Linear Least Square Regression of a line

Y-

v

X->

A simple and trivial looking problem, but a good illustration



Y>>

X->

Assume X to be the independent variable with no errors.
Errors are only with Y.

Reduce deviations, d = AY.



METHOD - 1



Cost Function: E = Zd-z = Z(Y- -Y:)

Minimize using derivatives: i=1

oF _ —ZzN:(Y —mX,-C)(-X,)=0;
I i=1 i i i ’

E N
a—:-ZZ(I/,. -mX,-C)=0;
oC I

N N
Re-arranging, NC T (; X )m - lzzl ¥

we get Normal

. _ N N N
muatonst - X 0+ QL XHm = YUXY);
i=1 i=1 ]



Solving, we get: NZ(X"Y")_ZXiZYi

"= DEN ’
N N N N
PRHILEESIWH HE'S A
C = i=L__i=l i=1 i=1 .
DEN ’

where,

DEN = Ni X; —(i X;)
i=1 i=1

In parametric form:

N ZO-XY - N ZluXﬂY Oxy —HxHy

m = =
2 2 2 ,,2 2 2
Noy—N Uy Oy — Uy



In parametric NZO-XY — NZﬂXﬂY _ O-XY _,UX,UY

form: m = —
2 .2 2 ,,2 2 2
Noy—N"Hy Ox — Hx
N N N N
2 Y2 Xi =2 X, ) (X.X)
C ==l izl i=1 i=1 .

N N
NY X! - X,)
i=1 i=1

2 2 2 2
_ N UyOy — N UyOyy _ HyOx —HExOxy
_ 2 2 2,,2 - 2 2
N'oy—N"ly Ox — Hx
Check from above that the LSQ-line passes through the point:
(Wx, Wy). Thus shift the origin to the point: (Lly, Lly).

The equation of the line 1 Oyy L
in the transformed space: m = Az ;C'=0.
X




METHOD - II



Solving the same, Y=mX+C =>mX+C=Y;

using matrix concepts:

X 1][? =Y;

Any two points on the line, can give us the parameters:

S R A 2

X, I|\m| | Y|

X, 1]|c| |y [
Thus:
m] [Xx, 17y 1 [ 1 =1y’
c| |x, 1 _Y2_=(X1—X2)_—X2 X, |y,




If you use this: [X1 1]|:
_Xl "
_XZ 1_

=Y [X, 1][

NC, lines may be obtained for each pair.

In case of best fit:

We are basically
trying to solve

an ill-posed problem,
where:

Xl
X,

1
1

A

m
C




Yl Take this as: AX = B,
where A is a non-square
XZ 1 ] Y2 (or even singular square) matrix.

Use Pseudo-inverse in this case:
Xy 1 Yy AX=B= A"AX = A"B;
A"A)X=A"TB = X=(A"A)"A"B;

X = A" B;

where, A" =(A" A)"' A"; is the Pseudo - inverse.

(ATA) is square and assumed to be non-singular (generally).
If not, look for alternative formula (hang on, for now)

A*A or AA* is not equal to I (except non-singular square A), but I..



AX=B= A"AX = A" B;
X=(A4"4)"4"B;

_Xl
XZ
ATA= Xl X2 XN
1 1 1
_XN
- v N -
x|
ATA= i]=vl i=1 = N| * X
in N M, 1
| i=1 _




()
1
|

1 _
ATA=N O-x ﬂx : (ATA)—I =(L) ﬂx

u, 1 N.D|-u. o.
_Yl_ ) ) where,D=O'i—,Ui
N
Y. XY,
o [Xl X, XN} | ZI:N an N[O'XY}
1 1 1 ZYi My
Thus: _YN_ -7 ) — -
- 1 —Hx | Oxy

X=A"B=(A"4)"'A"B= (1 1){ 2

_ﬂX O-x AL ﬂY _

( 1: ,UX,UY The solution is same as in
D LSQ-FIT.
OxyHMyx_

Pseudo-inverse satisfies the
Least-square criteria.



So we have seen the relation between
LSQ and Pseudo-inverse.

Where and how does the
eigen-space (PCA)
help us?



What if, we want to minimize sum of perpendicular
distances - errors are in both X and Y coordinates

Y-

v

X->



METHOD - III



Change to Polar coordinate representation

N

Y>>

d = p - X;.cos(6) - Y;.sin(0)



New cost Function:
E = Zdz Z(p X. cos@-Y,sin )’

Minimize using derlvatlves

N
O 9= (X, cos0+1,sin0— p)(¥ cos 6 X, sin6) =

aE/p Z(X cos@+Y, sin @ — ,0) 0.

(ZX )c0s9+(ZY)sm9
Solve, to get: p= i=1
N N N N
QXD Y)-NQ X.Y)

tan(20) =

N

NQY -2 XD+ X)) - Y)Y



p=HUycosB+pu,sinb

2 cov(X,Y)

tan 26 = lvar(X) — var(Y)]

1 | 2 cov(X,Y)
o )

§=gtan lvar(X) — var(Y)]



Q. XDQY)-NQXY)

NQY -2 X)+(Q X)) - Y

i=1

_ — NV
tan(26) = = u%en

Any Problem in the above expression above ?

. 0=mn/4
o Exact value (quadrant and sign) of 0

Use:
Num
6=(1,)sin™
(A) [Sqrt(Num2 + Denz)]

Also use the sign of cos(20) ansd sin(20) to obtain
the quadrant of 260.



METHOD - IV



Minimize perpendicular distances in Cartesian
Coordinate form: A

Derive:
_ N
d; Cc=0 >
v,/
m(Xi _ m)
\/1+m2

»
»

Cost Function: X >
N N (le . Y'l )2
E=Yd =3
: : 1+m
Solution for i=1 i=1
m, using: N

BE/ _o: 2. [mX!+(m’-1D)XY,—mY}]|=0;
om~ "’ “=

=



Solution for

N
sopem: D mX]+(m’-1)XY,—mY}|=0;
i=1
Considering Uy = Uy = 0;
mo; +(m’*-1)0,, —mo, =0
= mZO-XY + m(o')zf _GIZ/)_GXY =0

2 2 2 2
m = O-Y O-X + [O-Y O-X

20, | 20y

I’ +1

Note down this expression given above.



METHOD -V

PCA-based



Y-

Derivation using PCA or eigen-analysis

X->

We are looking for a direction along which
we have the maximum variance of the projections.



The co-variance matrix of the data set (2-D)_is:

2
Ox O xy
Let us compute the eigenvalues S = ’
of the co-variance matrix, S: _GXY Oy ]
S—AI=0 Ox—A Oy

2 —
‘S_ll‘= ) 2 2’
O xy Oy —
(A-0)(A-0y)=0yy =0 ~ '

=>4 _/1(0')2( T 0-12’)"' [(O-XO-Y)Z — O-XYZ] =0

2 2 2 2\2 2 2
1_0X+0'Yi\/(ax+ay) -4(0,0,) +40,,

2

2 2
O-X+0-Y 0'2 —0'2 2
= ( 2 )i\/( ) TO0xy




+O'

/1( ;

Eigenvectors (v) are
those, for which SV = AV:

_Cfxy

Which gives us two equations:

A-02 W, =0, Vy;

Direction of the vector: V

A, 2

- Y)z T Oyxy
O.XY VX_ =1_VX
oy Vv W

0.V, =(A-02),

V/ =(1) oi=a}
Vx \oxy )l 2

/1 O, Oy
Oy T - o

2

2 _ ;2
o




2
Thus, we have got so far: V/ — A Ox
Vx O xy

where,

) 2
O-X+O-Y o5 —0Oy 2
A= )i\/( V) + 0y
2
2

/ \
VV [ ¢t (0,2,—0§()+ o% =0 o2
Vx ~ O,y T 2 XY

2 2
B (O'Y_O'X)_I_ 0',%—0'%, +1
B ZO-XY - ZO'XY

Isn't that our m (slope) obtained earlier using
the derivative of the cost function with Perp. distances?




