
Polar Parameters Estimation for LSQ  
The expression for Energy Function in Polar Coordinates can be given as 

ܧ =  ( ܺ cos ߠ + ܻ sin ߠ − ଶே(ߩ
ୀଵ                                                                                         (1) 

 

Partial derivative of (1) with respect to ߩ߲ܧ߲  ߩ = ( ܺ cos ߠ + ܻ sin ߠ − ே(ߩ
ୀଵ = 0                                                                                (2) 

( ܺ cos ߠ + ܻ sin ே(ߠ
ୀଵ − ߩܰ = 0 

Rearranging, we have 

ߩ = 1ܰ ( ܺ cos ߠ + ܻ sin ே(ߠ
ୀଵ  

ߩ = ௫ߤ cos ߠ + ௬ߤ sin ߠ                                                                                                           (3) 

 

Partial derivative of (1) with respect to ߠ߲ܧ߲  ߠ = ሾ( ܺ cos ߠ + ܻ sin ߠ − )(ߩ ܻ cos ߠ − ܺ sin ሿே(ߠ
ୀଵ = 0                                      (4) 

Expanding (4), 

ሾ ܺ ܻ cosଶ ߠ − ܺଶ sin ߠ cos ߠ + ܻଶ sin ߠ cos ߠ − ܺ ܻ sinଶ ሿேߠ
ୀଵ = ߩ ሾ ܻ cos ߠ − ܺ sin ሿேߠ

ୀଵ  

Rearranging, 

ߩ ሾ ܻ cos ߠ − ܺ sin ሿேߠ
ୀଵ = ሾ ܺ ܻ (cosଶ ߠ − sinଶ (ߠ + ( ܻଶ − ܺଶ) sin ߠ cos ሿேߠ

ୀଵ  

ߩ ሾ ܻ cos ߠ − ܺ sin ሿேߠ
ୀଵ =   ܺ ܻ cos ߠ2 + ( ܻଶ − ܺଶ) sin 2ߠ2 ൨ே

ୀଵ                           (5) 



Substituting (3) in (5) 

൫ߤ௫ cos ߠ + ௬ߤ sin ൯ߠ ሾ ܻ cos ߠ − ܺ sin ሿேߠ
ୀଵ =   ܺ ܻ cos ߠ2 + ( ܻଶ − ܺଶ) sin 2ߠ2 ൨ே

ୀଵ  

Multiplying on both sides by ଵே 

൫ߤ௫ cos ߠ + ௬ߤ sin ௬ߤ൯൫ߠ cos ߠ − ௫ߤ sin ൯ߠ = (ܻܺ)ܧ cos ߠ2 + (ଶܻ)ܧ) − ((ଶܺ)ܧ sin 2ߠ2  

Rearranging, ߤ௫ߤ௬ (cosଶ ߠ − sinଶ (ߠ + ൫ߤ௬ଶ − ௫ଶ൯ߤ sin ߠ cos ߠ = (ܻܺ)ܧ cos ߠ2 + (ଶܻ)ܧ) − ((ଶܺ)ܧ sin 2ߠ2  

௬ߤ௫ߤ cos ߠ2 + ൫ߤ௬ଶ − ௫ଶ൯ߤ sin 2ߠ2 = (ܻܺ)ܧ cos ߠ2 + (ଶܻ)ܧ) − ((ଶܺ)ܧ sin 2ߠ2  

(ଶܺ)ܧ)ൣ − ((ଶܻ)ܧ + ൫ߤ௬ଶ − ௫ଶ൯൧ߤ sin 2ߠ2 = (ܻܺ)ܧൣ − ௬൧ߤ௫ߤ cos  ߠ2

(ଶܺ)ܧ)ൣ − (௫ଶߤ − ൫ܧ(ܻଶ) − ௬ଶ൯൧ߤ sin 2ߠ2 = (ܻܺ)ܧൣ − ௬൧ߤ௫ߤ cos  ߠ2

ሾݎܽݒ(ܺ) − ሿ(ܻ)ݎܽݒ sin 2ߠ2 = ሾܿݒ(ܺ, ܻ)ሿ cos ܖ܉ܜ ߠ2 ࣂ=  ࢄ)࢜ࢉ, (ࢄ)࢘ࢇ࢜ሾ(ࢅ −  ሿ                                                                                             (6)(ࢅ)࢘ࢇ࢜

 

Thus, the final solutions to ߠ can be given as follows, ࣂ=  ିܖ܉ܜ ൬  ࢄ)࢜ࢉ, (ࢄ)࢘ࢇ࢜ሾ(ࢅ − ሿ൰                                                                                   (7)(ࢅ)࢘ࢇ࢜


