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CLASSIFICATION AND REGRESSION TREES
• The process of selecting a specific model, given a new 

input x, can be described by a sequential decision-
making process corresponding to the traversal of a 
binary tree (one that splits into two branches at each 
node). 
• Here we focus on a particular tree-based framework 

called classification and regression trees, or CART 
(Breiman et al., 1984)



CLASSIFICATION AND REGRESSION TREES

Illustration of a two-dimensional 
input space that has been 
partitioned into  five regions 
using axis-aligned boundaries.

Binary tree corresponding 
to the partitioning of input 
space
(eg BSP tree)
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CLASSIFICATION AND REGRESSION TREES
• In the example given in previous slide, the first step 

divides the whole of the input space into two regions 
according to whether 𝑥ଵ ≤ 𝜃ଵ or 𝑥ଵ > 𝜃ଵ where 𝜃ଵ is a 
parameter of the model.
• This creates two sub regions, each of which can then be 

subdivided independently.
• For instance, the region 𝑥ଵ ≤ 𝜃ଵ is further subdivided 

according to whether 𝑥ଶ ≤ 𝜃ଶ or 𝑥ଶ > 𝜃ଶ, giving rise to 
the regions denoted A and B.
• For any new input x, we determine which region it falls 

into by starting at the top of the tree at the root node 
and following a path down to a specific leaf node 
according to the decision criteria at each node.



CLASSIFICATION AND REGRESSION TREES

• Within each region, there is a separate model (function/ 
value) to predict the target variable.
• For instance, in regression we might simply predict a 

constant over each region, or in classification we might 
assign each region to a specific class ID.
• EXAMPLE: For instance, to predict a patient’s disease, we 

might 
• first ask “is their temperature greater than some threshold?”. If 

the answer is yes, then 
• we might next ask “is their blood pressure less than some 

threshold?”. 
Each leaf of the tree is then associated with a specific 
diagnosis.



Hastie Sec. 9.2 – Also Murphy Sec. 16.2



CLASSIFICATION AND REGRESSION TREES

• Consider first a regression problem in which the goal is to 
predict a single target variable 𝑡 from a D-dimensional 
vector 𝐱 = 𝑥ଵ, . . . , 𝑥஽ ் of input variables.
• The training data consists of input vectors {𝐱ଵ, . . . , 𝐱ே} along with the corresponding continuous 

labels {𝑡ଵ, . . . , 𝑡ே}.
• If the partitioning of the input space is given, and we 

minimize the sum-of-squares error function, then the 
optimal value of the predictive variable within any given 
region is just given by the average of the values of 𝑡௡ for 
those data points that fall in that region.





Regression Trees – popular method for tree-based
regression and classification called CART





??







Tree size is a tuning parameter governing the model’s complexity, 
and the optimal tree size should be adaptively chosen from the data. One 
approach would be to split tree nodes only if the decrease in sum-of-
squares due to the split exceeds some threshold. This strategy is too 
short-sighted, however, since a seemingly worthless split might lead to a 
very good split below it.

The preferred strategy is to grow a large tree T0, stopping the 
splitting process only when some minimum node size (say 5) is reached. 
Then this large tree is pruned using cost-complexity pruning, which will be 
described later.

Rudimentary example in next slide 











PLOT THEM



Node – Pointer to Root of sub-tree;

D – Tree











Gini impurity = 1 – Gini

∆ = 𝟎.𝟓 − 𝟎.𝟒𝟕𝟓;    𝟎.𝟓 − 𝟎.𝟑𝟐



Criteria for Splitting nodes - revisited





The lower the Gini 
Impurity, the higher 
the homogeneity of 
the node. The Gini 
Impurity of a pure 
node is zero.Steps to split a decision tree using Gini Impurity:

1. Similar to what we did in information gain. For each split, 
individually calculate the Gini Impurity of each child node
2. Calculate the Gini Impurity of each split as the weighted 
average Gini Impurity of child nodes
3. Select the split with the lowest value of Gini Impurity
4. Until you achieve homogeneous nodes, repeat steps 1-3





WHEN TO STOP ADDING NODES
• A simple approach would be to stop when the reduction in 

residual error falls below some threshold.
• The most common stopping procedure is to use a minimum 

count on the number of training instances assigned to each leaf 
node. If the count is less than some minimum then the split is not 
accepted and the node is taken as a final leaf node.
• However, it is found empirically that often none of the available 

splits produces a significant reduction in error, and yet after 
several more splits a substantial error reduction is found.

• For this reason, it is common practice to grow a large tree, using 
a stopping criterion based on the number of data points 
associated with the leaf nodes, and then prune back the 
resulting tree.
• The pruning is based on a criterion that balances residual error 

against a measure of model complexity.



• If we denote the starting tree for pruning by 𝑇଴, then we 
define 𝑇 ⊂ 𝑇଴ to be a subtree of 𝑇଴ if it can be obtained by 
pruning nodes from 𝑇଴ (in other words, by collapsing internal 
nodes by combining the corresponding regions).
• Suppose the leaf nodes are indexed by 𝜏 = 1, . . . , |𝑇|, with leaf node 𝜏 representing a region 𝑅ఛ of 

input space having 𝑁ఛ data points, and |𝑇| denoting the total 
number of leaf nodes.
• The optimal prediction for region 𝑅ఛ is then given by

• Cont’d in next slide:

WHEN TO STOP ADDING NODES



• and the corresponding contribution to the residual sum-
of-squares is then

• The pruning criterion is then given by

• The regularization parameter λ determines the trade-off 
between the overall residual sum-of-squares error and 
the complexity of the model as measured by the number |𝑇| of leaf nodes, and its value is chosen by cross-
validation.

WHEN TO STOP ADDING NODES



• For classification problems, the process of growing and 
pruning the tree is similar, except that the sum-of-squares 
error is replaced by a more appropriate measure of 
performance.
• If we define 𝑝ఛ௞ to be the proportion of data points in region 𝑅ఛ assigned to class 𝑘, where 𝑘 = 1, . . . ,𝐾, then two 

commonly used choices are the cross-entropy

• and, the Gini index

• These both vanish for     𝑝ఛ௞ = 0 and 𝑝ఛ௞ = 1 and have a 
maximum at   𝑝ఛ௞ = 0.5.

WHEN TO STOP ADDING NODES



Advantages
• The cross entropy and the Gini index are better measures 

than the misclassification rate for growing the tree 
because they are more sensitive to the node probabilities.
• Also, unlike misclassification rate, they are differentiable 

and hence better suited to gradient based optimization 
methods.
• The human interpretability of a tree model such as CART 

is often seen as its major strength.
Disadvantages
• In practice it is found that the particular tree structure 

that is learned is very sensitive to the details of the data 
set, so that a small change to the training data can result 
in a very different set of splits.



Decision Tree Pruning
Analytics

And 
An Example





Either the Gini index or cross-entropy should be used when 
growing the tree. 

To guide cost-complexity pruning, any of the three measures can be 
used, but typically it is the misclassification rate.



A decision tree with two classes A and B 
(with node numbers and class labels)

An example pruning set

A



• The idea is to hold out some of the available 
instances—the “pruning set”—when the tree is built, 
and prune the tree until the classification error on 
these independent instances starts to increase. 
• Because the instances in the pruning set are not 

used for building the decision tree, they provide a 
less biased estimate of its error rate on future 
instances than the training data.



B



• In each tree, the number of instances in the pruning data that 
are misclassified by the individual nodes are given in 
parentheses.
• Assuming that the tree is traversed left-to-right, the pruning 

procedure first considers for removal the subtree attached to 
node 3.
• Because the subtree’s error on the pruning data (1 error) 

exceeds the error of node 3 itself (0 errors), node 3 is 
converted to a leaf.
• Next, node 6 is replaced by a leaf for the same reason.
• Having processed both of its successors, the pruning 

procedure then considers node 2 for deletion. However, 
because the subtree attached to node 2 makes fewer 
mistakes (0 errors) than node 2 itself (1 error), the subtree 
remains in place. Next, the subtree extending from node 9 is 
considered for pruning, resulting in a leaf.
• In the last step, node 1 is considered for pruning, leaving the 

tree unchanged.









Evaluating  performance of DT Algo:

Accuracy = ( T P + T N ) / ( T P + T N + F P + F N )

Sensitivity (TPR – true positive rate):   PR = T P / ( T P + F N ) 

Specificity (TNR – true negative rate): TNR = T N / ( T N + F P ) 

Precision (PPV – positive predictive value):  PPV = T P / ( T P + F P ) 

Miss Rate (FNR – false negative rate):  FNR = F N / ( F N + T P ) 

False discovery rate (FDR):         FDR = F P / ( F P + T P ) 

False omission rate (FOR):    FOR = F N / ( F N + T N ) 



Material not covered:

(from Syllabus):
Self-study: Naïve Bayes, Parzen Window, Adaboost

Others: HMM,  Bayesian linear regression,  Boosting Trees

Outside Syllabus:
Graphical Models, CNN, PLS, ICA, Rough sets;   




