is similar, except that the sum-of-squares
error is replaced by a more appropriate measure of
performance.

* If we define p,; to be the proportion of data points in region
R, assigned to class k, where k = 1,..., K, then two

> prk (1= pry)

k=1

* These both vanish for p;. = 0and p;, = 1 and have a
maximum at p;, = 0.5.




Advantages

* The cross entropy and the Gini index are better measures
than the misclassification rate for growing the tree
because they are more sensitive to the node probabilities.

* Also, unlike misclassification rate, they are differentiable

and hence better suited to gradient based optimization
methods.

* The human interpretability of a tree model such as CART
is often seen as its major strength.

Disadvantages

* In practice it is found that the particular tree structure
that is learned is very sensitive to the details of the data
set, so that a small change to the training data can result
in a very different set of splits.



Decision Tree Pruning

Analytics
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e define a subtree C dg to be any tree that can be obtained by
pruning I, that is, collapsing any number of its internal (non-terminal)
nodes. We index terminal nodes by m, with node m representing region
R Let || denote the number of terminal nodes in I'. Letting

j||||||T'.In — #{mz = R,;.n},

. 1
R — Ui,
Nim Eﬁzﬂm (9.15)

we define the cost complexity criterion

7|
Co(T) =) NpmQm(T) +alT]|. (9.16)

=1

The idea is to find, for each «, the subtree 7, C 7y to minimize C,(1").
The tuning parameter a > 0 governs the tradeoff between tree size and its
goodness of fit to the data. Large values of a result in smaller trees 7, and
conversely for smaller values of o.




Either the Gini index or cross-entropy should be used when
growing the tree.

To guide cost-complexity pruning, any of the three measures can be
used, but typically it is the misclassification rate.

The Gini index can be interpreted in two interesting ways. Rather than
classify observations to the majority class in the node, we could classify

them to class & with probability §,,;. Then the training error rate of this
rule in the node is ) et Dk Dmir—the Gini index. Similarly, if we code
each ohservation as 1 for class k and zero otherwise, the variance over the
node of this 0-1 response is P (] — P ). Summing over classes £ again

rives the Ginl index.
Gini index
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I:B An example pruning set

4: A B =B 8: A

A decision tree with two classes A and B
(with node numbers and class labels)



* The idea is to hold out some of the available
instances—the “pruning set”—when the tree is built,
and prune the tree until the classification error on
these independent instances starts to increase.

* Because the instances in the pruning set are not
used for building the decision tree, they provide a
less biased estimate of its error rate on future
instances than the training data.



11: B (0)

4: A (0)

X y 1z class
0 0 1 A
0 1 1 B
I 1 0O B
L 0 O B
I 1 1 B



In each tree, the number of instances in
are misclassified by the individual nodes
parentheses.

Assuming that the tre eft-t
procedure first consid 1| the -
node 3. A0 ]| |6BO| |10:A2)]| |11:B©)

Because the subtree’s
exceeds the error of r
converted to a leaf.

Next, node 6 is replaced by a leaf for the same reason.
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rs node
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resultir
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3: A (0) 11: B (0) 11: B (0)

7: B (0) B: A (1) 4: A (0) 53:B(1) 7: B (0) 8: A (1)




11: B (0)

4: A (0)

3: A (0)

11: B (0)

8: A (1)

3 A (D)

10: A (2)

11: B (0)




4.5

b I

2.5

unprunsd decision tree

(DN DD T T D T D D e S S 0 S S e
I 6 L Y 6 O O O O O B e L LT O wersicalor
O 0 L 0 I T 0 I 0 L L T T Ay # L LT O setosa
B T L T T T A [ VO L T T LT s
I e o e e O e O o wirginica

O S o D e T O e e e O G e G DS O S 0
ndelnletele elwlietelatelw tacw i nCelw bucmindete T se ot balasilm i Be Dot u ladu tala s Lol
el et lw el e beoe moa e bnoa o beom e e T e Tad i Do da S e m 6 TalauLatu aTe o La
el tate e ete atelntele tace i noem bacste e e Ty taTe ety ulm e Toletule Yo ol g Tal
A 0 L el T Tl ] e L Lol L S L T e L L D S L L]
N O o S o e D S O D O O D S R e S
OO0 D000 000 OO0 OSRGOS O D i
OO OO0 OO0 OO O n Crl CH Cr S e e

CoOoODoODODDOoO0 000 OO0 0SSO0 OGS SO S-S O0 o
OOODOOOODOOD0O000 ooo ooo SN oo oSN OGO OO OO0
COOCOOOOII00N0 OO D SO0 G o g
CODOICO D000 000 00000 OO0 SO T O D
OO IHS 00 000 00 OG- 0000 ORGS0
00000000000 00000 000 0004430000 O G SrrDa-Ho
00000000000 00000 000 OO0 000 OO SR TG e 0 O
00000000000 000 00 000 oooSos oo oSG oB S SO SO0 000
0000 00 000 00 000 00 000 OO0 a0 oS- O S-S0
00000000000 00000000 00000 000000 OO G Crin-0
000000000 00 000 00 000 00000 00000 OG-S OrnS-00
EIEIEIEI EII:I I:IEII:I EIEI [m]m]n] I:IEI I:IEIEI EII:IEIEII:I I:IEIEIEIEI DDQ&}W&Q{}W-&

pruned decision ree
QDD000020000000 D“chnﬁﬁﬁﬁﬁﬁﬁﬁﬂﬂﬁﬂ&ﬂéﬁﬂ&ﬂ

OOC0C0000C000000000000000008008 0 versicolor
O00000000000000 D“G OOOGOLO00M o soiges
NOOCA000000N000S000000000800 - .

00000O000000000000000000000000 ¢ virginica
COCO000000000000 000G OO O OOTD
QD000002000000000000000 0000000 00OGHOGH00
O0200000000000000000000 0000 GOSOSOOGO000
O0I00000000000000200000 50050 MO S000000000
ﬂntﬁ:ﬂﬂ:ﬁﬂﬂn:ﬁﬂﬂn:ﬂﬁﬂﬁﬁﬁ&ﬁﬂﬁ%ﬂﬁﬂﬂ&&ﬁﬂﬁ%ﬂﬁ
QOO00G0I0000000000000000COS 00000 HOMG0
QO2000I000000000000 OO G OGO
Q00000020 00000000000 0o O GOOOOCHGOG0
Q0000002000020000000 0030000 OROOG0
O000O00000000000000 00O 004800800 8008000
OOa0CanI00A0I00000000adHSASOALOAHA00A000
AO300A0I00A0I00 00000 0OGSGHG OO GOOOOGH0OHG0
Q20000000000 00000 0o RSOOSR 0D
00000000000000000000 00 G00 G000 0000
00 0000000000000 00000 OGSO SO QB OO OG0
0o0oooooooooooooooooooodOaL a0 A0S0 6008000
00000 00000 00000 00000 0o SO0 SAO00H0 0000
0000000 000 00 000 00000 OO OGO OO0 0D G000
00 000 00 000 00 000 00000 0o NGOG0 0O0 0000
IIIIIIIIIEIEIIIIIIIIIIEIIIIIIIIIIIIIEIIIIDDDDDDDQ{?W&Q{?W&Q{#W{?W}W




An Unpruned Decision Tree A Pruned Decision Tree




Evaluating performance of DT Algo:

Accuracy = (TP+TN)/(TP+TN+FP+FN)

Sensitivity (TPR - true positiverate): PR=TP/(TP+FN)

Specificity (TNR - true negative rate): TNR=TN /(TN + FP)

Precision (PPV - positive predictive value): PPV=TP /(TP +FP)

Miss Rate (FNR - false negative rate): FNR=FN /(FN+TP)

False discovery rate (FDR): FDR=FP/(FP+TP)

False omission rate (FOR): FOR=FN/(FN+TN)



Material not covered:

(from Syllabus):
Self-study: Naive Bayes, Parzen Window, Adaboost

Others: HMM, Bayesian linear regression, Boosting Trees

Outside Syllabus:
Graphical Models, CNN, PLS, ICA, Rough sets;






